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GOALS OF THE THESIS

Understanding cohomological properties of non-standard multigraded
modules

Applying results obtained to multigraded blow-up algebras

Estimating the depth of blow-up algebras by means of bigraded structures
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Multigraded structures
Notation and Definitions

Notation:
n=(ny,...,n.) €Z"and n| = |n1| + - + |n,|.
n+m=ni+my,...,n.+m)andn-m=(ny-my,...,n. - Mmy).

m >nifandonlyifm; >n;foralli=1,...,r.

A Z"-graded ring S is a ring endowed with a direct sum decomposition
S =,cz- Sn, such that 5,5, C Spyin forany m,n € 2.

A Z"-graded S-module M is an S-module with a direct sum decomposition
M =@, ¢z M, such that S,,M,, C My, 1, for any m,n € 7.
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Multigraded structures
Case of study

Case of study

Let S be a Noetherian Z"-graded ring generated over a local ring (Sp, m) by
elements

{91,1’ 0oo ag;” }i:l,...,r,
with ¢ of degree ~; = (7%,...,7%,0,...,0) € N" withy! #0andi=1,...,r,
j = 17 A ?lui'

We denote M =m @ P, S» the homogeneous maximal ideal of .5, and
S+ = @ﬂ;ﬁg Sﬂ'
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Multigraded structures
Definitions

Fori=1,...,r, let I; be the ideal of S generated by the homogeneous
components of S of multidegree (b4, ...,b;,0,...,0) with b; # 0. We define the
irrelevant ideal of Sas S.4 =11 -+ - I,.

Let Proj"(S) be the set of all relevant homogeneous prime ideals on S, i.e.
the set of all homogeneous prime ideals p in S such thatp 5 S, 4.

Given a finitely generated Z"-graded S-module M, we define the
homogeneous support of M as

Supp+ (M) = {p € Proj"(S) | M # 0}.
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Multigraded structures

Definitions

Following the definition in Verma-Katz-Mandal'94 for the standard bigraded
case, we define:

Relevant dimension of S:
: _fr-1 if Proj"(S) =10
rel. dim(S) = { max{dim(S/p) | p € Proj’(5)} if Proj’(S) # 0.
It holds that dim(Proj”(.S)) = rel. dim(S) — r.
Relevant dimension of a module M:
rel.dim(M):{ r-l it Suppy1 (M)

=0
max{dim(S/p) | p € Supp++(M)} if Suppii (M) # 0.

It holds that dim(Suppy 4 (M)) = rel. dim(M) — r.
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Multigraded structures
Multigraded blow-up algebras

Let (R, m) be a Noetherian local ring and I, ..., I, be ideals of R.

The multigraded Rees algebra associated to I, ..., I,. is defined by

R(L,.... L) = € Ly It C Rlta, ... 1),
neNr

andfor k =1,...,r, the i-th associated multigraded ring of I1,..., L. in R is

@ I{LII]?kI:LT 'R,(Il,.-.,lr)

. R = = .
grll’m’lr’[k( ) I{Ll I£k+1IZLT IkR(Il,.-.,Ir)

neNr

Fork =1,...,r, we define the /-th extended multigraded Rees algebra by

Rih,....I)= & Ly It C Rlt, ...t ).
nkEZ
(GRS A np)eNT—1
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Multigraded structures
Hilbert function

The Hilbert function of M is defined by

hy: 28 — 7
n  — lengthg (My).

> Non-standard graded case: Bruns-Herzog’93, Dichi-Sangaré’99,...

> Standard multigraded case: Herrmann-Hyry-Ribbe-Tang’97,
Verma-Katz-Mandal’'94, Roberts’98,...

> Non-standard multigraded case: Lavila’99, Roberts’98, Hoang-Trung’03,
Fields’00,...
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Multigraded structures

Quasi-polynomial functions

Given BeN"and,...,7 € N"linearly independent vectors, we define the
cone with vertex 3 with respect to 71, ...,v, as

Cg:: {QGNT|Q:Q+Z>\{W, )\ieRzo}.

i=1

Given a cone C with vertex 3 € N” with respect to 71, . . ., ., we define the
basic cell Tz as

i=1

g := {geNr|g:é+Zmi7i, Ogmi<1}.

