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Abstract

We simulate the business cycle dynamics of an economy in which agents face a
riskier environment during downturns. All agents act both as workers and as
entrepreneurs, and each of these roles entails risks. As workers, they face (in-
completely insured) risk of unemployment, while as entrepreneurs, they choose
between riskless investment (goods storage) and risky investment (hiring for a
small business). Risky investment acts as an input to the matching function
which determines employment. Changes in employment are amplified because
greater unemployment risk causes agents to decrease their investment in the
risky asset; this fall in risky investment then further increases unemployment.
This amplification is sufficient to generate large aggregate fluctuations from
idiosyncratic shocks when the number of agents is finite.

We solve the model by a version of the parameterized expectations al-
gorithm. In contrast to some previous papers which have found risk to be
unimportant, we find that our economy generates strikingly different aggre-
gate time series when we change the level of insurance of idiosyncratic shocks.
When insurance is low, recessions are characterized by high unemployment,
low consumption, low investment in the risky asset, and high investment in
the riskless asset. Similar fluctuations remain even if we restrict the idiosyn-
cratic shocks to have a constant cross-sectional mean. When insurance is low,
our model also implies a highly dispersed distribution of wealth, because the
richest agents invest more in the risky asset, which has a higher return.

JEL classification: E32, E21, E24, G11
Keywords: Business cycles, investment, risk, insurance, incomplete mar-

kets, portfolio choice, heterogeneity



1 Introduction

A great deal is known about the dynamics of real general equilibrium models
under full insurance, but much remains to be learned about similar models
with incomplete insurance. While full insurance, or complete markets, may be
an interesting theoretical baseline, it is necessary to ask whether its dynamics
are robust to the likely imperfections of real world insurance markets. More
importantly, since investors appear seriously concerned about risk, and since
investment behavior is a central component of the business cycle, there are
a priori reasons to suspect that imperfectly insured risk may do more than
slightly alter the economy’s fluctuations: risk may be an underlying cause of
the business cycle itself.

Costain (1999) proposes one intuitively plausible way in which the fluctua-
tions of an imperfectly insured economy may differ— and be amplified— rela-
tive to those of a fully insured economy. That paper studies a two period, two
asset economy in which recessions imply an increase in risk. Since recessions
are risky, there are countercyclical reallocations from risky to riskless assets
which may amplify the downturns and may, in fact, imply multiple equilib-
ria. Some related mechanisms have been proposed by Acemoglu and Zilibotti
(1997) and Chatterjee (1988). Unfortunately, these papers all present rather
stylized models, which makes the empirical plausibility of their arguments dif-
ficult to assess. In particular, the volatility of the economy in Costain (1999)
depended critically on initial asset holdings. This suggests that an infinite
horizon model, in which asset holdings are a state variable, is the appropriate
context in which to judge the quantitative relevance of the proposed effects.

The present paper computes equilibria of an infinite horizon version of
the economy studied in Costain (1999). All agents are both workers and en-
trepreneurs. As workers, they face a risky income stream because they may be
either employed or unemployed. As entrepreneurs, they allocate their savings
between a risky asset and a safe asset. In general equilibrium, the probability

that workers find employment is determined, via a matching technology, as a



function of the current unemployment rate and of the quantity of risky invest-
ment. This assumption implies that the economy is characterized by positive
feedbacks: an increase in unemployment means a riskier labor income stream,
which gives agents an incentive to shift investment out of the risky asset (the
input to the matching function) and into the riskless asset (a storage tech-
nology), further increasing unemployment. We explore computationally how
much this positive feedback amplifies fluctuations.

This outline reminds us why so much remains unknown about imperfect
insurance economies: their behavior is extremely difficult to characterize, not
only analytically, but even numerically. The difficulty, in the context of this pa-
per, is that we are interested in the dynamics of an economy in which the state
variable is the distribution of asset holdings. Only recently have economists
begun to develop algorithms for calculating distributional dynamics; see for
instance Krusell and Smith (1997, 1998) and den Haan (1997). We charac-
terize the equilibrium of our economy using a version of the parameterized
expectations algorithm, under the assumption that the aggregate state can be
adequately summarized by a finite list of moments of the distribution. Our
algorithm allows for choice between multiple assets, with occasionally binding
portfolio constraints, and for a large but finite number of agents.

1.1 Related literature

Precautionary saving:
Deaton (Econometrica, 1991)
Aiyagari (QJE, 1994)
Carroll (QJE, 1997)

Matching:
Pissarides (1991)

Macroeconomics under financial market imperfections:
Bernanke and Gertler (AER, 1989)
Greenwald and Stiglitz (QJE, 1993)
Kiyotaki and Moore (JPE, 1997)



Positive feedbacks based on risk:
Chatterjee (1988)
Acemoglu and Zilibotti (JPE 1998)
Costain (1999)

Computational models of idiosyncratic risk:
Marcet and Singleton (Macroeconomic Dynamics 1999)
Krusell and Smith (Macroeconomic Dynamics 1997, JPE 1998)
Den Haan (Macroeconomic Dynamics 1997, 1999)
Storesletten, Telmer, and Yaron (1999)

2 The model

There is a large but finite number of agents I. Each agent in this job matching
economy plays two roles: she is both a worker and an entrepreneur. As a
worker, she supplies labor inelastically, but can do so only if she finds a job.
As an entrepreneur, she chooses between two types of assets: a riskless one
which can be thought of as a storage technology, and a risky one which can be
interpreted as small business formation. Two types of risk thus arise naturally
for all agents: risk of unemployment, and risky returns to investment. The
feedbacks in our model result from the fact that changes in unemployment
risk affect agents’ willingness to invest in the risky asset, together with the

fact that risky investment is an input to the matching function.

