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Notations

(R, m) local Cohen-Macaulay ring, dimR =d > 0, k = R/m
infinite.

I m—primary ideal (I~% = 0), J C I minimal reduction of I,
rs(I) reduction number.

Blow-up algebras:
 Rees algebra of I: R(I) =D, ., ["t" C R[]
e Associated graded ring to I: gr/(R) = @, ., I"/1""!
R(I)

0— IR(I) — R(I) — W(I) =gri(R) — 0

In this case: dimR(I) =d+1, dimgr;(R)=d
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Conjectures

Consider the following integers

Y (I;; )= ar

p=0 p=0

IP+1
Zm( 7 ) =Sl )
p=>0 p>0

Valabrega-Valla’78: A = 0 < gr;(R) is CM.

wrtinyg
_ Val -Vall [
g}o 7 alabrega-Valla module



Conjectures
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Conjecture (Guerrieri'94)

depth(grr(R)) > d — A(1,J)
Guerrieri: A(1,J) = 1, partial cases for A(I,J) =2
Wang: A(I,J) =2
Guerrieri-Rossi: partial results for A(Z,J) = 3
Wang: partial results for A(Z,J) =4

Wang: counterexample for A(Z, J) = 5.
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Question (Guerrieri-Huneke’93)
Ay(I,J) <1,p>0= depth(gr;(R)) >d—17

Wang'02: counterexample. If R is regular?

C-Elias: depth(gr;(R)) > d —2



Conjectures Bigraded structures Multiplicities Depth of Blow-up algebras

00

Huckaba-Marley’95: e, (1) < A(I, J), and there is equality if and
only if depth(gr;(R)) > d — 1.

We define o(1,J) = A(I,J) — e (1) > 0.
Wang’00: §(7, J) < A(I, J). Guerrieri’s conjecture is implied by:
Conjecture (Wang’00)

depth(gr/(R)) > d—1-4(I,J).
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Conjecture (Wang’00)

depth(gri(R)) >d—1—46(1,J).

Huckaba-Marley’95: 6(1,J) =0
Wang'00, Polini’00: 6(1,J) =1

Rossi-Guerrieri’99: partial cases for §(Z,J) = 2 with R/I
Gorenstein

Wang'01: counterexample for d = 6 and §(Z, J) = 5.
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In our work we decompose 4(7, J) as a finite sum

J)=> 6,(1,])

p=>0

with 0 < 6,(1, J) < Ay(1,.J).

Theorem
If § = max{6,(I,J) | p > 0} <1, then

depthR(I) >d — 4§ depthgr;(R) >d—1-4

IDEA: we will define a non-standard bigraded module ¥// such
that

Ap(L.J) 2 6,(I.) = Ay(1,]) — eo(SF)

and
AL, J)>6(I,J)=AI,J)—ei(1)
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Bigraded structures

(R, m) ohen Macaulay local ring.

I=(by,...,b,) m-primary ideal of R.

J = (a,.. ad) minimal reduction of I.
Associated graded ring of R(I) with respect to the
homogeneous ideal JIR(I) = @, JI" '™

JIR(I))?
I (RUD) =@ Sy
720

Depth of Blow-up algebras
o



Bigraded structures
0e00

This ring has a natural bigraded structure:
The piece of degree j = 0 is:

R(I) I
= -
JR(I) EB =1

which is a homomorphic image of the graded ring R[V1, ...

by the degree one R-algebra homogeneous morphism

o:RWV,....V,] —

JtR IZ 1J

defined by o(V;) = b;t € ¢
R[V1,...,V,] is endowed with the standard graduation.
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Consider the bigraded ring 13 := R[Vi,..., V,; T, ..., T, with

deg(Vi) = (1,0) and deg(T}) = (1,1).
There exists an exact sequence of bigraded B-rings

R(I)
JR(I)

™

[Tl-, e ,Td} — (]T/f(R(I)) — 0

0— K — ol .=

with 7(T}) = aitU, i = 1,...,d.