For any element a € Cs C N', there is a unique representative of o modulo
Y1s- -5 in g
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Multigraded structures
Quasi-polynomial functions

A function f : N — Zis a quasi-polynomial function of polynomial degree d
on 4.7, ....v, if there exist periodic functions, for o € N" and |a| < d,

o N =7
with respect to 1, ..., such that for n € Cs
f) =" ca(n)n®
lal<d
and f(n) = 0 when n ¢ Cj3, and there is some a € N” with |a| = d such that

ca # 0. We call an expression > |al<a Ca(n)n® @ quasi-polynomial.

This definition of a quasi-polynomial P(n) = >, <4 ca(n)n® is equivalent to
giving a collection of polynomials of total degree < d

fs(n) = Y ca(d)n* € Z[n|

a€eN”

foreach d € Iy, n =0 + (71, )N
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Multigraded structures

Quasi-polynomial functions
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Multigraded structures

Hilbert function

Proposition

Let S be an N"-graded ring, where Sy is an Artinian local ring, and S is
generated over Sy by elements gi,..., g\, ..., gk, ..., gl with gl of
multidegree v; = (4, ...,7%,0,...,0) € N" with~! #0, foralli =1,...,r and
j=1,...,u. Let M be a finitely generated Z" -graded S-module. Then there
exist a quasi-polynomial Py, of polynomial degree rel. dim(M) — r and a cone
Cps C N7, such that

har(n) = Py (n)
for any n € Cg.
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Multigraded structures

Grothendieck-Serre formula

Proposition (Grothendieck-Serre formula)

Let M be a finitely generated Z" -graded S-module. Then for alln € 7",

har(n) — Py(n) =Y (—1)"lengthg (HS, , (M)y).
i>0
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Multigraded structures
Multigraded blow-up algebras

Let Iy,..., I. be m-primary ideals of the Noetherian local ring (R, m). For
k=1,...,r, we denote

fu(n) = lengthy, ( i ) .

m ...[]?k“...];tr

There exists a 8, € N, such thatforn > 8, , fi(n) = pr(n) € Z[ny, ..., n].

For an element § € N, we define Hg as the set of elements n € Z" such that
(n17. ey Me—1, Mt 1, - - .,nr) > ((517. ey Ok—1y kg1, - - - ,(5T) and ny € Z.

There exists an element 6 € N" such that for all n € Hg

pe(n) — fr(n) = Z(—l)i lengthp(Hy  , (Ri)n+er)-
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Asymptotic depth of multigraded modules

> Asymptotic depth of multigraded modules
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Asymptotic depth of multigraded modules

Motivation

> Burch’72: (R, m) Noetherian local ring, I ideal,
I(I) < dim(R) — m>i111{depth(R/I”)}
with [(I) = dim(R(I)/mR(I)).

> Brodmann’79: M f.g. R-module. Then, Ass(M/I™M) is stable for n > 0
and hence depth(M/I™M) is constant for n >> 0. Moreover,

I(I, M) < dim(M) — lim depth(M/I"M)
with [(1, M) = dim(€D,,~, I"M/mI™ M).
> Herzog-Hibi’'05: E graded module over a standard graded algebra. They

prove that depth(E,,) is constant for n >> 0 via the Hilbert polynomial of
Koszul homology modules, instead of the associated primes. Moreover,

dim(E/mE) < dim(F) — lim depth(E,).

n—-+4oo
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Asymptotic depth of multigraded modules

Motivation

> Branco Correia-Zarzuela’06: E C G = R¢, R-modules, ¢ > 0,
Ra(E) =D,,>0 En and Rg(G) = B,,~, Gn- Then depth(G,,/E,,) is
constant for n > 0, using associated primes. Moreover,

lg(E) <dim(R)+e—1- mgrf{depth(Gn/En)},
where i¢(F) = dim(Rg(F)/mRg(E)).
> Hayasaka’06: A C B standard multigraded rings with Ao = Bo = Ra
local ring. M f.g. multigraded B-module, N C M f.g. multigraded

A-submodule. Then Ass(M,,/N,,) is stable for n >> 0 and depth(M,,/N,,)
is asymptotically constant. Moreover,

s(A) < s(B) + dim(R) — depth(A, B),

where depth(A, B) is the asymptotic depth of B,,/A,, and
s(G@) = dim Proj" (G /mG) + 1.

