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Notations

(R,m) local Cohen-Macaulay ring, dimR = d > 0, k = R/m
infinite.
I m−primary ideal (I−i = 0), J ⊆ I minimal reduction of I,
rJ(I) reduction number.

Blow-up algebras:
• Rees algebra of I: R(I) =

⊕
n≥0 I

ntn ⊂ R[t]

• Associated graded ring to I: grI(R) =
⊕

n≥0 I
n/In+1

0 −→ IR(I) −→ R(I) −→ R(I)
IR(I)

= grI(R) −→ 0

In this case: dimR(I) = d+ 1, dim grI(R) = d
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Conjectures

Consider the following integers

∆(I, J) =
∑
p≥0

lR

(
Ip+1 ∩ J
IpJ

)
=
∑
p≥0

∆p(I, J)

Λ(I, J) =
∑
p≥0

lR

(
Ip+1

IpJ

)
=
∑
p≥0

Λp(I, J)

Valabrega-Valla’78: ∆ = 0⇔ grI(R) is CM.

⊕
p≥0

Ip+1 ∩ J
IpJ

Valabrega-Valla module
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Conjecture (Guerrieri’94)

depth(grI(R)) ≥ d−∆(I, J)

Guerrieri: ∆(I, J) = 1, partial cases for ∆(I, J) = 2

Wang: ∆(I, J) = 2

Guerrieri-Rossi: partial results for ∆(I, J) = 3

Wang: partial results for ∆(I, J) = 4

Wang: counterexample for ∆(I, J) = 5.



Conjectures Bigraded structures Multiplicities Depth of Blow-up algebras

Question (Guerrieri-Huneke’93)
∆p(I, J) ≤ 1, p ≥ 0⇒ depth(grI(R)) ≥ d− 1?

Wang’02: counterexample. If R is regular?

C-Elias: depth(grI(R)) ≥ d− 2



Conjectures Bigraded structures Multiplicities Depth of Blow-up algebras

Huckaba-Marley’95: e1(I) ≤ Λ(I, J), and there is equality if and
only if depth(grI(R)) ≥ d− 1.

We define δ(I, J) = Λ(I, J)− e1(I) ≥ 0.

Wang’00: δ(I, J) ≤ ∆(I, J). Guerrieri’s conjecture is implied by:

Conjecture (Wang’00)

depth(grI(R)) ≥ d− 1− δ(I, J).
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Conjecture (Wang’00)

depth(grI(R)) ≥ d− 1− δ(I, J).

Huckaba-Marley’95: δ(I, J) = 0

Wang’00, Polini’00: δ(I, J) = 1

Rossi-Guerrieri’99: partial cases for δ(I, J) = 2 with R/I
Gorenstein

Wang’01: counterexample for d = 6 and δ(I, J) = 5.
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In our work we decompose δ(I, J) as a finite sum

δ(I, J) =
∑
p≥0

δp(I, J)

with 0 ≤ δp(I, J) ≤ ∆p(I, J).

Theorem
If δ̄ = max{δp(I, J) | p ≥ 0} ≤ 1, then

depthR(I) ≥ d− δ̄ depth grI(R) ≥ d− 1− δ̄

IDEA: we will define a non-standard bigraded module ΣI,J such
that

∆p(I, J) ≥ δp(I, J) = Λp(I, J)− e0(ΣI,J
[p] )

and
∆(I, J) ≥ δ(I, J) = Λ(I, J)− e1(I)
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Bigraded structures

(R,m) Cohen-Macaulay local ring.
I = (b1, . . . , bµ) m-primary ideal of R.
J = (a1, . . . , ad) minimal reduction of I.

Associated graded ring of R(I) with respect to the
homogeneous ideal JtR(I) =

⊕
n≥0 JI

n−1tn:

grJt(R(I)) =
⊕
j≥0

(JtR(I))j

(JtR(I))j+1
U j
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This ring has a natural bigraded structure:
The piece of degree j = 0 is:

R(I)
JtR(I)

=
⊕
i≥0

Ii

Ii−1J
ti

which is a homomorphic image of the graded ring R[V1, . . . , Vµ]
by the degree one R-algebra homogeneous morphism

σ : R[V1, . . . , Vµ] −→ R(I)
JtR(I)

=
⊕
i≥0

Ii

Ii−1J
ti

defined by σ(Vi) = bit ∈ I
J t.