K17 is the ideal of initial forms of JtR(I).
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Notice that
gr3t(R(I)) (i45.5) = Ii_flijj“tiﬂ'(]j
i = JIIthi[Tl, T
and
(R = @) oyt U

1,5=0
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Diagonals

M bigraded B—module, p € Z

A[[P] - @ ]\J(m,n) R[T17 T ’Td] B mOdUIG

m—n=p+1

Ms, =EP M,  B-—submodule of M

nz>p
In our case, Ky, ¢ = Lt Ty, T,) and

Jrtt

p+1+irre
Jz’+1[pt u

g’T‘,n,(R(I))[p] - @

i>1

are R(J)—modules, and they vanish for p < —2and p > r;(I).

grate(R(I)) -1y = R(J)
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We define the following bigraded B—modules
Bigraded Sally module:

whl.— @517'.//(R([>)[1)]

p=>0

I1,J 1,J Ierl p+1
M :®C[p] :@let [Tl,...,Td}
p=>0

p=>0

KM= D Ky

p>0
We have the following isomorphism of R(.J)—modules
gra(R(1)) = R(J) & £
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Since ¥/ and M’/ are vanished by J, there is the exact
sequence of bigraded
A= (R/J)Vi,....V,, Ty, ..., Ty]—modules

and for each p > 0 there is the exact sequence of
(R/J)[Th, ..., Ty/—modules (diagonals)

(in this case we can use the classical Hilbert function)
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Bigraded Hilbert function

(Roberts’00 with C' a field)
Let M be a finitely generated bigraded module over a bigraded
algebra

R=C[X1,.... X, Y1,.... Yy, T\,..., T,

with deg(X;) = (1,0), deg(Y;) = (0,1), deg(7}) = (1,1) and C
an Artin ring.

Hilbert function of M:

har(m,n) ZZR M )

1<n



Multiplicities
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There exist a polynomial py;(m,n) and integers mg, ny such
that

har(m,n) = ppr(m,n)
for m > mg and n > m + ng.

n,

an m

Note: If there are no generators of degree (0, 1), the polynomial
doesn’t depend on n

pyu(m,n) = pp(m)



Multiplicities

@00

We are interested in computing the
Notice that

m—1

m=3 i .

nLJ _ myrj

Z](m,*) - @ [mflfj(]j#lt U
j=0

Considering the length as an R—module,

I B i Ji
R(Eny) = Z%ZR <Im 1 JJJ+1>
!
R Jm T m—1 + ZR Jm

= 1r(Ss(I)m-1) +Ir (I{:nl)

<.

o~

where S;(I) is the of I with respect to J.
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For m > mg,n > m + ng, for some mg, ng > 0,
IJm—l
hzz,J(m,n) = hSJ([)(m—1)+lR< Jm )
m—14+d-1
= sym—n+ian ("

and hence

d—1 .
’ j —1+d—i-1
pxr.0(m,n) = psi,s(m) Z(\ Uz(‘iu(])(m +d—1 >

d—i—1

We deduce:
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For M = @, Lo t?F1[T1, ..., Ty] (CM, d — dim), for
m > mg > ry(I),n > m+ ng (for some integers mg, ng)
I m—1i+d—1
Pt (m,n) = ppra(m) = er{ <Fl]> < Jo1 )
1>1
and

Jp+1
I, l § : Z 1 -
./\/l [P([ll]> ZR (m) —A(]])

p=>0
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Proposition
The following conditions hold:
(i) deg(ppqr.s) =d— 1 and eg(M!7) = A(I,J).
(i) If 257 =0 then gr;(R) is a Cohen-Macaulay ring . If
»17T £ 0 then deg(psr.s) = d — 1 and eg(S17) = ey (I).
(iil) eo(K57) =6(1,J) = A(I,J) — er(I); if K17 3£ 0 then
deg(pgr1.7) = d — 1. In particular,

A(I,J) > ei(I).
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Proposition

(i) vp =0

JIP

(
o (2r0)



Conjectures Bigraded structures Multiplicities Depth of Blow-up algebras
o 0000 oo o
00 o 000 0000
000 [e]e] ooe 0000
o]

Sp(I,J) = eo(K )

Ap(I,J) = (1P ) JIP)
Ay (1, J) = lg(IPTr N J/JIP)
Forallp >0

A1, J) > 6,(1,J) = A,(I,J) — eo(SL7) = eo(KL) > 0
I I ! ) y

and adding with respect to p, we recover the known

A(I,J) > 6(1,0)=A(I,J) — e (I) >0
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Depth of Blow-up algebras
Conjecture (Wang)
depthgry(R) >d—1—6(I,.J)
True for §(1,J) =0, 1.

