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Abstract

This paper shows how risk may aggravate fluctuations in economies with im-
perfect insurance and multiple assets. A two period job matching model is
studied, in which risk averse agents act both as workers and as entrepreneurs.
They choose between two types of investment: one type is riskless, while the
other is a risky activity that creates jobs.

Equilibrium is unique under full insurance. If investment is fully insured
but unemployment risk is uninsured, then precautionary saving behavior damp-
ens output fluctuations. However, if both investment and employment are
uninsured, then an increase in unemployment gives agents an incentive to shift
investment away from the risky asset, further increasing unemployment. This
positive feedback may lead to multiple Pareto ranked equilibria. An overlap-
ping generations version of the model may exhibit poverty traps or persistent
multiplicity. Greater insurance is doubly beneficial in this context since it can
both prevent multiplicity and promote risky investment.

JEL classification: E32, E21, G11
Keywords: Multiple equilibria, imperfect insurance, matching, prudence,

temperance, precautionary saving, portfolio choice



1 Introduction

This paper proposes a business cycle propagation mechanism which may arise
in economies with imperfect insurance and multiple assets. In such an economy,
precautionary behavior can amplify output changes if we make the following
three assumptions. First, suppose that a decrease in output leads to an increase
in uninsured risk in the economy— a reasonable assumption, since recessions
greatly increase the probabilities of unemployment and of bankruptcy.! Sup-
pose further that an increase in the risks individuals face causes them to shift
their investment away from risky assets and towards riskless assets, as has

2 Finally,

been argued recently in the literature on precautionary behavior.
suppose that a fall in risky asset investment leads to a fall in output, as might
be the case if risky investment were interpreted as the foundation of firms or
expansion of their productive capacity. Then we see that the economy exhibits
a positive feedback: a fall in output increases risk, which decreases risky in-
vestment, further decreasing output. Hence, the impact of exogenous shocks
is likely to be amplified by asset choice under imperfect insurance. Moreover,
this amplification, if sufficiently strong, could lead to multiple equilibria at
different levels of output and utility.

A simple model is constructed in this paper to illustrate this mechanism.

We study a two-period job matching model with risk averse agents who act

both as workers and as entrepreneurs. When output falls, their probability

! Two recent papers studying how consumption risk changes during recessions are Pista-
ferri (1998) and Storesletten, Telmer, and Yaron (1998).

2See Gollier and Pratt (1996) for a summary of the literature.



of job finding decreases, making their labor income both lower in mean and
more variable. They take this increased risk into account when choosing how to
split their investment between a safe asset, which can be interpreted as storage,
and a risky asset, which can be interpreted as small business formation. The
rise in unemployment probability resulting from a fall in output causes them
to decrease their risky asset investment, which then, through the matching
function, further decreases output and employment.

To clarify the role of risk in our model, we distinguish between two facets
of precautionary behavior under imperfect insurance: the precautionary saving
decision and the portfolio choice decision. By precautionary saving, we mean
the impact of future risk on the total amount saved, whereas portfolio choice
refers to the distribution of that saving across different assets. When there is
just a single, riskless asset, we are in a situation of pure precautionary saving.
In this case, uninsured unemployment risk implies a negative feedback effect
which dampens fluctuations: a higher individual probability of unemployment
leads to greater investment, which in turn tends to decrease unemployment.
However, when there is a portfolio decision to be made between a riskless asset
and an imperfectly insured risky asset, then a positive feedback effect is also
present, for a rise in unemployment risk causes agents to shift away from the
risky asset, further increasing unemployment.?

Under full insurance, our model has a unique equilibrium. If investment is

fully insured but unemployment risk is incompletely insured, then uniqueness

3While these claims depend on the utility function and on the roles of risky and riskless
investment in job creation, we will see that they are true in our model.



holds a fortior: because of the negative feedback from precautionary saving.
However, when both unemployment and investment are less than perfectly
insured, the positive feedback from portfolio choice may lead to multiple equi-
libria at high and low levels of output. Multiplicity can remain important even
in the long run when the two period model is extended to allow for overlapping
generations; moreover, the OLG version of the model displays other interesting
risk-based phenomena, such as poverty traps.

The distinction between precautionary saving and portfolio choice also has
crucial policy implications. Economists often suppose that greater insurance
comes at a cost in terms of decreased investment, since insurance offsets pre-
cautionary saving. However, as emphasized by Elmendorf and Kimball (1991),
when there is a nontrivial portfolio choice, greater insurance encourages risky
investment. If risky investment is undersupplied in equilibrium, as it will often
be in this model, then there is no tradeoff between insurance and investment.

The goal of the two period setup of this paper is a sharp theoretical under-
standing of the economic mechanism proposed here. Unfortunately, the two
period model begs the crucial quantitative issue of whether precautionary be-
havior remains important even when agents have a long time horizon to build
up asset buffer stocks. This messier infinite horizon question is addressed in
a companion paper, Costain and Reiter (2000). The present paper continues
with a literature review, and then a statement of the model in Section 2. Sec-
tions 3 and 4 provide numerical examples of multiplicity and analytical results
about the level of investment and uniqueness of equilibrium under different
insurance environments. Section 5 generalizes the model to a two period OLG

context. Section 6 discusses extensions and concludes.



1.1 Related literature

Data suggest strongly that individuals are imperfectly insured, both because
idiosyncratic consumption fluctuates more than than aggregate consumption,
and because it is correlated with idiosyncratic shocks (Cochrane 1991, Gruber
1997). Both the large equity premium, and the large marginal propensity to
consume out of temporary or predictable income, suggest that individuals re-
spond to uninsured risk in a precautionary manner; for further evidence see
Aiyagari (1994), Carroll (1992,1997), or Deaton (1992). Evidence for precau-
tionary behavior by firms includes the fact that much investment is financed
out of cash flow; see also Bernanke, Gertler, and Gilchrist (1996). Without
entering further into the debate over these stylized facts and their possible
interpretations, this paper will take for granted that economic agents display
a precautionary response to uninsured risk, and will explore some implications
of this microeconomic observation for macroeconomics. For this purpose, we
should discuss three areas of literature.

First, this paper is related to the literature which explains inefficiently low
levels of economic activity by appealing to multiplicity of equilibrium. Cooper
and John (1988) showed that multiple equilibrium models share a feature they
called strategic complementarities— that is, positive feedbacks among agents’
choice variables, as in Diamond (1982), where an increase in the average level
of production gives an incentive for each individual agent to raise production
as well. Usually, as in Diamond’s paper, or Farmer and Guo (1994), these
positive feedbacks have been based on aggregate increasing returns to scale or

on market power, that is, on changes in the level of the return to productive
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activity when more agents are active. The present paper instead proposes a
very different source of strategic complementarities: we focus on changes in
the riskiness of the return to productive activity. The only similar argument
was made by Chatterjee (1988), who pointed out that economic activity may
be less risky when more agents are active, by the law of large numbers. The
law of large numbers plays no role here.

This paper also relies on previous theoretical work on precautionary be-
havior under imperfect insurance, which includes Pratt (1964), Arrow (1965),
Leland (1968), Sandmo (1970), Rothschild and Stiglitz (1970,1971), and Kim-
ball (1990). Papers on precautionary saving with multiple assets include Pratt
and Zeckhauser (1987), Kimball (1993), and Gollier and Pratt (1996). Barsky,
Mankiw, and Zeldes (1986) point out that proportional or progressive income
taxes act as a form of insurance on labor income, so that a postponement of
labor income taxes raises consumption and lowers saving by counteracting the
precautionary motive. Elmendorf and Kimball (1991) revisit this issue in the
context of multiple assets, and argue that the effect may be reversed for risky
assets: in their model, any postponement of labor income taxes which raises
consumption must also raise risky asset investment, because greater insurance
of labor income risk makes individuals more willing to confront asset risk. The
individual choice problem in this paper is closely related to Elmendorf and
Kimball’s partial equilibrium model. Here we show how strategic complemen-
tarities arise very naturally when Elmendorf and Kimball’s model is extended

to a general equilibrium environment.



Finally, this paper is related in motivation to the growing literature on the
macroeconomic implications of imperfect corporate financial markets, such as
the “credit channel” papers of Bernanke and Gertler (1989), Kiyotaki and
Moore (1997), Bernanke, Gertler, and Gilchrist (1998), and den Haan, Ramey,
and Watson (1999). One of the most closely related papers is Greenwald and
Stiglitz (1993), which argues that if firms are risk averse, then shocks to their
balance sheets will have effects on output, which then further influences balance
sheets. This paper shows the other side of the coin: if investors are risk averse,
then changes in the riskiness of the economy will have effects on output, which
then further influences the riskiness of the economy. Some papers in growth
theory have also stressed the role of financial factors, notably Acemoglu and

Zilibotti (1997), who also study positive feedbacks based on risky investment.