2.1 The individual’s problem

Each agent cares only about her utility from consumption over her own life-
time. Instantaneous utility exhibits constant relative risk aversion (CRRA),

and lifetime utility takes the form:

1+p

EO;:;( : )tl(fle)v(ct) where v(¢;)) =



Here o« > 0, and p > 0 is a pure time discount rate. The function 1(.) is
an indicator function showing that the individual is still alive as long as the
random variable €/ equals one.

An agent with wealth a; > 0 at time ¢ can split this wealth between current
consumption ¢y, a riskless asset b, with price 1, and a risky asset n;y; with
price P; > 0, so that

¢t + bpr + Py < (1)

Consumption and asset choices are constrained to be non-negative.

Wealth in the following period consists of two components. Part comes
from holdings of consumable goods ¢;+1 > 0, which are derived from labor
income wy,; > 0, the gross payoff of the safe asset Rb, ., > 0, the dividends

from risky investment 7}, ,n41 > 0, and inheritances of goods Zf,, > 0:

% *
G = Wiy + Rbpr + mmen +



indiosyncratic productivity state €}, ,, as well as on the aggregate state ®;,,
so that the profit rate is 7}, = 7*(€],1;{%41). Second, the aggregate state
itself varies randomly over time, which implies that prices and inheritances are
random. These variables depend on the aggregate state only: Py 1 = P(®yy4),
Zb o = Z°(®q1), ZPy = Z™(®i11), and hence also for the total value of
inheritances: Zyy1 = Zp, + P Z = Z(Pry)-

The individual state variables ¢ = (€%, €™, €*) have a Markovian structure
over time. Employment transition probabilities are governed by a variable
job-finding probability M;; simplifying slightly, the transitions are as follows.!
An individual fully employed at ¢ loses her job with probability ¢ at the end of
period t. Those who have just lost their jobs, together with those unemployed
at t, are eligible for reemployment at ¢+ 1; they find jobs with probability M;.

Thus the transition probabilities are:

prob(ef,, =0l =0) = 1—-M,
(eg—i-l = 1|6§ =0) = M, (4)
prob(ef,; =0lef =1) = §(1 — M)
prob(ef,, = 1lef =1) = 1—6(1— M)

The profitability shock €™ is an 72d binary variable, satisfying

pI‘Ob(E?_H = 0) = 1l-p (5)
prob(ef,; =1) = p

Finally, we assume that an individual has probability ¢ of dying in each period,

so that €* follows

prob(ej,; = 0/¢f = 0) =
prob(ej,; =0 =1) =
)

prob(efy, =1lef =1

(6)

[ =

—<
Note that the transitions described in (4)-(6) are all independent. They are
all exogenous and constant except for the job finding probability M;, which we

assume depends on the aggregate state: M; = M (®;). Thus, conditional on

! The Markov transition probabilities stated in (4) are only an approximation. The exact
dynamics must take into account the fact that there are only a finite number of agents. To
ensure exact labor market clearing, we must allow exactly one agent to work part time at
each t. The exact specification is described in the appendix, equations (35) - (37).



the aggregate state, equations (4)-(6) define a transition function 7°¢ for the

individual state, of the form
T<(¢';e,®) = probley1 < €[(e, @) = (€, P)] (7)

Optimal behavior in this dynamic context requires that the individual use
available information to predict future payoff-relevant variables. We assume
that agents behave competitively, in the sense that they ignore any impact of
their own choices on the dynamics of the variables P, M, Z, w*, and 7*, and
of the aggregate state ®.2 Since the aggregate state ® (via M) determines the
transition probabilities of the idiosyncratic states €, these assumptions imply
that the individual takes as given the joint transition function 7" governing the

probability of future idiosyncratic/aggregate states (e, ®):
T(¢',¢'56,@) = prob[(es1, Pe1) < (€, @)|(e&r, @1) = (e, D)) (8)

With this information in hand, the individual can calculate the conditional
distribution of all payoff-relevant quantities at all times in the future; in par-
ticular, she knows the probability distribution over the aggregate variables P,
M, Z, and over their idiosyncratic shocks w*, 7*, and €*, at all future times.
We are now ready to state the individual’s decision problem in recursive
form. Notice that once the aggregate state ®; and the price P(®,) are realized,
the agent no longer cares how her assets are split into consumable goods and
risky asset stocks; only her wealth a; enters her budget constraint. She must
also take into account her current employment status €f, since it affects her
future employment probabilities, but she can ignore the #id technology shock
€; once she learns a;. Thus her idiosyncratic state at ¢ can be summarized
as ¢ = (ay, €?). Her decision problem is described by the following Bellman

equation:

2There are two possible justifications for this assumption. The more technically correct
justification is that we actually have a finite number of types, and a continuum of agents
of each type, rather than a finite number of agents. A technically sloppier, but probably
more economically appealing interpretation is that the impact of individual behavior on
payoff-relevant aggregate variables is small when there are many agents, so that boundedly
rational agents would be likely to ignore these effects.
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Indiwvidual’s Bellman equation:

V(d;t, (I)t) = V(at, Ef; (I)t) = (9)
Maz L. 1-¢ F .
Cty by, ey > 0 {1 — act + 14 ,OET V(1415 e )let; (I)t] }
where ¢, = a; — P(®)ny1 — b1, and
Ay = [P(®1) (1 = 6) + 7% (€], 1; Pegr) ] muga+w*(€f, 15 Bryr) +Rbipr + Z(Pyp1)

The value function V' here refers to maximal intertemporal utility condi-
tional on being alive at t, and Fr refers to an expectation given the transition
law 7. This Bellman equation suffices to determine the choices of ¢;, b;; and
ny41 for each possible individual /aggregate state (¢; ®;) as long as the func-
tions P, Z, w*, and 7*, and the transition law 7" are known. That is, it deter-
mines policy functions ¢; = C(qgt; D), by = B(qgt; ®,) and nyy g = N(qﬁt; D).

