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Outline

• What is choice-based RM? Why is it important?

• Overview of a choice-based RM approach

• Choice-based LP formulation

• Column generation subproblem

• Decomposition approximation algorithm

• Numerical experiments

• Conclusions
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Why does choice behavior matter?

• Traditional RM models: Independent demand 
assumption

• Observed bookings are a function of product 
availability and customers’ purchasing decisions

• Likely that airline decisions could be dramatically 
improved by accounting explicitly for choice behavior 
effects

BUT

SO
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Demand for products is the outcome of a 
customer choice decision …

Customer chooses among the 
current set of alternatives

Wait, or not buy?
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Choice among different alternatives affects revenue

EWR

MAD

Y class, 
connecting flight
$629

Y class, 
nonstop flight
$879

BCN

JFK
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What does it take to implement 
choice-based RM?

1. Models of customer choice behavior

2. Techniques for estimating choice models 
from available data

3. Revenue optimization methods that can deal 
with complex, choice-based models of 
demand
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1. Modeling choice behavior

• A wealth of scientific work exists on how customers 
make choices
– Classical utility theory
– Behavioral economics
– Marketing science

• No need to “reinvent the wheel” in this area; the 
question is how to apply this theory to RM

• Common practice: utility maximization model (e.g., 
Multinomial Logit model (MNL))
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2. Estimating choice models from data

How do we estimate choice behavior using real-world 
airline data?
Two components to consider:

1) Choice behavior estimation
How will individual customers choose based on the 
available alternatives and their attributes?
Example: MNL model

2) Volume estimation 
How many customers are making choices each day?
Example: Market share information, EM method
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Choice behavior estimation

• Assume customers decide to purchase a flight based 
on attributes such as
– Day of departure
– Time of departure
– Price
– Departure airport
– Airline brand

• The MNL is a parametric model that could describe and 
allow to estimate choice based on these attributes
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Choice behavior estimation: Multinomial Logit (MNL) model

• Probability customer n purchases flight i

where
xjn vector of observable attributes for alternative j

available to customer n at time of purchase    
β vector of weights (to be computed from data)
Cn choice set faced by customer n (major design

decision; in our case, “same day flights”)
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3. Revenue optimization

How can we embed the 
estimated choice-behavior 
in the optimization module 
of a RM system?
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Problem formulation
• Set of products N = {1,2,…, n}, m resources
• Network described by incidence matrix [Aij], with

• Remaining capacities x =(x1,…, xm), with initial capacities c
• Revenues r =(r1,…, rn)
• Discrete time horizon t=1,…,T, with probability λ of having one 

arrival in every small period
• Problem: Which subset of products S⊆N to offer in every period t?
• DP formulation:
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Choice-based LP (Gallego et. al. (2004))

Define:
• R(S): expected revenue generated from an arrival when set S is 

offered; i.e.  

• Qi(S): probability of using a unit of capacity on leg i when S is offered 
and a customer arrives; i.e. 

• t(S): number of periods to offer set S (decision variables)
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Properties of the CDLP
• Asymptotically optimal (van Ryzin & Liu (2004))
• Problem: Exponential number of variables

Solution: Use column generation

Generic Column Generation Procedure
1. Select a restricted set of variables
2. Optimize the problem considering only this restricted set

3. Check if there exists a variable with positive reduced cost (COLGEN)
If so, add it to the set and go to Step 1.

• In our case, COLGEN is given by:
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Model of Market Segmentation
• Customers belong to different segments l = 1,…, L

• Each segment is defined by one consideration set Cl⊆ N. A customer 
belongs to segment l with probability pl, so that  λl= λ pl, and

• Limitations of the existing literature: 
Gallego et al. (2004): No market segmentation allowed, i.e. Cl= N.
van Ryzin and Liu (2004): Disjoint segments, i.e. Cl∩Ch=∅ for 
l≠h.
Zhang and Adelman (2006): Approx. DP, disjoint segments

The probability that the airline sells a unit of product j when offering 
set  S, conditional on having an arrival, is :
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Simple example

300LB, C8
300LA, B7

500LA, B, C6
800LA, C5
500HB, C4
500HA, B3
800HA, B, C2
1200HA, C1

FareClassO-DProduct

Leg 1
Leg 3

Leg 2
A

B

C

Network

Product definitions

Segment definitions

Price sensit., B → C(6, 8, 2){4, 8}0.255
Price sensit., A → B(4, 8, 2){3, 7}0.254
Price sensit., A → C(8, 5, 2){5, 6}0.203
Price insensit., A → C(10, 6, 5){1, 2}0.152
Price sensit., nonstop A → C(5, 8, 2){1, 5}0.151

DescriptionPref. vectorConsideration setλlSegment
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Column generation subproblem

• For our overlapping-segment case under the MNL model, the 
COLGEN problem 

becomes

• If its optimal function value is non-positive, then π and σ are 
dual feasible, and the current solution of the CDLP is optimal.
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Complexity of COLGEN
• It is a particular case of the NP-Hard, hyperbolic binary 

programming problem:

• Theorem: The hyperbolic binary programming problem

where wj, vlj>0, l=1,…, L, j=1,…, n, and Cl⊆ N, is NP-Hard.