2 The model

An agent in this two-period job matching economy plays two roles: she is both
a worker and an entrepreneur. As a worker, she supplies labor inelastically, but
can do so only if she finds a job. As an entrepreneur, she chooses between two
types of assets: a riskless one which can be thought of as a storage technology,
and a risky one which can be interpreted as small business formation. Two
types of risk thus arise naturally for all agents: risk of unemployment, and
risky returns to investment. The feedbacks in our model result from the fact
that changes in unemployment risk affect agents’ willingness to invest in the
risky asset, together with the fact that risky investment is an input to the

matching function.



2.1 The individual’s problem

Each agent chooses initial consumption ¢y, riskless investment b, and risky
investment h, which will together imply a random level of second-period con-

sumption cj. The utility function is
yu(er) + Ev(cs)

The constant v governs the relative importance of time 1 and time 2 utility;
we will focus on the cases v = 0 and v = 1. The functions u and v are
assumed to have the same constant relative risk aversion (CRRA) form u(z) =
v(z) = ﬁxl_”‘. As is well known, this utility function has several strong
properties: it satisfies an Inada condition at zero, its derivatives alternate in
sign, with derivatives of odd order positive and of even order negative, and
the ratios —v(™ /v(»=1) of its derivatives are decreasing and convex functions.*
Many authors have argued recently that properties like these are needed for
intuitively reasonable consumption and asset choice behavior, such as a greater
willingness to tolerate risk by the wealthy, and have tried to determine precisely
which properties of CRRA are essential. Most of the results in this paper follow

from the postulates of Kimball’s (1993) concept of standard risk aversion.>-®

“The quantity —v”(z)/v'(z) is called absolute risk aversion, absolute prudence is
—v"(z)/v"(z), and absolute temperance is —v""(z)/v"'(z). For CRRA utility, these are
all decreasing and convex functions of z.

5Standard risk aversion is equivalent to increasing and concave utility together with
decreasing absolute risk aversion and decreasing absolute prudence.

8The only proposition which relies directly on the CRRA functional form is Prop. 6.
Other results use only the curvature properties implied by CRRA.



Agents begin the initial period with a stock of goods W. What remains of

this wealth after investment constitutes time 1 consumption:
CciT = W-—-b—-nh (1)

All choice variables are restricted to be nonnegative.

Time 2 consumption is financed out of labor income and investment income.
Both of these forms of income may be risky, and both of these risks may be
insured.

Labor income, prior to insurance transfers, is given by the random variable
w, which varies according to employment status. The individual is employed
at time 2 with endogenous probability n, and unemployed with probability
1 —n. When she is employed, the realization of w is the wage w, and when she
is unemployed, w is the value of home production, w, where 0 < w < w. Her
mean labor income will be written as p,(n) = wn + w(l — n). To compare
the effects of different insurance environments, it is convenient to introduce
the variable ¢ € [0,1] to represent the degree of unemployment insurance,
where ¢ = 1 represents full insurance and ¢ = 0 is no insurance. Insurance
is financed by fair transfers between the employed and the unemployed at
time two. Thus post-transfer labor income is given by the random variable
w* = (1 — @)W + Ppy(n) which takes the values W* = (1 — @)W + Py (n) with
probability n and w* = (1 — ¢)w + ¢u,(n) with probability 1 — n, so that a

decrease in ¢ is a mean-preserving spread of the labor income distribution.”

7All random variables are indicated by asterisks or tildes. An asterisk is used to represent
any variable which may include an insurance component.



Note that ¢ is to be regarded as an exogenous parameter characterizing the
types of information problems limiting insurance in the economy; we will not
treat insurance coverage as a choice variable.

The second period payoff of riskless investment b is the non-random quan-
tity b where R > 0. The variable h can be seen as hiring of workers for
the agent’s small business, or equivalently, as purchases of machines neces-
sary for one’s employees to use. The endogenous, deterministic variable ¢
represents the number of workers hired per unit of hiring expenditure. En-
trepreneurial income per worker is a random variable 7, taking the value 7
with exogenous probability p and 7 with probability 1 — p; its mean is denoted
as pr = Tp+m(1—p). The random entrepreneurial income received by a given
individual is assumed independent of the random labor income that individual
receives. As with unemployment risk, we allow an exogenous degree v of in-
surance (or diversification) of risky investment. Post-transfer risky income per
worker hired is the weighted average 7* = (1 — ¢)7 + ¥, of the underlying
random variable 7 and its mean u,. Total income received at time two from
risky investment, after transfers, can be written as ghr*.

If we call the second period consumption that is achieved after insurance

transfers ¢, then the worker’s problem can be stated as

mazx
b,h,c1,¢5 >0

U = vula) + Ev(c)
subject to: ¢ + b+ h = W
and ¢, = Rb + qhm™ + w”

The expectation is taken with respect to the random variables 7* and w*.
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2.2 General equilibrium.

The employment rate n and the hiring rate ¢ at time two are linked by a
matching function. Without loss of generality, we can normalize the population
to one. Since this is only a two-period model, we can assume that the entire
population is involved in job search in period one; the number employed in
the second period will equal the number of matches formed. If we denote the
aggregate level of hiring by H, then since the number of workers hired by firms

must equal the number of jobs found by workers,® we require
gH = N(1,H) = N(H) = n (2)

Note that we can suppress the trivial dependence of the matching function
N(1,H) on the fixed unit mass of workers available for time 2 employment.
We assume that N(H) is between 0 and 1 for all H > 0, and that N'(H) > 0
and N"(H) < 0, which is to say that there are (weakly) decreasing returns
to scale in the matching function. Equilibrium also implicitly defines a hiring
rate function resulting from the level of aggregate hiring, Q(H) = N(H)/H;
the assumptions on N imply that Q'(H) < 0.

The firm operated by an entrepreneur experiences an idiosyncratic technol-
ogy shock ¢ which is uncorrelated across entrepreneurs, and which is unknown

at the time of hiring. The shock y represents the marginal product of labor

8We assume that the entrepreneur’s hiring process is deterministic for simplicity only.
Implicitly, this means workers who “find jobs” are shared across firms. It would undoubt-
edly seem more natural to assume that the number of workers actually hired by any given
entrepreneur were an exponential random variable with mean gh. However, this extra ele-
ment of risk in the entrepreneur’s problem would not fundamentally alter the precautionary
saving and portfolio choice incentives which underlie the feedbacks studied here.
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at the entrepreneur’s firm, and takes the values 3 with exogenous probabil-
ity p and y with probability 1 — p. We abstract from optimal contracting
issues and make the assumption that workers are paid a fraction 3 of their
expected marginal product; that is, we assume a non-random wage W = [y,
where p, = 7p+ y(1 — p).? The random entrepreneurial income per employee
that is received by a given employer (prior to any insurance transfers) is thus
T=1y—W.

Finally, we define equilibrium. Note that conditional on aggregate H, the
individual’s problem consists of the maximization of a concave function over a
bounded, convex set, implying the existence of a unique optimal choice of ¢y,
b, and h. Thus we only need to consider symmetric equilibria: there cannot
be equilibria in which different individuals choose different levels of h. Since
the population is 1, aggregate consistency requires that h = H. Hence an
equilibrium is a level of aggregate hiring H such that an individual chooses

h = H when faced with the probability of employment n = N(H) and the

hiring rate ¢ = Q(H).
3 Computing equilibria

We begin this section by showing how to compute equilibria of our economy,
which also allows us to prove existence of a stable equilibrium. Then, in

subsections 3.2 and 3.3, we compute several examples of multiplicity.

9Results would be similar if we assumed that the value of home production w also affected
the wage.
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3.1 Existence, uniqueness, and stability

Consider first the case v = 0, so that consumption gives no utility in the first
period. This is a pure model of portfolio choice, since all initial wealth will be
saved for the second period, making the precautionary saving decision trivial.

After eliminating b, the necessary conditions for the v = 0 case are:!°

9 Bo(et) = EQUH) ()] < s(hH) and h > 0 (3)

r(h,H) = o

with at least one equality,

s(h, H) = %Ev(c;) _ REW()] < r(bH) and h < W (4)

with at least one equality, and
h=H (5)

Here r(h, H) is the expected marginal utility from a unit of investment in the
risky asset, as a function of individual investment h and aggregate investment
H, and s(h, H) is the expected marginal utility from investment in the safe
asset. If there is any expenditure on the safe asset at a given H, then we must
have r(h, H) < s(h, H); the inequality may be strict only if the optimal choice
is the corner h = 0. If there is any expenditure on the risky asset at a given
H, we must have s(h, H) < r(h, H), with equality if h < W.