R[V1, . . . , Vµ] is endowed with the standard graduation.
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Consider the bigraded ring B := R[V1, . . . , Vµ;T1, . . . , Td] with
deg(Vi) = (1, 0) and deg(Ti) = (1, 1).
There exists an exact sequence of bigraded B-rings

0 −→ KI,J −→ CI,J :=
R(I)
JtR(I)

[T1, . . . , Td]
π−→ grJt(R(I)) −→ 0

with π(Ti) = aitU , i = 1, . . . , d.

KI,J is the ideal of initial forms of JtR(I).
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Notice that

grJt(R(I))(i+j,j) =
IiJ j

Ii−1J j+1
ti+jU j

CI,J(i+j,j) =
Ii

JIi−1
ti[T1, . . . , Td]j

and

grJt(R(I)) =
⊕
i,j≥0

IiJ j

Ii−1J j+1
ti+jU j
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Diagonals
M bigraded B−module, p ∈ Z

M[p] =
⊕

m−n=p+1

M(m,n) R[T1, . . . , Td]−module

M≥p =
⊕
n≥p

M[n] B − submodule of M

In our case, K[p], C
I,J
[p] = Ip+1

JIp tp+1[T1, . . . , Td] and

grJt(R(I))[p] =
⊕
i≥1

J iIp+1

J i+1Ip
tp+1+iU i

are R(J)−modules, and they vanish for p ≤ −2 and p ≥ rJ(I).

grJt(R(I))[−1]
∼= R(J)
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We define the following bigraded B−modules

Bigraded Sally module:

ΣI,J :=
⊕
p≥0

grJt(R(I))[p]

MI,J :=
⊕
p≥0

CI,J[p] =
⊕
p≥0

Ip+1

JIp
tp+1[T1, . . . , Td]

KI,J :=
⊕
p≥0

K[p]

We have the following isomorphism of R(J)−modules

grJt(R(I)) ∼= R(J)⊕ ΣI,J
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Since ΣI,J andMI,J are vanished by J , there is the exact
sequence of bigraded
A = (R/J)[V1, . . . , Vµ, T1, . . . , Td]−modules

0 −→ KI,J −→MI,J −→ ΣI,J −→ 0

and for each p ≥ 0 there is the exact sequence of
(R/J)[T1, . . . , Td]−modules (diagonals)

0 −→ KI,J
[p] −→M

I,J
[p] −→ ΣI,J

[p] −→ 0

(in this case we can use the classical Hilbert function)
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Bigraded Hilbert function

(Roberts’00 with C a field)
Let M be a finitely generated bigraded module over a bigraded
algebra

R = C[X1, . . . , Xr, Y1, . . . , Ys, T1, . . . , Tu]

with deg(Xi) = (1, 0), deg(Yi) = (0, 1), deg(Ti) = (1, 1) and C
an Artin ring.

Hilbert function of M :

hM (m,n) =
∑
j≤n

lR(M(m,j))
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There exist a polynomial pM (m,n) and integers m0, n0 such
that

hM (m,n) = pM (m,n)

for m ≥ m0 and n ≥ m+ n0.

Note: If there are no generators of degree (0, 1), the polynomial
doesn’t depend on n

pM (m,n) = pM (m)
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We are interested in computing the Hilbert function of ΣI,J .
Notice that

ΣI,J
(m,∗) =

m−1⊕
j=0

Im−jJ j

Im−1−jJ j+1
tmU j

Considering the length as an R−module,

lR(ΣI,J
(m,∗)) =

m−1∑
j=0

lR

(
Im−jJ j

Im−1−jJ j+1

)

= lR

(
Im

IJm−1

)
+ lR

(
IJm−1

Jm

)
= lR(SJ(I)m−1) + lR

(
IJm−1

Jm

)
where SJ(I) is the Sally module of I with respect to J . ?
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For m ≥ m0, n ≥ m+ n0, for some m0, n0 ≥ 0,

hΣI,J (m,n) = hSJ (I)(m− 1) + lR

(
IJm−1

Jm

)
= hSJ (I)(m− 1) + lR(I/J)