With CRRA utility and positive assets a, consumption will be chosen to
be strictly positive. What we cannot rule out in general is zero investment
in one or both assets, so that the Euler conditions for investment can take
the form of inequalities rather than equations. From the first-order and
envelope conditions associated with (9), we find that consumption, conditional

on survival, must satisfy the following pair of Euler inequalities:

1+p

¢ * > SEr [Rc;fl\qgt; cI)t] and b1 > 0 (10)
with at least one equality, and

P(®)c;® > 58EBr | (7 (61 @) + P(@e11)(1 - 8))ci ; O

= 14p
and ny; > 0 (11)

with at least one equality.



2.2 General equilibrium.

Prior to knowing the price level, an individual’s state can be completely de-
scribed by the variables ¢, = (b, ny, €;). Thus a possible description of the

aggregate state of the economy is the cross-sectional distribution function

Dy(p) = #(dir <) (12)

(Here subscript ¢ denotes individuals, and the function #(x) denotes the num-
ber of individuals for whom statement x is true.) For the purposes of this
paper, we will make the mild assumption that an equilibrium exists in which
P, and all other payoff-relevant aggregate variables, depend only on the aggre-
gate state as defined in (12). That is, we assume there exists an equilibrium
in which sunspots play no role, and individual names are irrelevant.

Our goal in this paper is to understand the possible interactions between
risky investment decisions and the endogenously changing risks arising from
the business cycle itself. Here this endogenous risk takes one simple form:
risk of unemployment. We link this risk to the state of economic activity
by defining risky investment as “hiring”, broadly interpreted as the sum of
recruitment expenditures plus purchases of capital complementary to labor.
We intend this as a relatively simple specification for studying the effects of
entrepreneurial risk-taking on employment. The risky asset holdings n; of a
given agent at time t are therefore interpreted as the number of employees
contracted by that agent to work at time ¢. For simplicity, n; is not required

to be an integer; but it must be consistent with aggregate unemployment:
N = 1-U; (13)
where
N, = N(@,) = / nd®, and U, = U®,) = / (1—)dd,  (14)

This interpretation requires that we specify some relationships between the
labor income that individuals receive as workers, and the profit income that
they receive as entrepreneurs. The gross return R > 1 to riskless storage
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(which might also be interpreted as the returns to foreign bonds) is exogenous.
The output w produced during unemployment (e¢ = 0) is also exogenous. The
firm operated by an entrepreneur experiences an idiosyncratic productivity
shock g, which is 72d across agents and over time, taking the values ¥ with
probability p and y with probability 1 — p. Production requires both capital

and labor, in fixed proportions; output is
gmin(n, k/k)

Thus firms must purchase & units of capital goods for each worker hired. Cap-
ital is assumed specific to the worker hired, and it does not depreciate until
the worker separates from the firm. This means that the cost P of hiring a

new worker can be broken into two parts:
P =k + Py (15)

where in addition to the cost of capital purchases, Py is the actual cost of
recruiting the worker.

We assume that the wage must be paid at the beginning of the period,
prior to the realization of the firm-specific productivity shock 3. Abstracting
from optimal contracting issues, we assume that workers are paid a fraction g
of their expected productivity; that is, the wage for a fully employed worker
is the non-random quantity w = Bu,, where pu, = py + (1 — p)y. We pick
parameters so that 0 < w < w; note that therefore each individual receives a
labor income shock @, which takes values in [w,w], and which is a function
of the idiosyncratic labor market state ¢.> The entrepreneur is the residual
claimant for the output of her firm, so profits per employee are the random
quantity ™ = y — w.

To understand the role of idiosyncratic risk in this economy, we will com-
pare the behavior of the economy with and without insurance for the idiosyn-

cratic risks w and 7. Note that average (pre-insurance) labor income at time

3Part time employees, which are necessary for exact labor market clearing, receive the
wage W for the time worked, and w for the time not worked, so in general @& = e*w+ (1 —€)w.
See the appendix.



tis puy(®) = N(P)w + U(Py)w. If we define 6" € [0,1] as the degree of un-
employment insurance, then fair (balanced budget) insurance transfers make
it possible to reduce idiosyncratic fluctuation in labor income by paying each
worker the wage wf = (1 — 6%)w; + 0", (®;). Notice that if there is no un-
employment insurance (f* = 0), then each worker simply receives w; = i,
while if there is full unemployment insurance (6* = 1), all workers share total
time ¢ labor income equally: w} = 1, (®P;), so that labor income only varies
with aggregate unemployment. Note that the spirit of our exercise will be to
ask how the economy differs depending on the exogenously specified level of
insurance #*; modelling the information problems that underlie the degree of
insurance is beyond the scope of this paper.

Similarly, we can consider insurance (or equivalently, diversification) of the
idiosyncratic profitability shock 7. Notice that average profitability per unit

of investment in the economy at time ¢ is

'LLW(Qt) = Ntil / ’ﬁ'tntdq)t (16)

Fair insurance transfers then make it possible to pay each entrepreneur profits
of 7y = (1 — 0™)7y + 0", (P;), where 07 € [0,1] is the exogenous level of
investment insurance.