To compute an equilibrium, it helps to define the functions R(H) = r(H, H)

and S(H) = s(H, H) which are the expected marginal utilies of investment

10The functions 7 and s depend on h and H through the probability of employment N (H)
and through consumption ¢ = R(W — h) + Q(H)n*h + w*.
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under symmetric behavior, that is, when both individual and aggregate invest-
ment in the risky asset are assumed to be H. Graphing these functions, we
can characterize equilibria as follows:

Lemma 1. Interior equilibria satisfy S(I>1T) = R(I{l)

(0,W); H = 0 is an equilibrium if S(0) > R(0), an
an equilibrium if S(W) < R(W).

for H €
H=Wis

Figures 3 and 11 show numerical examples of the functions R and § in
which we observe three interior equilibria. The remarkable nonmonotonicity
of these curves reflects the fact that a symmetric increase in H implies higher
but riskier investment income, lower unemployment risk, and lower returns to
risky investment.

Note that as long as @@ and v’ are continuous, R and S are continuous
functions. @ is continuous everywhere under our assumptions, but the Inada
condition implies that marginal utility v' goes to infinity whenever ¢} goes to
zero (which would occur for some A if 7 < 0). At any H where ¢} approaches
zero under symmetric behavior, S(H) goes to +oo and R(H) goes to —oo.
This is what happens at the right hand side of Figure 11, where as H increases
symmetrically, ¢ eventually becomes negative with positive probability and
R and S become infinite. The fact that the curves must become infinite with
opposite sign wherever they are discontinuous implies the following conclusion.

Lemma 2. There exist an odd number of equilibria.
Proof. If R and S never cross, then there is a unique equilibrium at a corner,
satisfying either R(0) < §(0) or R(W) > S(W). If R crosses S once from
above, then there is a unique interior equilibrium, while if R crosses & once
from below, then there are equilibria at both corners plus an interior equilib-

rium. Multiple crossings can only add an even number of equilibria to those
already described.
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These conclusions are not altered by the discontinuities in R and S where
consumption is zero with positive probability. We have seen that & > R near
any discontinuity, which implies an odd number of equilibria to the left of any
discontinuity and an even number of equilibria to its right. QED.

For some purposes it will be helpful to consider the best response function
h(H), which describes the utility maximizing choice of individual hiring h
for any level of aggregate hiring H. In terms of the best response function,
an equilibrium is any H satisfying H = h(H). It is natural to call a given
equilibrium H stable if for all sufficiently small € > 0 we have h(H +¢) < H+e,
and the reverse for ¢ < 0. Since h(H) > H if and only if R(H) > S(H),
stability corresponds to equilibria where R crosses S from above, or to corner
equilibria. Hence the arguments used in the proof of Lemma 2 imply:

Proposition 1. There exists a stable equilibrium. The equilibria

at highest and lowest H are stable, and any other equilibria
alternate in stability.

So far we have confined our discussion to the one period case, that is, v = 0.
However, the arguments already made can be easily extended to the two period
case v > 0, in which there is a nontrivial precautionary saving decision as well
as the portfolio choice decision. When v > 0, our assumption of an Inada
condition on u implies that there must be an interior choice of ¢;; only the
portfolio decision between h and b may involve corners.

For the two period version of the model, we can locate equilibria by a similar
graphical method if we proceed as follows. For each H, consider the optimal
choice of consumption and riskless investment conditional on symmetric risky

investment h = H. Individuals will then solve:

max

boey >0 yu(er)+FEv(cy) st g = W—H—b and ¢ = Rb+7n*Q(H)H + w*
I » Y2 =

14



Let the solution of this problem be b(H), which is necessarily less than W — H
but may be zero. Then define S(H) = u'(W — H — b(H)), which is the
marginal value of initial wealth conditional on A = H. Similarly, define the ex-
pected marginal utility of risky asset holding as R(H) = Q(H)En*v'(Rb(H)+
Q(H)H7m* + w*). Under this definition, an equilibrium is still of the form
R(H) = S(H), or is a corner satisfying R(0) < S(0). These functions are

continuous under the same conditions we specified above, so we can conclude:

Remark. The conclusions of Lemmas 1 and 2 and Proposition 1
remain true when v > 0. However, it will never be the case, for

7 > 0, that R(W) > S(W).

3.2 Example 1: Portfolio choice only, and kinked match-
ing technology

We now construct an example of multiple equilibria in the pure portfolio choice
case of v = 0. A particularly transparent way to obtain multiplicity is to
use the Leontief matching technology N(1, H) = min(H/k, 1), or equivalently
Q(H) =1/k for H < k and Q(H) = 1/H for H > k.!' Under this “kinked”
matching function, the individual probability of unemployment goes to zero
if there is sufficient aggregate hiring. Coupled with the Inada condition im-
plied by CRRA utility, this can make individual investment very sensitive to
aggregate investment. If we consider a level of individual hiring A which yields
consumption near or below zero upon unemployment, and a level of aggregate
hiring H close to the kink, then a small change in aggregate hiring may imply

a substantial change in risk, so that individual hiring responds strongly.

1'We can interpret this as a technology in which exactly one machine must be purchased
for each worker, at cost k; there are no matching frictions, but if the number of machines is
not equal to the number of workers, then the scarcer resource is rationed.
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Table 1: Parameters for Example 1

Worker characteristics

Weight on utility when young () 0
Coefficient of relative risk aversion () 2
Initial wealth (W) 1.3
Firm’s technology
Cost per machine (k) 1
MPL under good shock (7) 4
MPL under bad shock (y) 2
Probability of good shock (p) 0.8
Wage of the unemployed (w) 0
Return to riskless asset (R) 1.0
Worker’s bargaining share (3) 0.5

Multiple equilibria result under the parameter values in Table 1. The
matching technology is shown in Figure 1; we see that the unemployment
rate hits zero at H = 1. Figure 2 shows consumption under symmetric behav-
ior in the four states an individual may face (employment or unemployment,
combined with good or bad idiosyncratic productivity). That is, consumption

is graphed for all possible values of 7* and of w*, imposing h = H:
¢ = RW—-H) + QH)Hr" + w*

The starred curve shows expected consumption. Note that although consump-
tion falls severely in the worst state, it is never negative for these parameters.

Figures 3 and 4 show two ways of looking at the multiple equilibria aris-
ing in this example. Figure 3 graphs the expected marginal utilities of safe
investment, S(H), and of risky investment, R(H). At low levels of H, R(H)
is high because Q(H) is high (it is equal to 1) and because consumption is

not too severely affected by a bad idiosyncratic technology shock. Gradually
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R(H) decreases towards S(H), as higher levels of H cause consumption in
the worst state, cyr,'? to fall ever lower, leading to a stable equilibrium at
h = H = 0.7067. However, as the probability of employment approaches 1,
individuals again become willing to invest in the risky asset, for the probability
of consuming cy;, approaches zero, and thus there is an unstable equilibrium
at h = H = 0.9358. Finally, above H = 1, the marginal value of the risky asset
decreases steadily relative to the safe asset, both because Q(H) is falling and
because cgy, is falling. There is a final stable equilibrium at h = H = 1.2195.
Figure 4 shows the best response function A(H), in which the same three
equilibria are visible as multiple crossings of the 45° line.

Table 2 documents the values of the endogenous variables at the three
equilibria. As mentioned above, the probability of unemployment goes to zero
at the highest equilibrium, and the rate of hiring Q(H) falls below one. The
worst idiosyncratic consumption outcome, ¢y, falls from 0.7347 at the lowest
equilibrium to 0.2805 at the highest equilibrium, but at the highest equilib-
rium this consumption occurs with probability zero. Expected consumption is
highest at the unstable equilibrium, because matching externalities decrease
expected consumption above the kink. Nonetheless, expected utility is high-
est at the upper equilibrium, since the risk of the worst idiosyncratic state
is eliminated. The risky consumption distibution at the lowest equilibrium
is equivalent in expected utility to the consumption of 2.5770 units with cer-

tainty; at the highest equilibrium, the risky consumption distribution is worth

12Consumption of an unemployed person with a low technology shock is denoted cyr;
other notation is analogous.
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Table 2: Example 1: Equilibria

Lower stable eqm  Unstable eqm  Higher stable eqm

Hiring (H) 0.7067 0.9358 1.2195
Probability of employment (n) 0.7067 0.9358 1.0000
Rate of hiring () 1.0000 1.0000 0.8200
CUL 0.7347 0.5514 0.2805
CEL 2.5347 2.3514 2.0805
CUH 2.1480 2.4229 2.2805
CEH 3.9480 4.2229 4.0805
Expected consumption 3.1374 3.7330 3.6805
Return to safe asset 1.0000 1.0000 1.0000
Expected return to risky asset 1.8000 1.8000 1.4760
S(H) 0.2178 0.1268 0.0943
R(H) 0.2178 0.1268 0.0943
Expected utility -0.3881 -0.3013 -0.2922
Certainty equivalent 2.5770 3.3182 3.4225

3.4225 units with certainty. We note, however, that the rankings of utility and
expected consumption across equilibria need not have this order. It is well
known that search models may exhibit too much employment, as well as too
little; both cases can occur in this model for some parameter values.