(
m− 1 + d− 1

d− 1

)

and hence

pΣI,J (m,n) = pΣI,J (m) =
d−1∑
i=0

(−1)iei+1(I)
(
m− 1 + d− i− 1

d− i− 1

)

We deduce:
e0(ΣI,J) = e1(I)
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ForMI,J =
⊕

p≥0
Ip+1

JIp tp+1[T1, . . . , Td] (CM, d− dim), for
m ≥ m0 ≥ rJ(I), n ≥ m+ n0 (for some integers m0, n0)

pMI,J (m,n) = pMI,J (m) =
∑
i≥1

lR

(
Ii

Ii−1J

)(
m− i+ d− 1

d− 1

)

and

e0(MI,J) =
∑
i≥1

lR

(
Ii

Ii−1J

)
=
∑
p≥0

lR

(
Ip+1

IpJ

)
= Λ(I, J)
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Proposition
The following conditions hold:

(i) deg(pMI,J ) = d− 1 and e0(MI,J) = Λ(I, J).
(ii) If ΣI,J = 0 then grI(R) is a Cohen-Macaulay ring . If

ΣI,J 6= 0 then deg(pΣI,J ) = d− 1 and e0(ΣI,J) = e1(I).
(iii) e0(KI,J) = δ(I, J) = Λ(I, J)− e1(I); if KI,J 6= 0 then

deg(pKI,J ) = d− 1. In particular,

Λ(I, J) ≥ e1(I).
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Proposition

(i) ∀p ≥ 0

e0(ΣI,J
[p] ) = lR

(
Ip+1

JIp

)
− e0(KI,J

[p] ) ≥ 0,

e1(I) =
∑
p≥0

e0(ΣI,J
[p] ) =

∑
p≥0

(
lR

(
Ip+1

JIp

)
− e0(KI,J

[p] )
)
.

(ii) ∀p ≥ 0

lR

(
Ip+1 ∩ J
JIp

)
≥ e0(KI,J

[p] ),

δ(I, J) = e0(KI,J) =
∑
p≥0

e0(KI,J
[p] ) ≥ 0.



Conjectures Bigraded structures Multiplicities Depth of Blow-up algebras

δp(I, J) = e0(KI,J
[p] )

Λp(I, J) = lR(Ip+1/JIp)
∆p(I, J) = lR(Ip+1 ∩ J/JIp)

For all p ≥ 0

∆p(I, J) ≥ δp(I, J) = Λp(I, J)− e0(ΣI,J
[p] ) = e0(KI,J

[p] ) ≥ 0

and adding with respect to p, we recover the known

∆(I, J) ≥ δ(I, J) = Λ(I, J)− e1(I) ≥ 0
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Depth of Blow-up algebras

Conjecture (Wang)

depth grI(R) ≥ d− 1− δ(I, J)

True for δ(I, J) = 0, 1.

We have decomposed, as finite sum,

δ(I, J) =
∑
p≥0

δp(I, J) =
∑
p≥0

e0(KI,J
[p] )

We consider the hypotheses over δp(I, J) instead of over
δ(I, J) to refine this conjecture.
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Consider δ = max{δp(I, J) | p ≥ 0}

Theorem
If δ ≤ 1, then

depthR(I) ≥ d− δ

depth grI(R) ≥ d− 1− δ



Conjectures Bigraded structures Multiplicities Depth of Blow-up algebras

Sketch of the Proof

We use several times the Depth Formulas proved by Huckaba
and Marley:

Theorem (Huckaba-Marley’94)
(R,m) CM local ring, dimR = d > 0, I m−primary ideal. Then

depthR(I) ≥ depth grI(R)

If grI(R) is not CM,

depthR(I) = depth grI(R) + 1
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Case δ = 0:
Then KI,J = 0, and henceMI,J ∼= ΣI,J as A−modules. Since
MI,J is d−dimensional CM, then depth ΣI,J = d, and by depth
counting on

0 −→ ΣI,J −→ grJt(R(I)) −→ R(J) −→ 0

we get that depth grJt(R(I)) ≥ d.

Then depthR(I) ≥ d = d− δ.

• If grI(R) is CM, depth grI(R) = d ≥ d− δ − 1.
• If grI(R) is not CM, by [HM94],

depth grI(R) = depthR(I)− 1 ≥ d− δ − 1.
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Case δ = 1:
Cases d = 1, 2 are true by [HM94].
Case d ≥ 3: Since KI,J

[p] ⊂
Ip+1

JIp [T1, . . . , Td] =MI,J
[p] , if δp = 1,

then KI,J
[p] is a rank one torsion-free k[T1, . . . , Td]−module.