What happens in the non-standard multigraded case?
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Asymptotic depth of multigraded modules

Let M be a finitely generated Z" -graded S-module. There exist an element
B € N" and an integer p € N such that

depth(My) = p,
foralln € Cg with M,, # 0, and

depth(M,) = p,

for some d € 11z and for alln € {3 + 37/, Aivi | \i € N} C Cp.

KEY POINT: the quasi-polynomial behavior of the Hilbert function of the
Koszul homology modules of M with respect to a system of generators
z1,...,%, Of the maximal ideal m of Sp.
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Asymptotic depth of multigraded modules

When the quasi-polynomial is, in fact, a polynomial, we can assure constant
depth in all the cone:

> Proposition: If S is an algebra generated over S, by elements of
degrees (1,0,...,0), (*,1,0,...,0), ..., (*,%,%,...,1) € N", then
depth(M,) = pforn € Cp.

~ Corollary: If S is a standard algebra, then depth(M,,) = p forn > 3.
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Asymptotic depth of multigraded modules

Multigraded blow-up algebras

For ideals I, ..., I, of a Noetherian local ring (R, m), R([4,...,I,) and
grr, .10, (R), for k=1,... r, are finitely generated standard Z"-graded

R(I1,...,I.)-modules, and each homogeneous component is a finitely
generated R-module.

Proposition

There exist an element 3 € N" and an integer 6 € N such that for all n > 3
depth([7*---I'") =6 +1

and

I{Ll 000 J[MF
depth (I{ll B ‘ng+1r’ B Iﬁ’) =4

forallk =1,...,r.
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Asymptotic depth of multigraded modules
Multigraded blow-up algebras

We are interested in the depth of R/I}"* --- I for n large enough. In this
case, we can take advantage of the constant asymptotic depth of these last
two modules and the relation with R/I7"* - - - I~ by means of some short exact
sequences of R-modules where we can use the depth counting techniques.

Theorem
There exist an element e € N" and an integer p € N such that

R
_ vt Y ,<
depth(j_{h“‘ﬂ}r) p <9

for alln > ¢. Moreover, if there exists ann > (3 such that
depth < RIM) >0, thenp =4.
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Asymptotic depth of multigraded modules

Multigraded blow-up algebras

We bound the asymptotic depth of the modules R/I}"* ---I'".

Proposition

Let p € N be the asymptotic depth of R/I}"* - - - I''". Then,

. . o[ R(I,..., 1)
< — Proj" | ——"—~ .
p < dim(R) — dim Proj (mR(Il, — ,Ir))
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Veronese multigraded modules

> Veronese multigraded modules
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Veronese multigraded modules
Motivation

> Multigraded blow-up algebras defined by powers of ideals
R(IL,..., 1)@ =R(IM™, ... 1)

a=(ar,...,a).

> Herrmann-Hyry-Ribbe’93: Cohen-Macaulay and Gorenstein properties of
multigraded Rees algebras of powers of ideals.

> Elias’04: If R is quotient of a regular local ring,
depth(R(I™)) = constant depth(gri» (R)) = constant

for n > 0.