In Figures 5-8, we show how equilibrium hiring varies with changes in some
exogenous parameters. Figure 5 shows the equilibrium correspondence with
respect to initial wealth W. At low levels of wealth, only an equilibrium with
low hiring is observed; agents are born too poor to support an equilibrium
with high employment. However, as soon as W passes one, a new pair of
equilibria appears at higher H; in fact, for approximately W € (1,1.2), the
upper equilibrium is at a corner, in which all wealth is invested in the risky
asset. Note that the middle equilibrium is necessarily unstable. For W > 1.2,

some wealth is invested in the riskless asset too, as Q(H) is driven down by
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aggregate hiring. Finally, the lower two equilibria disappear around W = 1.4.
One interesting interpretation of this graph is that it shows a large effect of
internal cash holdings on investment, as in the credit channel literature. For
W =~ 1, a small increase in wealth available could lead to a big jump in
investment, as new, higher equilibria arise; similarly, around W = 1.4, the low
equilibria disappear. Figure 6 shows that changes in p, the probability of a
good idiosyncratic technology shock, have similar effects.

Figures 7 and 8 show the equilibrium correspondences for y and 7, which
have very different implications for equilibrium— in fact, almost opposite im-
plications. This illustrates the point that both the expected return to invest-
ment and its risk are relevant for equilibrium. Raising y brings the two possible
values of y closer together, raising the mean return to hiring while lowering
risk. Since both of these effects encourage hiring, every stable equilibrium rises
when y increases; moreover, equilibria with low H may vanish or higher equi-
libria may appear. Raising 7, on the other hand, raises the expected return
to hiring but also increases its risk. These conflicting effects mean that equi-
librium hiring reacts nonmonotonically to 7; moreover, for sufficiently large 7,
the effect of increased risk dominates, causing stable equilibrium levels of H
to fall with 7.

Considering the ambiguous effects of 7 and y, it is also interesting to ask
about the effects of proportional changes to both values of 7, which might
be more analogous to the aggregate productivity shocks of real business cycle
theory. In the current example, proportional increases in the distribution of ¢

have a positive effect like that seen in Figure 7, but this is not always the case.
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If we choose parameters such that profits per unit of hiring conditional on a
bad productivity shock, y — w, are negative, then high levels of hiring are ex-
tremely risky. Under such a parameterization, the equilibrium correspondence
for proportional shifts to the distribution of y resembles that shown in Figure
8 for shocks to 7, nonmonotonic and eventually sloping down.

The example we have just studied spells out the main point of the pa-
per: portfolio choice under risk may lead to positive feedbacks and hence to

economic instability. We can summarize the findings as follows:

Proposition 2. If both unemployment risk and investment risk
are less than fully insured (¢ < 1 and ¢ < 1), then there
may be multiple equilibria even when the matching function
has decreasing returns to scale.

Next, we will show that neither the kinked matching technology nor the as-
sumption that consumption occurs only in the second period is crucial for our

example. Imperfect insurance, however, is necessary for multiplicity.

3.3 Extensions.

Example 2 relaxes the potentially objectionable assumption of a kinked match-

ing technology. Instead, the matching function is:

N(H)

(1 — exp(—H/k))

The total number of matches is zero when H is zero, and converges to 1
(the total population) as H approaches infinity. We will use the parameters
W =1.7,7=6.6, k = 0.1, and otherwise as in Table 1. The matching function
is shown in Figure 9. Consumption, under symmetric behavior h = H, is shown

in Figure 10, for all four idiosyncratic states and in expected value.
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Table 3: Example 2: Equilibria

Lower stable eqm  Unstable eqm  Higher stable eqm

Hiring (H) 0.1698 0.3393 0.6621
Probability of employment (n) 0.8170 0.9664 0.9987
Rate of hiring () 4.8105 2.8481 1.5084
CUL 0.8439 0.5489 0.1991
CEL 3.6839 3.3889 3.0390
CUH 4.6022 4.9943 4.7929
CEH 7.4422 7.8343 7.6329
Expected consumption 6.1709 6.8498 6.7103
Return to safe asset 1.0000 1.0000 1.0000
Expected return to risky asset 13.6618 8.0885 4.2837
S(H) 0.0821 0.0528 0.0421
R(H) 0.0821 0.0528 0.0421
Expected utility -0.2073 -0.1733 -0.1719
Certainty equivalent 4.8226 5.7690 5.8155

Figure 11 shows the functions S(H) and R(H), and Figure 12 illustrates the
best response function. As in our previous example, R(H) initially declines,
as symmetric increases in h and H cause entrepreneurs experiencing both
unemployment and a bad idiosyncratic technology shock to suffer ever lower
consumption cyr. However, increases in H also mean a lower probability of
unemployment, so that R(H) can be nonmonotonic. Here, unlike the previous
example with a kinked matching function, the probability of unemployment
in always positive, so that R(H) and S(H) diverge as ¢y, becomes negative.
The three resulting equilibria are analyzed numerically in Table 3.

The equilibrium correspondences resulting from changes in underlying pa-
rameters are shown in Figures 13-16. Except for the effects of p, they are
qualitatively similar in shape to those arising from the previous example. How-

ever, without the kink in the matching technology, multiplicity occurs over a

21



substantially smaller parameter range.

A second objection to our previous examples is that they have assumed
only one period of consumption utility. If instead v > 0, so that there is a
desire for consumption in both periods, then there is a precautionary saving
decision as well as a portfolio choice: first an agent must decide his total level
of saving for the second period, and then he must allocate this saving across
different assets. While imperfect insurance discourages allocation of saving
to risky assets, imperfect insurance encourages precautionary saving, so the
overall effect of increased unemployment risk on risky asset holding is by no
means obvious ezr ante.'®> Hence we should check whether a two period model
can also allow positive feedbacks strong enough for multiplicity.

Example 3, illustrated in Figure 17 and Table 4, is a two-period model
with a kinked matching technology. Parameters are the same as in Example
1, except that initial wealth is set at W = 4.05.* Note that in this example
there is less second period consumption at the upper equilibrium than at the
lower equilibrium. The risk associated with the lowest equilibrium causes sub-

stantial precautionary saving (in the riskless asset) and hence high expected

I3Elmendorf and Kimball (1991) demonstrate for their model that any increase in risk
sufficient to decrease consumption must also decrease risky asset holding, an insight which
will carry over to this paper.

4Notice that the unstable equilibrium in this example has h and b fairly close to their levels
in Example 1. Initial wealth of W = 4.05 was chosen deliberately to ensure the existence
of a solution to the first-order conditions yielding second period behavior similar to that in
Example 1. Unfortunately, this method of constructing a multiple equilibrium example with
two periods of consumption from an equilibrium with one period of consumption does not
always work, since there is no guarantee that the second-order conditions will be satisfied
nor that the stability properties of the equilibrium will be the same.
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Table 4: Example 3: Equilibria

Lower stable eqm  Unstable eqm  Higher stable eqm

Hiring (H) 0.8837 0.9688 1.0675
Riskless investment (b) 0.4801 0.2304 0.0000
Probability of employment (n) 0.8837 0.9688 1.0000
Rate of hiring () 1.0000 1.0000 0.9368
Initial consumption (c;) 2.6861 2.8508 2.9825
cuL 0.6569 0.4242 0.2000
CEL 2.4569 2.2242 2.0000
cuH 2.4244 2.3618 2.2000
CEH 4.2244 4.1618 4.0000
Expected consumption (per. 2) 3.6617 3.7182 3.6000
Return to safe asset 1.0000 1.0000 1.0000
Expected return to risky asset 1.8000 1.8000 1.6862
S(H) 0.1386 0.1230 0.1124
R(H) 0.1386 0.1230 0.1124
Expected utility (per. 2) -0.3131 -0.2986 -0.3000
Certainty equivalent (per. 2) 3.1944 3.3488 3.3333
Lifetime utility -0.6853 -0.6493 -0.6353
Equivalent constant consumption 2.9183 3.0798 3.1482

consumption at time 2. Nonetheless, lifetime utility rises from a level equiva-
lent to a constant riskless stream of 2.9183 units at the lower equilibrium to a
level equivalent to 3.1482 units at the highest equilibrium. In fact, even time 2
consumption is worth more (3.3333 units) in terms of riskless consumption at
the upper equilibrium than at the lower equilibrium (3.1914 units), in spite of
the fact that time 2 consumption is lower in expected value. We conclude that
multiplicity may still arise even with the offsetting influence of precautionary

saving in the initial period.
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4 Implications of insurance for uniqueness and
investment

We have ruled out the kinked matching technology and zero first period con-
sumption as explanations for our multiple equilibrium examples. However,
we have not yet demonstrated that imperfect insurance is critical for our re-
sults. We would also like to see how the effects of insurance differ depending
on whether the precautionary saving or portfolio choice motive is dominant.
Hence we now compare a pure precautionary saving economy and a pure port-
folio choice economy to demonstrate that insurance does indeed play a critical
role in our examples. We will also show that the policy implications of the
portfolio choice and precautionary saving decisions are very different with re-
spect to insurance.

