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Optimal second-degree price
discrimination and arbitrage: on the role
of asymmetric information among buyers

Doh-Shin Jeon*
and

Domenico Menicucei**

The traditional theory of second-degree price discrimination tackles individual self-selection but
does not address the possibility that buyers could form a coalition to conduct arbitrage. We
study the optimal sale mechanism that takes into account both individual and coalition incentive
compatibility. We show that the monopolist can achieve the same profit regardless of whether or
not buyers can form a coalition. Although marginal rates of substitution are not equalized across
buyers of different types in the optimal sale mechanism, they fail to realize the gains from arbitrage
because of the transaction costs in coalition formation generated by asymmetric information.

1. Introduction

m  The theory of monopolistic screening' (second-degree price discrimination) studies a mo-
nopolist’s optimal pricing scheme when she has incomplete information about buyers’ individual
preferences. According to the theory, the monopolist can maximize her profit by using a menu of
options that induces each type of buyer to select the option designed for the type. While the theory
tackles the self-selection issue at the individual level, it assumes away the possibility that price
discrimination might induce buyers to form coalitions to conduct arbitrage, that is, to coordinate
their purchases and to reallocate the goods they bought among themselves. Since this might reduce
the seller’s profit, in this article we study the optimal sale mechanism that takes into account not
only individual incentive compatibility but also coalition incentive compatibility (i.e., buyers’ in-
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centive to collectively engage in arbitrage). In particular, in addressing this fundamental problem,
we focus on the role of asymmetric information among buyers about each other’s preferences.

In reality, there exists much evidence of (legal or illegal) coalitions among buyers. On the one
hand, bidders’ collusive behavior in auctions is well documented, and auction literature has been
devoting increasing attention to the topic.> On the other hand, buyers often form cooperatives
to jointly purchase goods.> One central question regarding buyer coalitions is how asymmetric
information among the buyers affects coalition formation. Our major goal is to identify the
transaction costs in coalition formation generated by asymmetric information and to find the sale
mechanism that best exploits these transaction costs.

Consider, for example, the situation in which an upstream monopolist sells her goods to two
downstream firms operating in separate markets. Given a menu of quantity-transfer pairs offered
by the monopolist, the two downstream firms can employ two instruments to increase their joint
payoffs. First, they can jointly decide which pair each buyer should choose. We model this by
manipulation of the reports that the buyers send to the sale mechanism. Second, they can reallocate
among themselves the goods bought from the seller. We first show that under the standard optimal
mechanism, which neglects coalition incentive compatibility, buyers can increase their payoffs
by engaging in arbitrage, and this reduces the seller’s profit. However, in our main result we find
an optimal mechanism that allows the monopolist to realize the same profit regardless of whether
or not buyers can form a coalition to do arbitrage.

Consider for simplicity a two-buyer setting and suppose that the seller can produce any
amount of a homogeneous product at a constant marginal cost and a buyer has either high valuation
(H type) or low valuation (L type) for the product. Assume that types are independently and
identically distributed and a buyer’s type is his private information. It is well known that in the
optimal mechanism(s) without a buyer coalition, the quantity allocated to an H type is equal to
the first-best level, while the quantity allocated to an L type is distorted downward compared to
the first-best level, since the payment the seller receives from an H type decreases in the quantity
sold to an L type. This implies that an L type has a higher marginal surplus for the product than
does an H type and, if there are no transaction costs in coalition formation, buyers can increase
their payoffs by reallocating some quantity from an H type to an L type (with a suitable money
transfer from the latter to the former) in the state of nature in which one buyer has an H type and
the other has an L type. This may alter ex ante buyers’ incentives to report truthfully and reduce
the seller’s expected profit.

Drawing on Laffont and Martimort (1997, 2000), we model coalition formation under asym-
metric information by a side contract offered to the buyers by a third party who maximizes the sum
of buyers’ payoffs. The side contract specifies both the manipulation of the reports made into the
sale mechanism and the reallocation of the goods obtained from the seller. The side contract must
satisfy budget-balance, participation, and incentive constraints. The incentive constraints need to
hold, since the third party does not know the buyers’ types; the acceptance constraints are defined
with respect to the utilities the buyers obtain when playing the sale mechanism noncooperatively.