We must still ensure aggregate consistency in our labor market dynamics.
A wvalid initial distribution of assets and employment must satisfy the labor
market clearing condition (13). Thereafter, in line with the (approximate)
transition probabilities described in (4), we define the following accounting

relations.* Define aggregate job seekers at the end of period t as

Assume that the fraction of job seekers who find work for t+1 is M; = M (®;),

so that the total formation of new jobs is

J = J(@,) = MS, (18)

4Although (4) is only an approximation, the dynamics in (17) - (20) and elsewhere are
exactly correct.
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If the recruitment cost of hiring a new worker is Py, = Py (®;), then total

expenditures on hiring must be
Ht = H(@t) = PHtJt (19)
Given new job formation J;, we must have
or equivalently
A-Up) - (1 -6)(1 - Uh)
U +6(1 -0

and the new level of unemployment U;,; must still satisfy the labor market

M,

(21)

consistency condition (13).

The most common way to define the matching rate M; and the recruitment
cost Pg; would be to explicitly define an aggregate matching function J(Hj, S;)
and then derive M; and Py, from (18) and (19). We find it helpful instead
to directly define the relationship between M; and Py, because this makes it
easier for us to calibrate the relationship between these variables; the aggregate
matching function is then defined implicitly. We assume that the recruitment

cost of hiring workers is an increasing function of the matching rate:

M, \’
P = 29
e m(l—Mt) (22)

Notice that when workers have difficulty finding jobs (slack labor market condi-

tions where M; approaches zero), the cost of recruitment goes to zero; likewise
when workers easily find jobs (a tight labor market where M; approaches one),

the cost goes to infinity. Substituting, (22) implies

H = Im (%) (23)

which implicitly defines a matching function J; = J(Hy, S;) which can be shown
to be increasing and convex in both arguments.
In practice, to calculate an equilibrium price in a given period, we start by

calculating the unemployment rate and eligible job seekers from (14) and (17).
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Then we guess a matching rate M; and calculate the resulting unemployment
rate for ¢t + 1 from (20). However, we can also calculate the associated price
P, from (22) and (15), and then solve the individual’s problem for period ¢
(using the parameterized expectations for ¢ + 1) to calculate risky investment
ni1 for all individuals. We then use labor market clearing (13) to convert
this into an unemployment rate. If individuals are hiring too little, we guess
a lower M;; if individuals are hiring too much, we raise M;. A fixed point of
this one dimensional search clears markets for the given period, and allows us
to calculate P, and V;,.5> Once we know time ¢ + 1 employment, we can then
calculate actual idiosyncratic employment transitions from (35) - (37).

We should make two additional comments about our labor market specifi-
cation. First, note that we have not restricted individual hiring to be positive;
that is, we assumed that n4; > 0 but not ny; — (1 — d)n, > 0. Implicitly,
this means that workers, once hired, can be traded to other entrepreneurs.
With tradeable employees, arbitrage requires that the price P, arising from
the matching function also governs trades of workers between entrepreneurs.
We allow for trading in employees in order to avoid irreversibility in risky
investment at the individual level. Individual irreversibility is a potentially
interesting form of risk which we plan to investigate in future work, but would
distract from the focus of the current paper. Second, our assumption that
the entrepreneur’s hiring process is deterministic is made for simplicity only.
Implicitly, this means workers who “find jobs” are shared across firms. It
would undoubtedly seem more natural to assume that the number of workers
actually hired by any given entrepreneur were an exponential random vari-

able. However, this would merely introduce an extra element of risk into the

5If there insufficient demand for n;;; when P; = k, we set M; = 0 and search for a
P, < k that clears markets. It can then be shown that under the parameterized expectations
algorithm described in Section 4 there always exists at least one (My,P;) pair which equates
risky asset demand with labor supply, thus satisfying labor market consistency. First, as M
goes from 0 to 1, the corresponding P goes from 0 to co. Second, demand for risky assets,
under our parameterized expectations setup, is a continuous function of P, which goes to
infinity as P — 0, and to a quantity less than the outstanding undepreciated supply as
P — o0.
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entrepreneur’s problem without altering the intuition of the precautionary sav-
ing and portfolio choice incentives which are the focus of this paper. We doubt
this type of risk plays a large role in real world investment decisions.

Finally, we should discuss death and inheritance. Agents who die at the
end of period ¢ (€}, = 0) are replaced by new agents at the beginnig of ¢ + 1,
so that population is constant. The newborns inherit the employment status
€7, of their deceased predecessors, but start with assets b;41 = n;.1 = 0. Thus
the wealth of newborns at ¢ + 1 is given by a1 = w*(€f,1; Poy1) + Z(Pry1).
Inheritances are spread evenly among all agents, so they satisfy the aggregate

consistency condition

Z@us) = [ O+ P (1L 6,)d0, (24)

We are at last ready to define equilibrium. Eliminating some superfluous

variables defined earlier, an equilibrium consists of the following objects:

A law of motion T for the idiosyncratic and aggregate state (e; ®)

a value function V (; @),

policy functions B((;AS; D), N(QAS; ®), and C’((;AS; D),

a pricing function P(®), a matching rate function M (®), an inheri-
tance function Z(®), earnings functions w*(e®, ®) and 7* (™, @),

and an unemployment rate U(®).

These objects must satisfy the following conditions:

Given T, P, Z, w* and 7* the value function V" and the policy func-
tions B, N, and C result from the individual’s maximization
problem (9).

The probability distribution over future € implied by transition law
T is consistent with (33)-(37).

The probability distribution over future ® implied by transition
law 7" is consistent with the policy functions B and N, as well
as the dynamics of € given in (33)-(37).

13



Earnings w* and 7* have the distributions described in the text.
Inheritances satisfy (24). Labor markets clear, as stated in
(13). The matching rate is related to the rate of change of
unemployment via (21), and the functions P and M satisfy
(22) and (15).