Now, by Theorem y ,

depth grJt(R(I)) ≥ d− 1

and so,
depthR(I) ≥ d− 1 = d− δ

Now, by [HM94],
• If grI(R) is CM, then depth grI(R) = d > d− 1− δ
• If grI(R) is not CM, then

depth grI(R) = depthR(I)− 1 ≥ d− 1− δ
�
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Theorem
If d ≥ 3, KI,J 6= 0 and for all p, KI,J

[p] = 0 or KI,J
[p] is a rank one

torsion-free k[T1, . . . , Td]−module, then

depth grJt(R(I)) ≥ d− 1

"
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Sketch of the Proof

Let p1 < · · · < pn be the integers such that KI,J
[pi]
6= 0.

For all p, there is the exact sequence,

0 −→ KI,J
[p] −→M

I,J
[p] −→ ΣI,J

[p] −→ 0 (∗)

If p 6= p1, . . . , pn, then ΣI,J
[p]
∼=MI,J

[p] = Ip+1

JIp [T1, . . . , Td] (∗∗).

If p = p1, . . . , pn, (δpi = 1) KI,J
[pi]

is an ideal of D = k[T1, . . . , Td].
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Since depthSJ(I) ≥ 1 (Polini’00), and by depth counting on
(∗), (∗∗) and in the exact sequences (Vaz-Pinto)

0 −→ ΣI,J
[1] −→ C1 = SJ(I) −→ C2 −→ 0

0 −→ ΣI,J
[2] −→ C2 −→ C3 −→ 0
...

...
...

0 −→ ΣI,J
[r−2] −→ Cr−2 −→ ΣI,J

[r−1] −→ 0

with Cp =
⊕

n≥0
In+p

JnIp , and since D is factorial, we can prove
that in fact, KI,J

[pi]
is a principal ideal, and so depthKI,J

[pi]
= d.

By depth counting again in (∗), ∀p ≥ 0,

depth ΣI,J
[p] ≥ d− 1.
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Now, by depth counting on

0 −→ ΣI,J
[0] −→ ΣI,J

≥0 = ΣI,J −→ ΣI,J
≥1 −→ 0

0 −→ ΣI,J
[1] −→ ΣI,J

≥1 −→ ΣI,J
≥2 −→ 0

...
...

...
0 −→ ΣI,J

[r−2] −→ ΣI,J
≥r−2 −→ ΣI,J

[r−1] −→ 0

we get that
depth ΣI,J ≥ d− 1.

Finally, by depth counting on

0 −→ ΣI,J −→ grJt(R(I)) −→ R(J) −→ 0

since depthR(J) = d+ 1 and depth ΣI,J ≥ d− 1 then

depth grJt(R(I)) ≥ d− 1

�
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Question (Guerrieri-Huneke’93)
∆p(I, J) ≤ 1, p ≥ 0⇒ depth(grI(R)) ≥ d− 1?
(Wang: Negative answer)

As a corollary, we obtain:

Proposition

∆p(I, J) ≤ 1,∀p ≥ 0⇒ depth grI(R) ≥ d− 2

Proof: Since 0 ≤ δp ≤ ∆p ≤ 1, then δ ≤ 1 and hence

depth grI(R) ≥ d− 1− δ ≥ d− 2

�
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Sally module

(Vasconcelos’94, Vaz Pinto’95)

The Sally module SJ(I) of I with respect to J , is defined by the
exact sequence of R(J)−modules:

0→ IR(J) ↪→ IR(I)→ SJ(I) =
⊕
n≥0

In+1

JnI
→ 0
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Hilbert function of the Sally module:

hSJ (I)(n) = lR(In+1/JnI)

If SJ(I) 6= 0, then dim SJ(I) = d, and the Hilbert polynomial is

pSJ (I)(n) =
d−1∑
i=0

(−1)isi

(
n+ d− i− 1
d− i− 1

)

If R is CM:
e0(I) = lR(R/J)
e1(I) = s0 + lR(I/J)
ei(I) = si−1, for i = 2, . . . , d.

"
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