To avoid excessive notation, we will write the value function as U, with
subscripts to indicate its derivatives. We will use E and U in subscripts or
conditional expectations to denote the employed and unemployed idiosyncratic
states, and H and L to denote the high and low idiosyncratic technology
shocks (7 and y), so for instance cy, denotes the worst possible consumption
outcome. Single subscripts will occasionally denote conditional expectations.
The excess return on the risky asset will be written as z* = 7*Q) — R. Hence
some equivalent ways of writing the first order condition on hiring when v =0

are:

U, = Ex*v' = (1-p)E(z*V'|H) +pE(z*'|L) = (1—p)T*vy +pz*v;, = 0
(6)
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4.1 Fully insured investment: implications of precau-
tionary saving

We found in Section 3 that this model economy may exhibit multiple equilibria.
Imperfect insurance is necessary for multiplicity, as we now show.

Proposition 3. If investment risk is fully insured (¢ = 1), then
the economy has a unique equilibrium.

Proof. When ¢ = 1, profits 7* = pu, are nonstochastic, so they factor
out of the expectation. If equilibrium involves an interior choice of A and b, a
necessary condition will be R = p,Q(H), from which we calculate the unique
equilibrium level of hiring H = Q™' (R/ i )-

If there is a corner equilibrium b = 0, then equilibrium requires

u(W—-H) = uQH)EV(G) = pQH)E (uQH)H +w")  (7)

where the probability of employment is N(H). A diagram is helpful:

expected
marginal
utility

H

Since u” < 0, the left hand side of (7) is strictly increasing in H, and it
approaches infinity at H = W. The right hand side is decreasing for three
reasons. First, Q(H) is decreasing. Second, Q(H)H = N(H) is increasing in
H, so ¢ rises under a symmetric increase in H, decreasing v’. Finally, the
employed state, which has lower marginal utility, becomes more probable as
H increases. Since the two curves have slopes of opposite sign, there is either
exactly one crossing, or a corner equilibrium H = 0. QED.
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The preceding diagram helps us relate this paper to previous literature,
since it shows the role of decreasing returns in our uniqueness proof. If instead
there were increasing returns to aggregate investment, that is, Q'(H) > 0, then
both curves in the diagram might slope up, allowing multiple crossings. Thus,

Remark. There may be multiple equilibria even when investment
risk is fully insured, if the matching function has increasing
returns to scale.
We will not construct an example here, since this source of multiplicity is
familiar, and is not the focus of this paper; see for example Diamond (1982).

Notice that our uniqueness result requires only full insurance of investment
(v = 1); employment may be less than fully insured (¢ < 1). In fact, when
¢ < 1, the factors which lead to uniqueness are strengthened, because the
precautionary saving incentive implies a negative feedback arising from risk.

Consider the first order condition for hiring when investment is fully in-

sured:1®

u'(W—h) = mQH)EV(}) = pmQH)EY (1:QH)h+w") (8)

If an individual’s probability of employment n increases, holding fixed the

other endogenous variables that influence the individual’s decision, then that

15We will restrict the discussion in the text to the case where b = 0 in equilibrium. With
full investment insurance, b and h are perfect substitutes, so an individual invests only in
hiring h as long as aggregate hiring is low enough that its return is greater than the return
on the riskless asset, that is, u,Q(H) > R. At higher levels of aggregate hiring, all marginal
investment is in the riskless asset b; the claim that individual hiring is weakly decreasing in
employment remains true.
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individual will spend (weakly) less on hiring. The change in individual hiring

as a function of the probability of employment can be written as

a_h . NwQ(v;]_U}L‘)
on UI'+M%Q2EU"

< 0 9)

where vl = v'(1,Qh + w*) and v, = v'(u,Qh + w*). To put it another way,
if an individual faces a higher probability of unemployment, he will hire more,
which then helps to lower unemployment.

A related effect arises if we consider the degree of unemployment insur-
ance instead of the probability of employment. Since greater unemployment
insurance makes precautionary saving less necessary, higher unemployment

insurance leads to less individual hiring, as the following proposition shows.

Proposition 4. If 1) = 1, then a%h(H) < 0, with equality only

if hiring is at its minimum or maximum levels A(H) = 0 or
,U'WQ(H =R

Proof. The left-hand side of the first order condition (8) is strictly increas-
ing in h and asymptotic at W, while the right-hand side is strictly decreasing
in h. By assumption, a decrease in unemployment insurance ¢ is a mean
preserving spread of w* and hence of ¢j, which raises Ev'(c}) since we have
assumed prudence (that is, v"” > 0.) Hence a decrease in unemployment in-
surance makes the two sides of (8) cross at a higher A (except when hiring is
at its minimum or maximum levels A = 0 or u,Q(H) = R so that all marginal
resources are spent on ¢ or b.) QED.

An immediate corollary of this proposition is that the equilibrium level of
hiring H falls (weakly) when insurance rises, since the crossing of h(H) with
the 45° line must rise. Hence we conclude that in a model where only the
precautionary saving incentive is active, there is a tradeoff between insurance
and investment. While a rise in unemployment insurance ¢ tends to improve
welfare by lowering consumption risk, it also decreases the incentive to invest.

This can lower output and the probability of unemployment and hence partially

or totally offset the initial welfare gains.
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4.2 Incompletely insured investment: implications of
portfolio choice

We have seen that full investment insurance implies uniqueness, as well as a
negative feedback from uninsured unemployment risk. However, we know from
Proposition 2 that when we allow for incomplete investment insurance, multi-
plicity may arise. We will now study the necessary conditions for multiplicity,
focussing on the case v = 0 to see the implications of portfolio choice alone.
We start, though, with two lemmas which use the properties of CRRA utility
to sign some frequently encountered expectations, because the imperfect in-
surance case yields unpleasant algebra in spite of the deliberate simplicity of
the model.®

The first order condition states that the expected marginal utility premium
Ez*v'" of the risky asset is zero along the best response function. Hence the
following result is useful.

Lemma 3. (Adapted from Elmendorf and Kimball (1991).)

Assume v exhibits decreasing absolute risk aversion, and that E(z*v") <
0. Then the following inequality holds:

E(z*") > 0 (10)

Now consider n > 3. If for derivatives of all orders up to n,
—v(™ /y("=1) ig a decreasing function, then

(-)"E(@@v™) > 0 (11)

16The reader may notice that the proofs of Lemmas 3 and 4 hold for any distribution
of the firm’s idiosyncratic productivity shock, and not only to the two-point distribution
assumed in the model.
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Proof. See appendix.

The first inequality in this lemma implies that the expected marginal utility
premium Fz*v’ is increased (along the best response function) by an additional
unit of wealth. An immediate corrollary is that individual hiring is increasing
in wealth:'7

OhJOW = —R(Ex*")/(E(z*)*v") > 0

The next lemma will help us sign expressions involving the effects of changes
in the unemployment rate. Note that Ez*v’ = 0 and Exz* > 0 along the best
response function as long as there is an interior choice of h and b.

Lemma 4. Assume v exhibits decreasing absolute risk aversion,
and that Fx*v' = 0 and Fz* > 0. Then

Ex*v'\U — Ex*V'|E < 0 (12)

Now consider n > 2. If furthermore, for derivatives of all orders
up to n, —v™ /v("=Y is a decreasing and convex function, then

(1) (Ez*v™|U = Ex*v™|E) > 0 (13)

Proof. See appendix.