3 A parameterized expectations algorithm

The parameterized expectations algorithm approximates optimal behavior by
finding functions of time ¢ variables that can approximate the expectations
appearing in the complementary slackness conditions (10) and (11). These ap-
proximate expectations are then used to calculate individual choices at t. The
approximations can be found by fitting the expectations to current variables
in simulation.

For computational speed, it is essential to write the complementary slack-
ness conditions in an invertible way, so that choice variables can be calculated
explicitly when the expectations are known.® Thus rather than writing the
complementary slackness conditions in the previous form (10) - (11), we will

rewrite them in terms of the following variables:

R(1-¢)
I+p

ft+1 = f(ét—kl;q)t—kl) =

Crir; ®ri1) |
Gy
and
g1 = 9(Pe41; Pira)

_ 1= (7?*(6?+1;‘I’t+1)+1’(‘1’t+1)(1—5)>
—exp(bi1) L+p

C((Z;H—l; (I)t+1) )
Qg

Note that a, byy1 = B(gﬁt; ®;) and nyyq = N(gﬁt; ®,) are all functions of the

time ¢ individual state (gﬁt; ®;). Furthermore, the transition law 7', together

with the policy functions b;,; = B((;Aﬁt;@t) and nyy = N(q@t;CI)t), gives the

6Marcet and Singleton (1998) discuss this point, and provide helpful examples.
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distributions of (/§t+1 and ®;,, in terms of QAﬁt and ®;. Hence we can write the

time ¢ conditional expectations of f, 1 and g1 as functions of (qAﬁt; d,):
F(ét; ) = ET{JFt+1|(/§t; ®;}

G(q@t;@t) = ET{§t+1|(5t;‘I)t}

Note that the functions F' and G are scaled versions of the expected marginal
utilities of investment in the two assets. F' represents the expected marginal
utility of investment in the safe asset, multiplied by (a;)®, a quantity known at
time £. Similarly, G is the expected marginal utility of investment in the risky
asset, multiplied by (a:)®/ exp(bs+1), which is also known at ¢. We will see in
a moment that this rescaling makes the complementary slackness conditions
explicitly invertible to solve for current choices when F', G, and the price level
are known.

If we knew functions F' and G as described above, then when P, = P(®,)
we could solve for optimal behavior b;,; and ny.; from the following version

of the complementary slackness conditions (10) and (11):

(%) > F(dy;®) and by > 0 (25)
t
with at least one equality, and
I .
(a_t) > P(®,) " exp(byy1)G(dy; ;) and ngpy > 0 (26)
t

with at least one equality. There are four cases, corresponding to binding or
non-binding constraints on each asset choice. Given any positive and finite

values for a;, P, F;, and G}, we have the following four possibilities.

Case I. by,1 > 0 and ny1 > 0 requires:

c —Q
<—t> =F, bnh = log(E:Pt/Gt), and ny = (at—Ct—bt+1)/Pt

a

Case II. by, 1 > 0 and n;; = 0 requires:

(&) = F, and b1 = ap— ¢

Qg
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Case III. by, = 0 and n441 > 0 requires:
Ct -
<—> = Gt/Pt and Pngy = a—¢
Gy
Case IV. by 1 = 0 and n;yq = 0 requires ¢; = a.

Given the four sets of formulas above, we can distinguish the ranges of P,

as, I, and G, for which the four cases are valid. In particular, the condition
F7Y* < 1 orequivalently F, > 1 (27)

is necessary for cases I and II, and is inconsistent with case IV (it has no

implication regarding case III.) Secondly, the condition
log(P,F;/Gy) > 0 or equivalently P,F;, > G (28)

is also necessary for cases I and II, and is inconsistent with case III (it has
no implication regarding case IV.)” Hence if both (27) and (28) are satisfied,
then we know that b,,1 > 0 strictly, and we are either in case I or case II. To

distinguish between these two cases, we then check whether

o () < (157

P F,
exp(ay(1 — F/%)

which is necessary for case I and inconsistent with case II. On the other hand

or equivalently G; > (29)

if either (27) or (28) is false, then we must be in case III or case IV. These two
cases can be distinguished by checking whether
(F) < 1 orequivalently G; > P (30)
t
which is necessary for case III and inconsistent with case IV. Hence there exists

a unique solution to the complementary slackness conditions associated with

each positive, finite set of values for P;, a;, F;, and G,.

"To see that (28) is necessary for case II, note that when n;y; = 0 and byy; > 0 the
slackness conditions (25) and (26) imply F; > exp(bi41)G:/P; > Gt/ P;.
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To simulate our economy using the parameterized expectations approach,
we must find functions ]—"(qgt; d,) ~ F(quSt; ;) and g(ngSt; D) ~ G(qgt; ®;) which
approximate the true expectations. We must choose some information vec-
tor z; = x(qgt; ), of length #,, of which each element is a function of the
idiosyncratic/aggregate state, which can hopefully serve to summarize the
information on which individuals base their decisions at ¢. Here we will
consider approximating functions of the form f(quSt,q)t) = exp(Brz:) and
g(flgt,q)t) = exp(Buxt), where B and fBg are vectors of the same length #,.
The prediction errors associated with this functional form are given by

fori = Fi = [(br31:®01) — exp(Bpa(dy; Dy))

and

Gir1 — Gt = g($t+1; Diy1) — exp(B'Gx(ét; Dy))
Note that the prediction errors are functions of the parameter choices Sr and
Be as well as the explanatory variables x; and the dependent variables ft+1
and g¢11.