What happens to non-standard multigraded modules?
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Veronese multigraded modules

Veronese modules

The Veronese transform of .S with respect to ¢ € N*", or (a)-\eronese, is the

subring of S
59 = P o).

neN”

where ¢q(n) = >1_, (nia;)vi-

Given a Z"-graded S-module M, the Veronese transform of M with respect to
a € N*" b e N, or (u.b)-Veronese, is the S@-module

Mlab) — @ M¢i(ﬂ)+9‘

newr

Proposition

Let M be a f.g. Z"-graded S-module. Then, for alli > 0 and a € N*", b € N",

(Hi(M)) @D 2= HY (o, (M),

Gemma Colomé i Nin (UB) Multigraded Structures and the Depth of Blow-up Algebras 14th July 2008 27/49



Veronese multigraded modules

Asymptotic depth of Veronese modules

Veronese asymptotic depth of M:
vad(M®)) = max{depth(M @) | ¢ € N*"}
vad(M**)) = max{depth(M (@) | a,b € N*"}

Proposition

Let M be a finitely generated 7" -graded S-module. Let s = vad(M ). There
exists a = (a1, ...,a,) € N*" such that for allb € {(Ma1,..., \rar) | Ay € N*}

depth(M®) = s.

In order to extend the result on the asymptotic depth of the Veronese modules
to regions of N”, we have to study the vanishing of the local cohomology
modules of a multigraded module M.
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Veronese multigraded modules
Generalized depth

For a finitely generated Z"-graded S-module M, we define the generalized
depth of M with respect to the homogeneous maximal ideal M of S as

gdepth(M) = max{k € N | Sy, C rad(Anng(H'(M))) for all i < k}.

We can prove the invariance of the generalized depth under Veronese
transfoms:

Let M be a finitely generated 7" -graded S-module. If Sy is the quotient of a
regular local ring, for all a € N*", b € N", it holds

gdepth(M (@Y = gdepth(M).
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Veronese multigraded modules
I'-finite graduation

We say that a Z"-graded S-module M is ['-finitely graded if there exists a
cone Cz C N" where M,, = 0 for all n € Z" with n* = (|n4], ..., |n.|) € Cs.
We define B
I-fg(M) = max{k > 0 | H},(M) is T-finitely graded for all i < k}.
To assure that H}, (M) is T-finitely graded for all k > 0, if M is I-finitely

graded, we need to restrict the graduation to the almost-standard case.

Almost-standard graduation: degrees i, .. .,~, with ; = (0,...,0,7,0,...,0)
andq!>0foralli=1,...,r.

Let S be an almost-standard multigraded ring. Let M be a finitely generated
7" -graded S-module, then

I-fg(M) = gdepth(M).

If Sy is the quotient of a regular local ring, I'-fg is invariant under Veronese.
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Veronese multigraded modules
Asymptotic depth of Veronese modules

Now, we have new tools to prove the theorem that assures constant depth for
the (a, b)-Veronese in a region of N” x N”, instead of a net. However the
restriction to the almost-standard case is still necessary.

Let S be an almost-standard multigraded ring such that S, is the quotient of a
regular ring. Let M be a finitely generated 7" -graded S-module and let

s = vad(M™*)). Then, there exists 3 € N" such that for all b > 3 and for all
a € N" such that a; > (B; + b;) /i,

depth(M(@b)) =,

For Z-graded modules, we obtain:

Proposition

Let S be a Z-graded ring such that Sy is the quotient of a regular ring. Let M

be a finitely generated graded S-module. Then depth(M () is constant for
a> 0.
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Bigraded structures and the depth of blow-up algebras

> Bigraded structures and the depth of blow-up algebras
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Bigraded structures and the depth of blow-up algebras
Introduction and Conjectures

One of the classical problems in commutative algebra is to estimate the depth
of the associated graded ring gr;(R) = @,~, I"/I""" and the Rees algebra
R(I) = ,,5, ["t" for ideals I having good properties.

For a Cohen-Macaulay local ring (R, m) of dimension d > 0 with infinite

residue field and an m-primary ideal I of R with minimal reduction J, we
consider the following integers that appear in some conjectures:

wting
ZlengthR( 7 ) =3 A,J),

p>0 p>0
A(I,J) = lengthy ( m) > A(IL).
p=>0 p>0
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Bigraded structures and the depth of blow-up algebras

Introduction and Conjectures
Valabrega-Valla’78: A(I,J) = 0 < grr(R) is Cohen-Macaulay.