We first consider simple mechanisms in which both the quantity that a buyer receives and
his payment do not depend on the other buyer’s report. We show that if the seller uses the simple
mechanism that is optimal without buyer coalition, buyers can realize strict gains at the seller’s
loss through arbitrage. For instance, when both buyers have an H type (H H coalition), they have
an incentive to report H L instead of truth telling and to reallocate quantities and transfers. To
see this, note that under the optimal simple mechanism, an H type is indifferent between the
quantity-transfer pair designed for an H type and the pair for an L type. This implies that if
reallocation is impossible, an H H coalition is indifferent between reporting H L and truth telling.

2 For examples, see Caillaud and Jehiel (1998), Graham and Marshall (1987), McAfee and McMillan (1992), and
Brusco and Lopomo (2002).

3 There exist various forms of supply cooperatives to purchase some products together. For instance, Heflebower
(1980) describes three types of supply cooperatives: farmers’s cooperatives, consumer cooperatives, and those run by
urban businesses.
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But if reallocation is feasible, under standard convexity assumptions on buyers’ preferences, each
buyer’s payoff conditional on reporting H L strictly increases, since they can share equally the total
quantity and transfers. In contrast, conditional on reporting H H , reallocation does not affect the
payoffs, since both buyers receive the same quantity from the seller. Therefore, an H H coalition
prefers to report H L rather than HH .

After studying simple mechanisms, we consider mechanisms where the seller requires one
buyer’s payment to depend on the report of the other buyer: in these mechanisms, the quantity
profile and the buyers’ expected payments are equal to the ones in the simple optimal mechanism.
It turns out that there exists a transfer scheme that allows the seller to deter manipulation of reports
and reallocation of goods at no cost, thus letting her realize the same profit as when there is no
buyer coalition. In particular, even if the marginal rates of substitution are not equalized across
buyers with different types, the third party is not able to implement any efficient reallocation
between an H type and an L type in an H L coalition because of the tension between incentive
and participation constraints in the side contract. The intuition for this result is as follows. Since
the rent that an H type obtains by pretending to be an L type in the side mechanism increases in
the quantity received by an L type, if the third party reallocates some quantity from an H type to
an L type, then he is forced to concede an H type a higher rent in order to elicit a truthful report.
The alternative of reducing an L type’s payoff is impossible, since it would induce the L type
to reject the side contract. This increase in rent is defined as the transaction costs generated by
asymmetric information. We quantify the transaction costs and show that they are larger than the
gains from reallocating quantity from an H type to an L type; therefore the reallocation cannot
be realized. We also show that this optimal outcome can be implemented by a menu of two-part
tariffs. Finally, our main result that buyer coalition does not hurt the seller extends to more general
settings: when the marginal cost is increasing, or there are n buyers, or there are three possible
buyer types.

The literature about consumer coalitions mostly addresses issues different from the one
we consider in this article.* Alger (1999) is one exception: she studies the optimal menu of
price-quantity pairs when (a continuum of) consumers are able to purchase multiple times and/or
jointly in a two-type setting. She finds that with multiple purchases only, the monopolist offers
strict quantity discounts, whereas with joint purchases only, discounts are infeasible. Her results
are based on the following two assumptions. First, consumer coalitions are formed under complete
information among the consumers about each other’s type, and only consumers with the same
type can form coalitions. Second, the set of mechanisms available to the seller is restricted by
assuming that the quantity allocated to a consumer and his payment do not depend on the other
consumers’ choices. In contrast, in our model a coalition is formed under asymmetric information
among buyers, and the seller can use complete contracts such that the quantity sold to a buyer
and his payment can depend on the others’ choices.

Using a third party to model collusion under asymmetric information was first introduced
in the auction literature —see the first three articles mentioned in footnote 2. While that litera-
ture studies the optimal auction in a restricted set of mechanisms, usually finding the optimal
reserve price for a first- or second-price auction, Laffont and Martimort (1997, 2000) use a more
general approach in that they characterize the set of collusion-proof mechanisms and optimize
in this set. In their settings, reallocation is infeasible,’ and they show that if the agents’ types
are independently distributed, then a dominant-strategy mechanism implements the second-best

4 For instance, Innes and Sexton (1993, 1994) analyze the case in which the monopolist is facing identical
consumers who may form coalitions. They show that even though consumers’ characteristics are homogeneous, the
monopolist may price discriminate in order to deter the formation of coalitions, whereas price discrimination is unprofitable
in the absence of the coalitions.