The algorithm works as follows. Given any Sr and g, we simulate many
histories of the economy, starting from a wide variety of arbitrarily chosen ini-
tial distributions. Each history consists of a sequence of distributions of states
%, (where ¢ indexes individuals, j indexes histories, and ¢ indexes time) and
random outcomes f;,.; and g7, ;. Since our parameterized expectations rep-
resent expectations conditional on survival, we delete the explanatory variables
x; and the realizations ft+1 and ;11 recorded for individuals with €7, = 0:
that is, we neither record marginal utility of newborns, nor the explanatory
variables of those who are about to die. After many simulations, we update
the parameter vectors Sr and Bg by a nonlinear least squares regression, that

is, by solving the problems

Min i i 2
O (T — exp(ray) (31)
4,55t
and Vi
m ~ i 2
s 2 (G — exp(Boasy) (32)
1,55t
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Table 1: Parameterized expectations algorithm

Step 1. Choose explanatory variables x.
Step 2. Initialize Bp, Bg-

Step 3. Simulate J histories of the economy of length 7 periods each under
expectations F and G parameterized by Sr and f[g.

3a. Define j = 1.

3b. Define t = 1.

3c. Initialize ®; to satisfy the market clearing condition (13).
3d. Calculate U, from definition (14).

3e. Choose M ;.

3f. Calculate P;; from (22) and (15) and Uj ;. from (20).

3g. Calculate 27, F7,

and G}, for all individuals i.
h. Calculate asset demands b%,,, and n},,, for all individuals ¢ from the

complementary slackness conditions (Cases I to IV.)

3i. Check market clearing for risky assets, equation (13). If markets clear,
go to (3j). If not, return to (3e).

3j. Calculate shocks eé-’t +1 for all agents, consistent with the dynamics (33)-
(37).

k. Record fi,, gi, (unless 4 is newborn) and 2, (unless 4 is about to die).

3l. If t <T + 1, increase t by one and go to (3d). Otherwise, increase j by
one and go to (3m).

3m. If j < J, return to (3b). Otherwise, go to (4).

Step 4. Solve for new Sz and B¢ by nonlinear least squares regression of f;t 1
on z%, and g5,,, on z%, for all 4, j, and . That is, solve (31) and (32).

Step 5. Check whether 8r and B¢ have converged. If converged, go to (6). If
not, go to (3).

Step 6. Check whether current predictions of f and g are accurate. If accurate,
STOP. Otherwise, return to (1), and use previous simulations to search
for more useful explanatory variables x. Alternatively, consider a different
functional form for the parameterized expectations F and G and return to

(1)
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If the minimizers S and g have changed substantially from their previous
values, then we must perform more simulations. On the other hand, if Sg
and (g are roughly unchanged, then we have a candidate approximate equilib-
rium. We must still check the quality of the approximation, that is, we must
check whether the predictions are sufficiently accurate. If not, we must try a
different information vector z or a different functional form for F' and G. In
practice, we consider a large set of possible explanatory variables x, and go
regression fishing to choose those which most improve the explanatory power
of the parameterized expectations. This algorithm is spelled out in greater
detail in Table 1.

4 Preliminary results

These results are generated by the parameterized expectations algorithm spelled
out in section 3. The parameters used are stated in Table 2, and the ran-
dom variables considered for inclusion in the parameterized expectations are
described in Table 3. (The variables actually used in the parameterized ex-
pectations are those which turned out to have highest explanatory power in
practice. For these variables, we report descriptive statistics; those not in-
cluded are shown with a blank line in the table.) The parameters are selected
to give quite a high degree of risk, in the absence of insurance; they are also
normalized for simplicity to target a price level around one.

The simulations reported here are based on the assumption, considerably
stronger than that stated earlier, that prices and other equilibrium quantities
can be written as a function of the distribution <i>, defined as the distribution of
idiosyncratic states ¢ = (a, ¢?). Thus we form the parameterized expectations
entirely as functions of moments of this distribution. The moments used are
shown in Table 3. Six moments were exogenously imposed; fifteen more were
selected by searching for the most powerful explanatory variables. (Variables
not selected are also shown in the table.)

We compare typical time series in economies under three insurance environ-

ments: Case I: near full insurance (0* = 6™ = 0.98); Case U: near full insurance
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Table 2: Baseline parameters

Preferences a 2 Matching technology m 1.0316
p 0.05 v 0.1
¢ 0 k 0
Qutput technology R 1.03 0 0.1
w 0.003061 B 0.5
y 0.3367 Computational parameters J 810
y 0.003061 T 5
p 0.8
Policies 6* 0 or 0.98
6™ 0 or 0.98

of unemployment, but no insurance of investment (#* = 0.98, 6™ = 0); and Case
N: no insurance (#* = 6™ = 0). Figures 1 and 2 show the dynamics of Cases
I and U. Both are quite similar. With a return of only 3% on the riskless as-
set, many agents choose a corner solution with investment in the riskless asset
only, so that riskless investment is very low. While this is expected in Case
I, it is somewhat surprising in Case U. The large aggregate shocks to technol-
ogy are therefore buffered only by accumulation and decumulation of the risky
asset, which implies that unemployment fluctuates quite a lot. However, this
buffer stock behavior in the risky asset is reasonably effective in protecting
consumption: we see that average consumption fluctuates little.