Valabrega-Valla module

Conjecture (Guerrieri’'94)

depth(gri(R)) > d — A(I, J)

Guerrieri’93: A(1,J) = 1, partial cases for A(I,J) = 2;

Wang'00: A(1,J) =2;

Guerrieri-Rossi’99: partial results for A(Z,.J) = 3 and R/I Gorenstein;
Wang’'01: partial results for A(Z, J) = 4;

Wang'01: counterexample for d = 6 and A(I,J) = 5.

v v v vV V
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Bigraded structures and the depth of blow-up algebras

Introduction and Conjectures

Question (Guerrieri-Huneke’93)

A,(I,J) <1, forallp>0 = depth(gr;(R)) >d—17?

Wang’02: counterexample. What if R is regular?

We prove:

IfA,(1,J) <1, forallp >0, then,

depth(gr;(R)) > d — 2.
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Bigraded structures and the depth of blow-up algebras

Introduction and Conjectures

Huckaba-Marley’97: e, (I) < A(Z, J), and the equality holds if and only if
depth(gr;(R)) > d — 1.

We define §(1,J) = A(I,J) —e1(I) >0

Wang'00: (1, J) < A(I,J). Guerrieri’s conjecture is implied by:

Conjecture (Wang’00)

depth(gr;(R)) > d —1—6(1,J)

> Huckaba-Marley’97: §(I,.J) = 0;

> Wang’00, Polini’'00: 6(1,J) =1,

> Rossi-Guerrieri’99: partial cases for 6(I, J) = 2 with R/I Gorenstein;
> Wang'01: counterexample for d = 6.
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Bigraded structures and the depth of blow-up algebras

Introduction and Conjectures

In the thesis we will decompose 4(7, .J) as a finite sum

p>0

with 0 < 6,(1,.7) < A, (I, ).

If 6 = max{6,(I,J) | p> 0} < 1, then

depth(R(I)) >d—§ and depth(gr;(R))>d—1—34.

IDEA: we will define a non-standard bigraded module 7/ such that
A(1,0) = 6,(1,7) = Ay(I,J) = eo(Z))

and
A(I,J) > 6(1,J)=A1,J) — e ().
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Bigraded structures and the depth of blow-up algebras
Bigraded Sally module

We consider the associated graded ring of R(I) with respect to the
homogeneous ideal JtR(I) = @, JI"~'t"

; JIR(I))
orae (1) = ) s
j=0

This ring has a natural bigraded structure. If we consider the bigraded ring
B:=RVi,...,V,;Th, ..., Tq) with deg(V;) = (1,0) and deg(T;) = (1,1), then
there exists an exact sequence of bigraded B-rings

0— K — C’I’J—>ngt(R(I)) — 0,

where 17 = R

= TR0 .,Ty] and K1/ is the ideal of initial forms of
JtR(I).
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Bigraded structures and the depth of blow-up algebras
Bigraded Sally module

Diagonals: Given a bigraded B-module M and an integer p € Z, we define the

R[T},...,T4]-module
My = @ My

m—n=p+1

In our case, the modules K ;/, C[»” and gr;:(R(I)), are R(.J)-modules,
and, eventually, they do not vanish for a finite set of indexes p € Z.
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Bigraded structures and the depth of blow-up algebras
Bigraded Sally module

From now on, we will be interested in considering the non-negative diagonals
of these modules and so, let us consider the following finitely generated
bigraded B-modules:

+1
whJ . @QTJt p] _ @@ Jz+1]p t;ﬂ-‘rl-i—iUi’

p>0 p>0 i>0

Jpt+1
@O _69 ijtp+l[T17"‘de],
p>0 p>0

and from now on, we consider the new B-module
1J . 1,0
R UL
p=>0

We call /-7 the bigraded Sally module of I with respect .J.
There exists a natural isomorphism of R(.J)-modules

grr(R(I)) = R(J)d =7,

Gemma Colomé i Nin (UB) Multigraded Structures and the Depth of Blow-up Algebras 14th July 2008 40/ 49



Bigraded structures and the depth of blow-up algebras
Bigraded Sally module

Since the modules X!*/ and M?- are annihilated by .J, we have an exact
sequence of bigraded A = R/J[Vi,...,V,;Th, ..., T;)-modules

0— KM — M — sl .