We have decomposed, as finite sum,

We consider the hypotheses over 6,(1, J) instead of over
d(I, J) to refine this conjecture.
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Consider 6 = max{d,(I,J) | p > 0}

Theorem
If§ <1, then
depthR(I) >d -0

depthgr;(R) >d—1-14
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Sketch of the Proof

We use several times the Depth Formulas proved by Huckaba
and Marley:

Theorem (Huckaba-Marley’'94)
(R,m) CM local ring, dim R = d > 0, I m—primary ideal. Then

depthR(I) > depth gr;(R)
If gri(R) is not CM,

depth R(I) = depth gr;(R) + 1
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Case § = 0:
Then K1/ = 0, and hence as A—modules. Since
M7 is d—dimensional CM, then depth 7/ = d, and by depth
counting on

0— 207 — grp(R(I)) — R(J) — 0
we get that
Then depthR(I) > d =d — 6.

e Ifgr7(R)is CM, depthgr;(R) =d >d—¢6 — 1.

e If gr;(R) is not CM, by [HM94], -
depth gr;(R) = depthR(I) —1>d—6 — 1.
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Case § = 1:

Casesd =1,2are true by [HM94].
Case d > 3: Since /1 5l T B, T, = ,\/l it o, = 1,

then Ké}’}‘] is a rank one torsion-free k[T1,..., Ty ] module.
Now, by Theorem @9,

depth gr(R(I)) > d — 1
and so,

depthR(I) >d—1=d—§

Now, by [HM94],
e If gr;(R)is CM, then depth gr;(R) =d >d—1-§
e If gr7(R) is not CM, then
depthgr;(R) =depthR(I) —1>d—-1-¢
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Theorem
Ifd >3, K/ + 0 and for all p, Ké’]" =0 orK[;’}J is a rank one
torsion-free k[T, ..., T;]—module, then

depthgrj (R(I)) > d—1
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Sketch of the Proof

Let p; < --- < p,, be the integers such that Ké}‘}] £ 0.
For all p, there is the exact sequence,

I1,J I1,J 1,J
0 — Kpp7 — Mpp — B0 — 0 (%)

Jpr+1

I p# 1. pa, then S = MU = L [Ty, Ty ().

fp=p1,.. . Pns (6p, = 1) K[;{ is an ideal of D = k[T1, ..., Ty].
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Since (Polini’00), and by depth counting on
(%), (xx) and in the exact sequences (Vaz-Pinto)

0 — Z[] — C1=5;,I) — C; — 0
0 — Z[] — Cy — (3 — 0

0 — xM. — G — x

[r—2] ey —— 0
. n+ .
with C, = @,,5 &7r» and since , We can prove

that in fact, K[[ ]] is a principal ideal, and so depth K[] ]] = d.
By depth counting again in (x), Vp > 0,

depth LR

>d—1.
[p]
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Bigraded structures Multiplicities

Conjectures

Now, by depth counting on

0 — nly = —
0 — = — 2 — 3 — 0
J J 17

0 — 2[1_2} — ZZT—2 — E[r—l] — 0
we get that
depth 07 > d — 1.

Finally, by depth counting on
0— 2 — gr(R(I)) — R(J) — 0

since depthR(J) = d + 1 and depth X/ > d — 1 then
depthgrj(R(I)) >d —1
[l
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Question (Guerrieri-Huneke’93)
A,(I,J) <1,p>0= depth(gr;(R)) >d—17
(Wang: Negative answer)

As a corollary, we obtain:
Proposition

Ay(I,J) <1,¥p > 0= depthgri(R) > d—2
Proof: Since 0 < §, < A, < 1, then § < 1 and hence

depthgr;(R)>d—1—-6>d—2
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Sally module

(Vasconcelos’94, Vaz Pinto’95)

The Sally module S;(I) of I with respect to J, is defined by the
exact sequence of R(J)—modules:

[n,+1
gl

0— IR(J) = IR(I) — S,;(I) =

n>0



Hilbert function of the Sally module:
hs,y(n) = lr(I"T/J")

If S;(I) # 0, then dim S;(I) = d, and the Hilbert polynomial is

If Ris CM:

yfori=2,...,d.
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