Lemma 4 implies a positive feedback from portfolio choice analogous to
the negative feedback we previously found from precautionary saving. If we
increase an individual’s probability of employment, holding other endogenous
variables fixed, then that individual will increase risky investment, since she

now feels more willing to take risks. We have

Oh  Ez'|U— Ex™'|E
on E(x*)2"

17Using the fact that the overall objective function is concave, it is easy to show that
Oh/OW > 0 in the two period case (y > 0) as well.
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The numerator is negative by Lemma 4, and the denominator is obviously
negative as well. Equivalently, an increase in the risk of unemployment causes
individuals to hire less, amplifying the rise in unemployment.

Lemmas 3 and 4 also help us interpret the following necessary and suffi-
cient condition for multiplicity. We know from Proposition 1 that multiple
equilibria exist if and only if there exists an unstable equilibrium. Using our
previous notation, an unstable equilibrium is characterized by the condition
dR(H)/dH > dS(H)/dH. Algebraically, in the pure portfolio choice case
~v = 0, this condition is equivalent to the following:

Remark. Multiple equilibria exist if and only if at some equilib-
rium the following condition is satisfied:

N'[Ex*v'|E—Ez*'|U] + Q E(7*v') + [N'E(x*n*v")—RE(z*v")] > 0

The first term above is positive: it is the increase in the expected marginal
utility premium Ez*v’ caused by the fall in unemployment from an increase
in aggregate hiring. The second, which is negative, is the decrease in Fz*v' as
the rate of hiring Q(H) decreases due to an increase in aggregate hiring. The
last term is the decrease in Ex*v’ which occurs as one unit of expenditure is
reallocated from riskless assets to risky assets; it is unambiguously negative if
m* < 0. In other words, if, at a given equilibrium, an aggregate reallocation
of investment towards the risky asset diminishes the risk from unemployment
enough to offset both the effects of decreasing returns and the direct utility
impact of risky investment, then that equilibrium is unstable. Note also that

the first term is zero if unemployment is fully insured. Hence we find that, at
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least when v = 0 and 7* < 0, uninsured unemployment risk is also necessary
for multiple equilibria in this model, as is uninsured investment risk.

Finally, we ask how insurance affects risky asset investment. The next
proposition shows that, in contrast to the case of precautionary saving, there
is not any tradeoff between insurance and risky investment in a model of port-
folio choice. Individual investment, at any level of aggregate investment, is

increasing both in investment insurance and in unemployment insurance.

Proposition 5. If y =0, ¢ < 1, and ¥ < 1, then OMH) > () and

el
%f) > 0, both with strict inequality at interior equilibria.

Proof. This is a statement about 2& = 24 and 2 = Uhe a4 each level
oy Unn 09 Unn,

of aggregate hiring H. The denominator —Up, = —FE [(x*)?v"] > 0 is positive.
Now note that at an interior equilibrium, by (6), z* < 0 and T* > 0. Hence

U’Mb = E [Q(Nw - ﬁ-)vl] + E [Qh(,uw - 7~1-)x*vn]

= (1-p)(us —7)Q[EV|L — EV'|H 4+ hz*Ev"|L — hz*Ev"|H]

is evidently positive. Next, consider
Uy = El(w —w)z™"] = (1=n)(tw — w) [Ex*0"|U — Ex*v"|E]

which is positive by Lemma 4 if the absolute risk aversion of v is both decreas-
ing and convex. QED.

A corollary of Proposition 5 is that a decrease in insurance lowers every
stable equilibrium. Moreover, it may cause high equilibria to disappear or new
low equilibria to appear.

A clear policy conclusion follows from these calculations. The desirability
of insurance depends greatly on the relative importance of the precautionary
saving and portfolio choice incentives. It is often noted that public policies de-

signed to increase insurance may have the unfortunate side effect of decreasing
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saving and investment. However, if savers choose between risky and riskless
assets and we care more about the former, then insurance may be beneficial
by raising risky investment.'® Moreover, insurance may stabilize the economy

by damping positive feedbacks and eliminating multiplicity.

5 An overlapping generations extension

Although we have seen that portfolio choice under imperfect insurance may
lead to positive feedbacks and multiple equilibria, the numerical examples show
that multiplicity only occurs for some parameter values. One crucial parameter
is the initial wealth W, which would be better regarded as a state variable de-
termined by previous periods’ choices. While a fully dynamic model is beyond
the scope of this paper, we now develop an overlapping generations (OLG)
extension which partially endogenizes the wealth of the young, and provides
some evidence in favor of the dynamic robustness of multiplicity.

The simplest OLG baseline to consider is a two-period lifespan without
altruism, so that assets are not passed from generation to generation. In spite
of the absence of altruism, wealth is indeed linked across generations, for it
is natural to assume that the young face random labor income— that is, like
the old, they face a risk of unemployment. The probability of employment
in a given period will be determined by the level of risky asset investment
which was chosen in the previous period. As in the static version of the model,

individuals of a given generation impose externalities on one another as they

18This point was made by Elmendorf and Kimball (1991); the observation that insurance
may help stabilize the economy is a contribution of this paper’s general equilibrium analysis.
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choose how much risky investment to undertake. Here, however, they likewise
impose externalities on the next generation.

Risky employment in the initial period of life implies that initial wealth W
is random, but we assume that it is known when consumption and investment
are chosen. Thus as before, the expectation in the decision problem refers
only to uncertainty about profits and wages in the second period of life. The
individual’s problem is therefore identical to that analyzed in Section 2.1,
though initial wealth differs across agents.

The main difference from our previous model is in the aggregate consis-
tency conditions. Assuming a population of mass one in each generation, the
employment rate at ¢ is

n = gN(Ht_a (14)

where, as before, the function N gives total matches formed at time ¢, and
H; ; is aggregate hiring chosen by the young (generation ¢t — 1) at time ¢ — 1.
When the young of generation ¢, at time ¢, choose their own safe and risky
investment, they must take into account the rates of hiring and employment
which will prevail at time ¢t + 1, ¢;.1 and n;,;. These rates are determined by

the aggregate hiring activity of generation %:
1
N1 = §N(Ht) and Qir1 = Q(Ht) = N(Ht)/Ht (15)

so that in equilibrium ny, = %thHt.
The labor market consistency condition gives time ¢ aggregate hiring as a
weighted average of the behavior of those who are employed and unemployed

at time . An agent’s hiring decision depends only on his initial wealth, and on
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N1 and g1 which are both known functions of H;, so we can write his policy
function as h(W;, Hy). Initial wealth W;" = W¥ + w; combines an exogenous
endowment WY with wage income w;, which is distributed exactly as in the
static version of the model. Hence W/ takes high or low values W~ (n,) or
W*(n;) which depend on current employment because they depend on the
amount of unemployment insurance transfers. Thus aggregate consistency

implies the following dynamics:
Hy = nh(W(ne),Hy) + (1—no)h(W*(ne), H) = H(Hy Hioq)  (16)

This is a first order difference equation in H only, since n; depends on H;_ ;.
It is easy to solve, because the future affects the decision problem of generation
t only through ¢; 1 and ns;1, both of which are determined only by generation
t’s own aggregate hiring H;. Furthermore, the past only matters through the
employment rate at time ¢, which is predetermined by generation zero.!® As
in the static model, the role of expectations and the possibility of multiple
equilibria arise from the fact that idiosyncratic hiring at time ¢ depends on
aggregate hiring at time t. Intergenerational dynamics are caused only by
changes in the fraction employed in each generation. For some generations £,
the best response function (16) may cross the 45° line more than once; in this
case we will assume that a sunspot variable causes agents to select one of the

stable equilibria.

19The solution simplifies even further when there is no insurance, because then the aggre-
gate best response function is always a linear combination of the same two individual best
response functions h(W, H) and h(W, H).
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5.1 Long run behavior of the OLG model

To analyze the behavior of the difference equation (16), the basic point to
remember is that, from Lemma 3, an increase in an agent’s initial wealth raises
his best response function. In the OLG context, the best response function is
higher for those born employed: for all H, h(W, H) > h(W, H), which means
that the aggregate best response function (16) shifts up when the employment
rate rises. Thus as long as equilibrium is unique, the dynamics of H; are
monotonic.
Lemma 5. Consider a time 7y with given employment ny and a
time interval [ = {t : Ty < t < T1}. If, given ny, there exists

a unique equilibrium at each ¢ € I, then aggregate hiring H;
changes monotonically during the time interval I.

Proof. As a corollary of Lemma 3, athH(HtH,Ht) > (0. Now suppose
that given initial aggregate hiring Hy, the next period’s unique equilibrium
H, = H(Hy, Hy) is higher: Hy > Hy. It follows that H, = H(H», H,) > Hj,
since the time 2 reaction function will cross the 45° line at a higher point.
By induction, H, is strictly increasing for all time. The analysis for the cases

H, = Hy and H, < H, is analogous. QED.