The remaining figures relate to Case N, (no insurance) which is substan-
tially different. Figure 3 shows a time series comparable to those in Figures 1
and 2. (In fact, all three series are generated from the same initial conditions,
under the same sequence of distributions of shocks ¥,;.) While the variability
of unemployment is not much greater in Case N than in the insured cases,
the unemployment rate varies much more sharply, being concentrated in sharp
peaks. There is much more investment in the riskless asset than in previous
cases, and investment in the riskless asset increases sharply at the times of
peak unemployment. At the same peak, the price of the risky asset drops, and

consumption falls.
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Table 3: Explanatory variables in parameterized expectations

Variable (.%) Mg ﬁF NzﬁF o-zﬁF IBG ,u’l‘BG O-mﬁG
1* 1.0000 | 3.4964 3.4964 0.0000 | 3.5945  3.5945 0.0000
U 0.1086 | 0.1379 .01497 .00118 | -.05491 -.00596  -.00047
A* .01840 | -0.2390 -.00440 -.00610 | -0.6337 -.01166  -.01617
AA 0.2803 | -0.1530 -.04289 -.01443 | -0.4157 -0.1165  -.03919
vvu

UA

AAA -0.1986 | -.09487 .01884 -.04283 | -.07627 .01514 -.03443
AAU

AUU

vuvu

AAAA

AAAU

u* 0.1086 | 0.1592 .00556 .01579 | 0.1240 .01347 .03825
a* .01840 | 1.2405 .02283 0.6574 | 1.2068 .02221 0.6396
ua

aa” 0.2813 | -.06214 -.01748 -.06529 | -0.2670 -.07510  -0.2806
Au* .00192 | -.07323 -.00014 -.00074 | -0.1398 -.00027  -.00141
Aa .00099 | .08102 .00008 .00133 | -.01619 -.00058  -.00968
Uu .01186 | 0.4178 .00495 .01413 | .09915 .00118 .00335
Ua

aaa -0.1879 | .00557 -.00104 .02825 | -.04504 .00846 -0.2284
aau 08797 | 0.1037 .00912 0.1024 | 0.1756 .01544 0.1734
aaaa 1.1831 | -.00402 -.00475 -0.1114 | -.00676 -.00800  -0.1873
aaay -0.2261 | -.02549 .00576 -0.1281 | .00274 -.00062 .01381
Aaa .00358 | -.00339 -.00001 -.00012 |-0.1239 -.00044  -.00439
Aau

Uau -.00416 | -0.6263 .00261 -.02078 | -0.5877 .00244 -.01949
AAa 00355 | .09988 .00035 .01762 |-0.2916 -.00104  -.05144
AAu .03076 | -0.1019 -.00313 -.00948 | -0.2079 -.00639  -.01934
NOTES:

1. p and o are means and standard deviations of explanatory variables; Sr, Bg are coefficients.

2. Asterisks mark explanatory variables exogenously imposed. Other variables for which results
are reported were chosen by regression fishing.

3. a represents log wealth; u represents unemployment; capital letters represent aggregates.

4. Composite variables represent higher moments. For example, if u;(z) represents the cross-
sectional mean of variable z at time ¢, then

(AAu)i = wirpe](ai — pe(air))?]
First entry in last row shows mean of (AAu); across 100 individuals and 200 periods.
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This is exactly the type of fluctuation we expected to find, given the positive
feedback mechanism discussed in the introduction. We also find that these
sharp fluctuations are not caused by the relatively large aggregate technology
shocks we imposed. In Figure 16, we fix the aggregate technology shock at its
mean by giving exactly 80 out of 100 agents a positive idiosyncratic technology
shock each period: qualitatively similar fluctuations remain. What does turn
out to be crucial is that the law of large numbers does not apply in our model.
If we recalculate the equilibrium with a much larger number of agents (1000
or 10000), fluctuations have a similar shape, but smaller amplitude. However,
since our main intention is to model the investment behavior of firms (rather
than individual consumers), we believe that an assumption of finite numbers
is probably much more realistic than assuming the law of large numbers holds.

Next we show more diagrams to help characterize the behavior of Case N.
Figure 4 shows the distribution of wealth and consumption at time ¢ = 200
in our simulation. We distinguish idiosyncratic states: those with two good
shocks are shown with a star, the unemployed with a good technology shock are
shown with a plus sign, the employed with a bad technology shock are shown
with a letter “x”, and those who have both bad shocks are shown with a letter
“0”. Dots show the consumption levels of the same agent. The distribution
of wealth is highly dispersed, with a standard deviation comparable to its
mean. (By contrast, in Case I, the distribution almost completely converges
to a unique wealth level.) Moreover, we found in our simulations that the
distribution is highly non-stationary. Once a given agent reaches a wealth
level around 5, she tends not to fall back into the mass of other agents; here
we find one agent with substantially more wealth than the median. In the
next two figures we report time series showing the highest wealth level in the
population. Clearly, certain aspects of the wealth distribution are extremely
persistent. However, the basic shape of “recessions” in our simulations remains
similar under very different wealth distributions.

The next four figures show the expectations. Figures 6 and 7 plot our pa-
rameterized expectation approximation against the realized average value of

the random variables f,; and g1 (we fix a distribution ®; and then randomly
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Table 4: Apparent errors in cross section, t = 200

consumption hiring storage  utility
Avg log difference -0.000549  0.0104 -0.0951 0.000413
Avg abs log difference 0.00319 0.0105 0.0956 0.000919
Mazx abs log difference 0.0616 0.0316  0.199 0.0252
NOTES:

1. 100 individuals: change in behavior if simulated expectation used instead

of parameterized expectation.
2. Utility change is expressed as certainty equivalent consumption loss.

draw 300 possible distributions W, ;, then average over realized ft+1 and Gy41.)
Overall, the parameterized expectations are quite accurate, except at the very
lowest wealth level. However, closer inspection shows some nontrivial errors.
In Figures 11-13 we show how behavior would change if individuals made their
decisions on the basis of the simulated expectations shown in Figures 6 and
7 instead of on the basis of the parameterized expectations. Consumption
and hiring behavior appears to change very little, but one can clearly see that
storage should drop by about ten percent, on the basis of the simulated expec-
tations, in Figure 13. We calculate some statistics summarizing these errors in
Table 4. On average, at time ¢t = 200, agents’ policy errors result in a utility
loss worth roughly 0.1% of their current consumption. The worst error in the
cross section, however, is worth approximately 2.5% of current consumption.
Hence for the time being, the results must be regarded as preliminary— they
can be seen as an equilibrium of boundedly rational agents, but we can not yet
conclude that they are similar to the behavior in the true rational expectations
equilibrium.