By considering each diagonal, for all p > 0 we have an exact sequence of
R/J[Ty,...,T;)-modules,

Jp+1

0 Kl e M =T — sl o

which are, in fact, graded modules, and so we can consider for them the
(classic) Hilbert function.

Gemma Colomé i Nin (UB) Multigraded Structures and the Depth of Blow-up Algebras 14th July 2008 41/49



Bigraded structures and the depth of blow-up algebras
Cumulative Hilbert function

Let M be a finitely generated bigraded module over a bigraded algebra

R=C[X1,.... X, Ya,.... Yy, Th, ..., T.]

with deg(X;) = (1,0), deg(Y;) = (0,1), deg(T;) = (1,1) and C an Artin ring.

Cumulative Hilbert function of M:

has(m,n) Zl(ll“tllf (M(,.5)-

I<n

There exist a polynomial py,(m,n) and integers mg, ny such that
har(m,n) = pry(m,n)
form > mg and n > m + ng.

Note: If there are no generators of degree (0, 1), the polynomial does not
depend on n, pyr(m,n) = pp(m).
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Multiplicities of the bigraded Sally module

d—1

© poralm) = (e (D),

> deg(pMI,J) =d-1and (?U(_/\/ll“l) = A\(I, ])

> If X1/ = 0then gr;(R) is a Cohen-Macaulay ring.
If 207 7é 0 then deg(pgr,J) =d-1and ('?()(ZI"]> = e ([)

ooy =01 ) if KB £ 0 then deg(pgrs) = d — 1.
In particular, A(Z,J) > ei(I).
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Multiplicities of the bigraded Sally module

> Forallp > 0, it holds

eo(Zp) = M, ) = eo( ;") > 0

[p] p] 7 =

and

er(I) =Y (Ap(1, ) — eo(K[i)).

p=>0

> Forall p > 0, it holds "
A (I, J) > eo(K[p] )
and
8(I,7) = eo(K") = Zeo =
p>0
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On the depth of blow-up algebras

We define

Sp(1,J) = eo(E ).

We prove a refined version of Wang’s Conjecture by considering some special

configurations of the set {6,(1, J) },>o instead of (1, J) = >_ . 6,(1, J).
Let us consider -

§(I3J):max{5P(I’J) |p20}

Theorem

Let (R, m) be a Cohen-Macaulay local ring of dimension d > 0. Let I be an
m-primary ideal of R and J a minimal reduction of I. If (1, J) < 1, then

depth(R(I)) > d — &(1, J)

and

depth(grr(R)) >d—1-46(L,J).

.

Note that for (I, J) = 0,1 we recover the known cases of Wang’s Conjecture.

Gemma Colomé i Nin (UB) Multigraded Structures and the Depth of Blow-up Algebras 14th July 2008

45/49



Bigraded structures and the depth of blow-up algebras
On the depth of blow-up algebras

For the proof we need the following important results. In particular, we need to
study the depth of the associated bigraded ring gr ;. (R(I)).

Theorem

Let (R, m) be a Cohen-Macaulay local ring of dimension d > 3. Let I be an
m-primary ideal of R and let J be a minimal reduction of I. Let us assume that

K7 +£0, and either K. [Ip’]‘] =0ork [Ip’]" is a rank one torsion free

k[Ty,...,T,]-module forp > 0. Then,

depth(gryy(R(1))) > d — 1.

Lemma

Let (R, m) be a Cohen-Macaulay local ring of dimension d > 0. Let I be an
m-primary ideal of R with minimal reduction .J. If 5,(I,.J) = 1 then K" is a
rank one torsion free k[T, . .., T,;]-module.

| A
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On the depth of blow-up algebras

Finally, we are able to give an answer to the question of Guerrieri and Huneke
mentioned before.

Let (R, m) be a Cohen-Macaulay local ring of dimension d > 0. Let I be an

m-primary ideal of R and J a minimal reduction of I. If A,(I,J) <1 for all
p > 1, then

depth(gr;(R)) > d — 2.

This result follows from the theorem since 6, (1, J) < A,(I,J) < 1.
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