Making use of Lemma 5, we now show that full insurance implies monotonic
convergence to a unique steady state, as long as exogenous initial wealth WY is
positive. Unsurprisingly, the economy may have more than one steady state if
W¥ < 0, since in this case an economy which started with very low employment
would be unable to muster enough resources to get the hiring process started.

Proposition 6. Under full insurance, the OLG model displays
a unique equilibrium each period. Moreover, aggregate hiring

converges monotonically to a steady state H* which is unique
if Wv > 0.
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Proof. See appendix.

When there is imperfect insurance, there may be multiple equilibria H;,; =
H(Hy1, Hy) for some values of previous hiring H;. Let M be the set of previous
hiring levels H; at which multiple equilibria exist, and assume M is an interval
(this was always the case in the numerical experiments conducted for this
paper). When there exist multiple equilibria, hiring is no longer necessarily
monotonic in time, but it is still true that h(W;, H;,1) is monotonic in W; and
hence that H(H;.1, H;) is monotonic in H; at any Hy,;.

These monotonicity properties will still help us characterize the dynamics.
It is possible that multiplicity eventually disappears as the economy reaches a
region in which there is monotonic convergence to a unique steady state. But
it is also possible that there are “poverty traps”, in the sense that the economy
can converge to different steady states depending on its history. Alternatively,
for some parameters and initial conditions, the dynamics outside the region
of multiplicity may converge into the region of multiplicity, so that eventually
the economy always exhibits multiplicity. We summarize these possibilities in
the following proposition.

Proposition 7. Assume the region of multiplicity M, if nonempty,
is an interval. Then, from a given initial condition Hy, two types
of long run behavior are possible:

(1) With probability 1, the economy converges to some steady state
H* = H(H*, H*) which is not an element of M.

(2) With probability 1, the economy eventually enters and remains
within set M.

For given parameters, different initial conditions may determine

whether (1) or (2) applies, or may cause a switch from one
steady state H* to another.

36



Proof. Consider the following positive probability events:

Event G: there is an arbitrarily long series of sunspot realizations such that
the highest equilibrium is selected each time.

Event B: there is an arbitrarily long series of sunspot realizations such that
the lowest equilibrium is selected each time.

By an argument like that used in Lemma 5, the economy converges to a
fixed point G* under event G, and to a fixed point B* under event B.

If, starting within M, event G eventually leads to a level of hiring H >
max (M), then the economy may converge to an equilibrium above set M. If
event B eventually results in a level of hiring H < min(M), then the economy
may converge to an equilibrium below set M. If either form of convergence can
occur, then hiring converges out of M with probability 1 as ¢ — oo. Otherwise
equilibrium remains within M if it ever enters.

We construct examples below to show that there exist parameters for which
these outcomes actually occur. QED.

An example which yields persistent multiplicity is depicted in Figure 18.
The parameters are v = 0, a =2, R=1,7=3,y =1, p = 0.99, k = 0.5,
B8 =05 WY =05 w=0,and ¢ = ¢ = 0. and we assume the matching
function has the kinked functional form N = min{H/k,2} where 2 is the
total population at any time. The figure shows the aggregate best response
functions at a variety of different unemployment rates. The lowest curve is the
aggregate best response function when all agents are unemployed; equivalently,
it is the individual best response function of an unemployed agent. Note that
there is only one equilibrium when all agents are unemployed. Higher curves
correspond to higher employment; the highest is the aggregate best response
function under full employment. We see that there are multiple equilibria at
full employment. In this example, as long as the employment rate is greater
than 0.5 (approximately), the aggregate best response function crosses the 45°
line three times, implying three equilibria. For these parameters, employment

increases monotonically each period until the region of multiplicity is reached,

and thereafter the economy always exhibits multiplicity.
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Proposition 7 makes clear that a variety of other types of behavior are pos-
sible in this model. By changing the parameters of the previous example to
p=0.9 and y = 1.2, we obtain an economy which exhibits poverty traps. Fig-
ure 19 shows how the aggregate best response function changes as employment
rises from zero to one. Note in this case that there is a unique equilibrium
under full unemployment, and also under full employment. Nonetheless, for
employment rates around 80% to 90%, the economy exhibits multiplicity. The
multiplicity does not last long— usually after a period or two, a shock takes the
economy up or down out of the region of multiplicity. If the escape is in the
upward direction, the economy converges monotonically up to a steady state
at n =1 and H = 1.26. If the escape is downward, the economy converges
monotonically down to a steady state with n = H = 0.42.

It should be noted that the types of equilibria identified in Proposition
7 assume no real shocks to the economy. In an economy with real shocks,
there is the additional possibility that an economy which has converged to a
neighborhood of a steady state could jump back into a region of multiplicity
at a later time. If the underlying dynamics involve poverty traps, then the
economy could spend long periods caught near the high or low steady states,

with occasional random transitions between the two basins of attraction.

6 Discussion

This paper has shown that precautionary behavior under imperfect insurance

may lead to a particularly strong form of volatility: an economy which has a
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unique equilibrium under full insurance may have multiple equilibria when in-
surance is imperfect. Thus we move beyond the partial equilibrium analysis of
most previous precautionary saving literature to a general equilibrium model
which can address the strategic interactions between agents. Moreover, we
have found that different aspects of precautionary behavior, namely precau-
tionary saving and portfolio choice, have very different implications for those
strategic interactions and for public policy regarding insurance. The paper also
contributes to the literature on strategic complementarities and multiple equi-
libria by identifying a new source of positive feedbacks— portfolio choice under

risk— which is intuitively appealing and may be quantitatively important.

6.1 Robustness

Why might we expect the effects of portfolio choice under imperfectly insured
risk to be quantitatively significant? First, because the risk of bad shocks
varies enormously over the business cycle— the probability of job loss or of
bankruptcy can easily double when the economy goes into recession. Models
which base positive feedbacks on market power or on aggregate increasing
returns to scale have to contend with the fact that the level of output does
not change very much over the cycle. Hence the average return to economic
activity is unlikely to vary nearly as much as the riskiness of economic activity
over the business cycle, giving less scope for strong feedbacks.

Secondly, portfolio choice is plausibly volatile. Even when the total amount
of saving is tied down tightly by the desire to smooth consumption over time,

small changes in the attractiveness of different assets may cause large portfolio
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reallocations. Moreover, although precautionary saving and portfolio choice
effects go in opposite directions, Elmendorf and Kimball (1991) show that
standard risk aversion suffices to make the portfolio choice effects stronger.
On the other hand, this model does not unambiguously support the claim
that portfolio choice under risk makes the economy fluctuate more. This mech-
anism may be said to make the economy more volatile if it actually results in
multiplicity, but this usually occurs over a limited parameter range. We may
also say the mechanism increases volatility when underlying parameters change
so as to move the economy past a region of multiplicity, resulting in hysteresis,
or even if the economy moves past a region where there is a large jump in
equilibrium hiring, due to risk effects, without actual multiplicity. However,
portfolio choice under risk does not always amplify the economy’s response to
parameter changes. A good example is the case of proportional increases in
the distribution of the idiosyncratic technology shock ¢, as discussed in sub-
section 3.2. Since such a change increases both the mean and the variance of
the return to hiring, its effects are ambiguous and may be larger or smaller
when investment insurance increases. Thus the type of shocks to which the
economy is exposed— and in particular the type of idiosyncratic variation in

those shocks— will affect the relevance of the model.