Figures 8 to 10 report the three policy functions for c¢;, ns11, and byy;.
Notice that, as expected, the consumption function shifts down for the un-
employed (as before, represented by “4” or “0”). The consumption function,
as demonstrated by Carroll and Kimball (1996), is concave in wealth. Invest-
ment behavior is quite complicated, but readily interpreted. The very poorest
choose a corner solution with safe asset holding only. Since the risky asset has

a higher return, a small increase in wealth brings individuals to an interior
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solution, and then to a corner solution in which only the risky asset is held.
However, once agents become sufficiently rich, investment income plays an ever
larger part in their total human wealth. Therefore, the richest agents begin to
invest in both assets again. However, in the limit, the proportion of wealth in-
vested in the riskless asset is decreasing. It is this final interval of investment
behavior which makes the wealth distribution so unstable: among the very
richest agents, greater wealth is associated with higher average returns, so it
takes a really exceptional string of bad luck to bring the richest back down to
median wealth levels. In our last diagrams, we again graph the distribution of
wealth (and various categories of asset holding) at time ¢ = 200, and show the
Lorenz curves. While the distribution depicted is highly unequal, it is by no

means as unequal as the actual US wealth distribution.
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Appendix

Since we have not constrained aggregate employment IV; to be an integer,
we will impose labor market clearing by assuming that exactly one worker has
a part time job at each t. We now show how this affects the idiosyncratic
labor market transitions in our economy, while respecting as closely as possi-
ble the simple approximate transition dynamics stated in (4). We define the
shocks 1, = (wf YR Y 7). which we assume are 7id across time and between
individuals, and all uniformly distributed in [0,1]. (Defining this notation is
particularly helpful since it mirrors our actual computations.) The distribution
of these shocks across individuals at ¢ is U, = (U], Uk WY 7).
The shock ¥ controls the idiosyncratic productivity process, as follows:
o = LD W, < p (33)
€, =0 if ¥/, >p
The shock 1* governs death and rebirth:

€1 =0 if Y7, <¢

=1 0 Uy > C (84
Since our parameterized expectations represent expectations conditional on
survival, neither the explanatory variables x; nor the realizations ﬁs+1 and gyyq
are recorded for individuals with €}, ; = 0.

In the labor market, the shock ¢/ controls “firing” and 4" controls “hiring”.
Define the idiosyncratic labor market state €/, where € = 1 means that the
individual is in the pool of job seekers at the end of ¢ for jobs at £ + 1 while
€; = 0 means that the individual is not seeking a job at the end of ¢, which
only applies if they were employed at ¢t and have not been fired at the end of £.
Define also ceil(z) to be the smallest integer at least as large as z; floor(z) to
be the largest integer no greater than z; #(z) to be the number of agents for
whom statement z is true; and let R(v, ¥|z) be the rank of the shock ¥ out
of the distribution ¥ among those agents for whom statement z is true. Then

we can write the labor market dynamics according to the following scheme:

e =1 if R, Ufle¢ =1) < floor(6#(e¢ = 1))
e_q ¢ 5 ¥ 1€ t
=1 = AT R Sty @
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<l — =1 (36)
€., =1 if R UMe =1) < floor[INyy1 — #(e; = 0)]
g=1 — €/, = INy1 —floor(IN; 1) if R(¢), UPles = 1) = ceil[ [Ny — #(ef = 0)]
€, =0 if R TMe =1) > cell[ N1 — #(€f = 0)]
(37)
Equation (35) says that slightly more than fraction § of full time workers
are fired. All those fired, as well as the unemployed and the part time worker,
enter the search pool. The number of new full time hires is //N;;; minus
the continuing full time workers from the last period. It is important to notice
that we have treated aggregate uncertainty differently in the case of technology
shocks and employment shocks. By drawing each €” independently on the basis
of ¥¥, there remains aggregate uncertainty about the average technology shock
in the economy; hence our model displays an aggregate productivity shock.
However, we have chosen to suppress any aggregate shocks to employment.
Since n;y;1 is known for each individual at ¢, /V;y; is known at ¢, and our use
of the ranking function R to derive € from 1/ and )" ensures that total full

time and part time employment equals Vg4 ;.
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Fig 3(N): Top to bottom: 10*U, P, avgSHOCK, avg c, avg b
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Fig.4(N): Wealth distribution (*,x,+,0) and consumption (dots)
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Fig.5(N): max wealth/2: dot, 10*U: solid, P: dash, avg b: dashdot
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consumption

Fig.8(N): Consumption function
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hiring

Fig.9(N): Risky investment function: hiring at t for t+1
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storage

Fig.10(N): Riskless investment function: storage at t for t+1
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behav from simulated exp: alternative cons
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behav from simulated exp: alternative hiring
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behav from simulated exp: alternative storage
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0.6 0.8 1 1.2
behavior under PEAs: storage, t=200

40

14

1.6

1.8



assets

Fig.14(N): Asset distributions: R*b, total goods, P*undepreciated n, total wealth
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cumulative assets

Fig.15(N): Lorenz curves: R*b, total goods, P*undepreciated n, total wealth
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Fig.16(N): Case N: NO AGGREGATE SHOCK: 10*U, P, avg ¢, avg b
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