Proof: Polynomial transformation from minimum vertex cover.
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Solving COLGEN

• Approach 1: Greedy Heuristic
Start from an empty set S, and add sequentially the element 
that provides the maximum marginal increase to the current 
solution.

• Approach 2: MIP (exact) formulation (Prokopyev et. al. 
(2005)), based on a linearization procedure proposed by Wu 
(1997).

• Our implementation:
– First try the Greedy Heuristic. If no entering column is 

found, then try the MIP formulation.
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Decomposition approximation algorithm

• Phase 1: Assessing the value of capacity
Approximate the network value function at leg i by

,

where is a dynamic (time dependent) approx. of the value of 
capacity of leg i, and are static (time indep.) approx. of the 
value of capacity of other legs 

Averaging out these approximations, we get
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Decomposition approximation algorithm (cont’d)
• How difficult is the single leg problem?

• The single leg RM problem under choice behavior was studied by Talluri
and van Ryzin (2004). They characterize sufficient and necessary
conditions for the strategy “nesting by fare order” (sequence of nested 
offer sets, where the incremental elements follow the fare order) to be 
optimal

• Proposition: The MNL choice model with overlapping segments over a 
single leg does not admit “nesting by fare order” as optimal strategy.

• In fact, it shares the structure of COLGEN (i.e., it is NP-Hard)
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Decomposition approximation algorithm (cont’d)

• Phase 2: Computing the offer sets dynamically
Marginal value of capacity:

Or more generally,

The firm must select a set S dynamically in each period t, by solving

(*)



24

Numerical experiments
Methods tested

• DCOMP: Solve CDLP, and use β =1 to compute the marginal value 
of capacity

• DCOMP-0.5: Solve CDLP, and use β =0.5 to compute the marginal 
value of capacity

• CDLP: Use the primal outcome of CDLP, and offer the sets following 
the indices of the variables

• RCDLP: Randomized CDLP; shuffle the indices of the variables.

• ROPT-freq: Reoptimize CDLP with a predetermined frequency in 
order to get updated values of the dual variables.

• INDEP: Solve the DLP, for which the mean demand of product j is set 
at λ Pj(N) T (i.e., all products are simultaneously offered).
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Example 1: Parallel Flights

Booking horizon: T=300 periods, with an average of 150 arrivals per stream
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Example 1: Revenue results
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Example 1: Revenue gaps with respect to DCOMP

Simulation results based on 2,000 streams of demand per scenario.
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Example 2: Small Network Product definitions

Segment

definitions

Booking horizon: T=1,000 periods, , with an average of 910 arrivals per stream
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Example 2: Revenue results
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Example 2: Revenue gaps with respect to DCOMP

Simulation results based on 2,000 streams of demand per scenario.
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Example 2: Computational times (in seconds)

Note: Exact MIP formulation used for solving (*) 

*
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Example 2: Iterations of COLGEN
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Example 3: Hub-and-Spoke Network

Product definitions
Setting:
• 8 legs
• 80 products
• 40 customer segments
• Booking horizon: T =2,000, with an average of 1,732 arrivals per stream of demand.
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Example 3: Segment definitions
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Example 3: Revenue results
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Example 3: Revenue gaps with respect to DCOMP

Simulation results based on 1,000 streams of demand per scenario.
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Example 3: Computational times

Note: Greedy Heuristic used for solving (*) 

*
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Example 3: Iterations of COLGEN 
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Conclusions
• Generalization of CDLP to the multiple, overlapping-segment case

• Need to develop a column generation algorithm to solve CDLP

• Even the column generation subproblem (COLGEN) is shown to be 
NP-Hard

• COLGEN: Simple, greedy heuristic is very effective to solve it

• Decomposition approximation (DCOMP) scheme of van Ryzin & Liu 
(2004) outperforms the other methods in terms of revenue

• Computational times of CDLP, RCDLP and ROPT are an order of 
magnitude shorter than DCOMP, while still leading to high quality 
results, conforming promising approached to implement in real-sized 
networks

• All choice-based methods tested outperform the INDEP model by 
more than 10%, suggesting that choice behavior is a first order 
effect