5 In the first article, they consider two regulated firms producing complementary inputs. The firms have indepen-
dently distributed types and collusion has bite, since an exogenous restriction on the set of the principal’s mechanisms
is imposed. In the second article, they consider collusion between consumers of a public good with correlated types.
Consumers have incentives to collude, since the principal will fully extract their rents if they behave noncooperatively.
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outcome and eliminates any gain from a joint manipulation of reports. Furthermore, this mech-
anism does not exploit the transaction costs created by asymmetric information. In our setting,
the dominant-strategy mechanism is not collusion-proof, since the coalition has the additional
instrument of quantity reallocation, but the seller can still achieve the second-best profit by fully
exploiting the transaction costs in coalition formation. We also note that Laffont and Martimort
limit the analysis to the two-agent/two-type setting and do not consider implementation through
indirect mechanisms.

Our article is to some extent related to those studying auctions with resale. For instance,
Ausubel and Cramton (1998) analyze the optimal auction when buyers can engage in resale after
receiving goods from the seller and the resale is (assumed to be) always efficient. They prove that
the seller maximizes his profit by allocating goods efficiently. In contrast, in our setting, buyers
sign a binding side contract before each buyer chooses how much to buy, and they fail to achieve
efficient reallocation because of the transaction costs.®

The rest of the article is organized as follows. In Section 2 we introduce the model. In Section
3 we review as a benchmark the optimal sale mechanism without buyer coalition, and in Section
4 we prove that the simple optimal mechanism in which each buyer’s allocation depends only
on his own report leaves room for arbitrage such that buyer coalition reduces the seller’s profit.
In Section 5, however, we show that the seller’s profit is not reduced by arbitrage if she designs
the sale mechanism appropriately —even though potential room for arbitrage is left. In Section 6
we extend the main result to more general settings. Concluding remarks are given in Section 7.
The proofs of our first four propositions are provided in the Appendix. The proofs of the other
propositions are similar to those of Proposition 1 or 4 but are considerably longer; therefore, they
are omitted and can be found in Jeon and Menicucci (2005).

2. The model

m  Preferences, information, and mechanisms. A seller (for instance, an upstream
monopolist) can produce any amount ¢ > 0 of homogeneous goods at cost C(g) and sells the
goodston > 2 buyers (for instance, downstream firms operating in separate markets). Throughout
the article, we will interpret ¢ as quantity except in Section 4, where we also consider the case in
which g represents quality. Buyeri (i = 1, ..., n) obtains payoff U(q’, 6") — ¢ from consuming
quantity g' > 0 of the goods and paying t' € R units of money to the seller. He privately observes
his own type ' € © = {6;, 0y}, where AO = 0y — 6, > 0. The types 0’ and 6/ are identically
and independently distributed for any i # j, with p;, = Pr{6¢' =60,} € (0,1) fori = 1,...,n;
the distribution of (', ..., 6") is common knowledge. We suppose that C(-) and 2/(-) are such
that C(0) =0, C'(g) > 0 and C"(¢) > 0 for any ¢ > 0; U(0, 0) = 0,U,(q,0) > 0 > U,(q, 0),
Ur(g,0) > 0,and U\»(q, 0) > 0 for any (g, €), where subscripts denote partial derivatives and
U12(g, 0) > Ois the standard Spence-Mirrlees single-crossing condition. Furthermore, we assume
that

U0,00) (A —p)lh(O,6p) -

pL pL

where g is the first-best quantity for an H type when he is the only buyer (g is defined as the
unique solution to U (g, 85) = C'(g)). This condition guarantees that each type of buyer receives
a positive quantity in the optimum without buyer coalition.” The reservation utility of buyer i is
given by zero, his payoff if he does not transact with the seller (i.e., if (¢', t') = (0, 0)).

In what follows, for expositional simplicity we focus on the case with n = 2, constant
marginal cost c(> 0), and U(q, 6) = Ou(q). However, our main result holds for any n > 2, any
convex cost function, and any (g, 6) with the properties described above, and it also holds in
the three-type setting with ® = {6, 0, 65 }. (See Section 6 for all extensions.)

'@,

6 Zheng (2002) allows resale in a one-good auction with asymmetrically distributed buyers’ values and proves
that an equilibrium exists that induces the same payoffs as if resale could be costlessly banned.