6.2 Extensions

A further concern about this model is that it is difficult to draw conclusions
about dynamics from our static two period framework. The overlapping gen-

erations version analyzed in section 5 is a first step towards characterizing the
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dynamics, but it is rigged to avoid the issue of asset accumulation. Under-
standing the long run asset accumulation implications of the model is crucial,
since several previous studies of the dynamics of incomplete markets (Aiyagari
1994, Krusell and Smith 1998) have found that agents accumulate wealth up to
a point where they no longer behave in a significantly risk averse manner. An
extension of this model to allow for multi-period asset accumulation— which
requires calculating the dynamics of the asset distribution, using methods re-
lated to those of Krusell and Smith— is undertaken in Costain and Reiter
(2000). In that paper, we find that imperfect insurance greatly alters the
dynamics even if agents are infinitely lived. In particular, under imperfect
insurance, we observe sharp recessions in which lower consumption is accom-
panied by a shift from risky to riskless investment. This phenomenon vanishes
under full insurance. The essential difference between our model and that of
Krusell and Smith is that in our model, unemployment shocks are endoge-
nously related to risky investment, rather than being exogenously imposed.
Finally, an additional weakness of the current model is its focus on individ-
ual worker/entrepreneurs as the main risk takers in the economy. A model of
risky investment cannot be realistic without considering firms; and for firms the
appropriate type of risk to consider is not unemployment but bankruptcy. A
model of endogenous bankruptcy risk capable of delivering positive feedbacks

like those in this paper is an important step for future work.
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Appendix

Lemma 3. (Based on Elmendorf and Kimball (1991), Lemmas 3
and 4.) Assume v exhibits decreasing absolute risk aversion,
and that E(z*v') < 0. Then the following inequality holds:

E(z*") > 0 (17)

Now consider n > 3. If for derivatives of all orders up to n,
—o™ [y(*=1) is a decreasing function, then

(=)"E(@zv™) > 0 (18)

Proof. Define £ = RW; then ¢ = £+ 2*h+ w*. Let 9(£ +xh) be expected
utility conditional on the realization z of x*, that is,

0(&+zh) = Ep(+2"h+w)|z" =2] = (1—-n)v(é+zh+w™)+nv(E+xh+w")

By the assumption of DARA, v’ is a log-convex function. Log-convexity is pre-
served under expectations (Artin’s theorem), so ¢ is also a log-convex function,
that is, v inherits DARA from v.

Now since 0 exhibits DARA, —0" (£ + zh) /0" (€ + zh) is decreasing in z (if
h > 0), so that for any z,

. (@"(5 + ah) @"(5))

o"(E+xh) ()
Therefore we have
Exz*v"(c}) = Ez*"(E+z*h+w*) = Ez*0"(§+2*h)

@”(6)
€
. ﬁ"(f—i—x*h) 73//(&)
B e ran T 5o

This proves the first part of the theorem. Having used DARA and Fz*v' <
0 to prove that Ex*v” > 0, it is now straightforward to use the assumption of
decreasing absolute prudence to prove that Fx*v" < 0, and so on by induction.

QED.

> Ex*t"(E+2*h) — Ez*9'(§ + 2*h)

F(E+2h) > 0
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We will prove Lemma 4 by mathematical induction. The two steps of the
inductive proof are stated here as separate results, Lemmas 4A and 4B.

Lemma 4A. Assume v exhibits decreasing absolute risk aversion,
and that Ex*v' = 0 and Ez* > 0. Then

Ex*'\U < 0 < Ez*V'|E (19)

Proof. Since Ez*v' = 0 is a weighted average of Exz*v'|U and Ez*v'|E,
these are of opposite signs. Define

(&= RW +w* and & = RW +w"

and also

m(z) = o <v'(£u + :(Z) - d(@)) N (v'(fe + ff*(}Z)_ v'(@))

We can now write
Exz'U = V(&) (Enu(z*)+FEz*) and Ez™'|E = v'(&)(En(z*)+FEx*)

Note that in the expressions above, v' and Ex* are positive. Because v” <
0, ny(z) < 0 and n.(z) < 0 for all z. Moreover, we will show below that
Nu(x) < ne(z) for all nonzero x. This will imply that En,(z*) < En.(z*) which
suffices to show that Ex*v'|U < 0 < FEz*v'|FE since we already know that
the two conditional expectations are of opposite signs.

To complete the proof we must show that 7,(z) < n.(x) when z is nonzero.
Consider any x > 0. Then we have n,(z) < n.(z) as long as

v' (&, + zh) - v' (& + zh)
v' (&) v'(&e)

or equivalently,
V' (& + zh)v' (&) < V(& + zh)V' (&)
This is equivalent to

log v'(RW+w*+zh)+logv'(RW+w*) < logv (RW+w*+zh)+logv'(RW +w*)

which is an implication of log-convexity of v’, which is equivalent to DARA.
An analogous argument applies for all x < 0. QED.
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Lemma 4B. For n > 2, assume that —ov( /v(”*l) is a decreasing
and convex function. Assume that

(1) 1Ez*o™ VU >0 and (—1)" [Ezv" V| U-Ez*v™ YV |E] >0
Then
(~1)"Ez*v™|U >0 and (—1)"[Ez*v™|U — Ex*v™|E] > 0

Proof. Define &, and &, as in Lemma 4A, and also

_ [0 etah) o)
Gulr) ==z (&, +zh)  v(D(E,)

with an analogous definition for (.(z).
Note that if —v(™ /v(*~1 is decreasing, then (,(z) > 0 and (.(z) > 0.
Furthermore, if —v(™ /u("=1) is convex, then (,(z) > (. (z) for all nonzero z.
Now we can write

(n)
Ex*v™|U = E[C ()™ V(E, +z*h)] + L@Ex*v("—l)(gu +z*h)

pn—1) (é-u)
p™ (&)
U(nil)(fu)

with an analogous expression for Ez*v(™|E.

To prove the lemma we must compare Ex*v™|U with Ex*v(™|E. The
following observations suffice for a direct comparison of the two:

= E[¢(z)v VU] + Ez*v®™ VU

Cu(z®) > (e(2*) > 0 for each nonzero x*,

(=)D, +2h) > (=)™ (& +2%h) > 0 for all 2%,

V(&) /0" V(&) < o™ (&) /" V(&) < 0, and
()" 'Ez*o®™ DU > 0 and (—1)"Ez*v" DU - Ez*v®V|E] > 0.
QED.
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Proposition 6. Under full insurance, the OLG model displays
a unique equilibrium each period. Moreover, aggregate hiring
converges monotonically to a steady state H* which is unique
if Wv > 0.

Proof. For simplicity, we will confine ourselves to the case R < pu,Q(W),
which implies that under full insurance there will be no investment in the
riskless asset b. Also, we will assume w = 0, and we will make explicit use
of the CRRA functional form. Note that the example illustrated in Figure 19
satisfies these restrictions; hence the poverty traps arising in that example can
be attributed to incomplete insurance, and not to some other feature of the
model.

Under full insurance, labor income at time ¢ is 1, (Hy—1) = 3WN (H;_1) and

profit per worker is u,. Hence consumption of the young at ¢t is ¢; = Wy — h; =
WY+ %WN (H;_1) — hy and the consumption of the same individuals when they

are old at time ¢ + 1 is ¢iy1 = Q(Hy) pirhe + %EN(Ht). In equilibrium we must
have hy = Hy, so Q(Hy)hy = N(H;). Thus equilibrium at time ¢ requires

u’(Wy-i—%wN(Ht_l)—Ht) _ Q(Ht)uwv’(N(Ht)uw—i—%EN(Ht)) (20)

The left hand side of the above equation is strictly increasing in H; while
the right hand side is decreasing in Hy, so there is a unique equilibrium H;
associated with each initial H;_;.

By Lemma 5, the uniqueness of aggregate hiring at each point in time
implies that dynamics are always monotonic. We must still show, however,
that the dynamics necessarily converge to the same steady state H* regardless
of initial conditions. We will prove this by showing that the graph of the
difference equation Hy(H,; 1) necessarily crosses the 45° line with a slope less
than one, so that in fact it cannot cross more than once.

By implicitly differentiating the necessary condition (20), we find that the
slope of the graph of the difference equation describing the equilibrium dy-
namics is

dH, LON' (Hy_y)u"(cr)
dHy 1 u(cy) + peQ (Hy)v' (cig1) + Q(Hy) i (i + 50) N'(Hy)v" (C141)
Since the first-order condition is u'(¢;) = Q(Hy) rv'(cey1), we notice that
u"(cy) _ovd e
Q(Hy)prv" (cr11) u'v” Ct

where the last equality makes use of the assumption that both v and v are the
same CRRA function. Hence we can simplify the expression for the slope, at
a fixed point H;_, = H;, as follows:

1-—nrt 1-—nrt
dHt 5wN Ci+1 5wN Ct+1

= <
dH,_, (Q/Q)(v'/v")er + cupr + (r + 5W) N'cy i1 + (ur + W) N'cy
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We now use W = By, pir = (1 — B)py, ¢ = WY — H + L3u,N, and
cer1 = (1 = £8)py N to simplify further:

aH, 38, N'[(1 — 18y N] _ By N'N
dH oy (= 3B)mN + (L= 18)mN'Ws — H+ 1o N) — 2N+ N'Q(Wv — H) + s, N)

This latter fraction is evidently less than one as long as N + N' (WY — H)
is positive. Notice then that

N N

N
N Q+ HQ Q
Thus N+ N'(W¥Y — H) > N'W¥ which is greater than or equal to zero as long
as W¥ > 0. Hence WY > 0 suffices for 48 < 1, which is our desired result.

dHt—1
QED.
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