7 Our results below hold even when the seller finds it optimal to refuse to serve L types.
© RAND  2005.
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The seller designs a sale mechanism to maximize her expected profit. A generic sale
mechanism is denoted by M and, according to the revelation principle, we can restrict our attention
to direct revelation mechanisms:®

M=|q'©@",6»,10",8%; i=1.2},

where 0" € {6, 0} is buyer i’s report, ¢’ (-) is the quantity he receives, and #/(-) is his payment
to the seller. Since buyers are ex ante identical, without loss of generality we focus on symmetric
mechanisms in which the quantity sold to a buyer and his payment depend only on the reports

(9',@7) and not on his identity. Then we can introduce the following notation to simplify the
exposition. For quantities,

qnn =q' On. 0n) = ¢*On, Op),
qnL =q' O, 01) = 4*Or, On),
qin =q' O, 01) = ¢*Ou, 01),
qre =q' 0L, 0) = q* 0. 61).

(tuu, thL, toy, tor) € R* are similarly defined. Let = (¢un, 9uL, 9rH, 9L1) denote the vector
of quantities and t = (tyy, tyL, tLy, tr 1) denote the vector of transfers.

The sale mechanisms we consider involve (second-degree) price discrimination. Although
price discrimination can be illegal if it threatens to injure competition,” in our context there is no
such concern, since the buyers operate in separate markets.

O  Buyer coalition. Drawing on Laffont and Martimort (1997, 2000), we model the buyers’
coalition formation by a side contract, denoted by S, offered by a benevolent third party. The third
party designs S in order to maximize the sum of buyers’ expected payoffs subject to incentive-
compatibility (since he does not observe the types) and participation constraints written with
respect to the utility a buyer obtains when M is played noncooperatively.

We assume that the seller is the first mover and can commit not to serve a buyer if the
other buyer refuses M. This limits the strategies available to the buyer coalition: in particular, the
third party cannot employ the strategy of making only one buyer buy from the seller and share
the goods bought with the other buyer.!” Precisely, the game of seller’s-mechanism-offer cum
buyer-coalition-formation has the following timing:

Stage 1. Nature draws buyers’ types (9!, 62); buyer i privately observes 6',i = 1, 2.
Stage 2. The seller proposes a sale mechanism M.

Stage 3. Each buyer simultaneously accepts or rejects M. If at least one buyer refuses M, then
each buyer realizes the reservation utility and the following stages do not occur.

Stage 4. If both buyers accept to play M, then the third party proposes a direct side contract S that
jointly manipulates their reports into M and reallocates between them the goods bought from the
seller.

8 Actually, the revelation principle applies to the third party’s design of S (introduced later in this section) but not
to the seller’s design of M. Thus, the seller may wish to propose non-direct-sale mechanisms. Nevertheless, as Proposition
3 in Laffont and Martimort (2000) establishes, any perfect Bayesian equilibrium outcome arising from a non-direct-sale
mechanism can be obtained as a perfect Bayesian equilibrium outcome induced by a direct-sale mechanism.

% This is the purpose of the Robinson-Patman Act. Price discriminations are widely practiced, as can be seen from
Clark’s (1998) review of the antitrust cases related to price discriminations.

10 Alternatively, we may assume that if buyer 1 (say) does not accept M, then the seller can serve buyer 2 with
a single-buyer mechanism. In this case, our results would still hold if the seller could observe whether or not a buyer
used her goods, as in Rey and Tirole (1986). Since then the seller can induce buyer 2 not to resell to buyer 1 (part of) the
goods he bought from the seller by specifying ex ante a high penalty for buyer 2, both buyers will buy from the seller in
equilibrium.

© RAND 2005.
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Stage 5. Each buyer simultaneously accepts or rejects S.

Stage 6. If at least one buyer refuses S, then M is played noncooperatively. In this case, reports
are directly made in M and stages 7 and 9 below do not occur. If instead S has been accepted by
both buyers, then reports are made into S.

Stage 7. As a function of the reports in S, the third party enforces the manipulation of reports into
M.

Stage 8. Quantities and transfers specified in M are enforced.

Stage 9. Quantity reallocation and side transfers specified in S (if any) take place in the buyer
coalition.

Formally, a side contract S takes the following form:
S ={@".6°.x'0".6%,9),'®".6%; i=12},

where 0! € {61, On } is buyer i ’s report to the third party. ¢(-) is the report-manipulation function
that maps any pair of reports (5' 52) made by the buyers to the third party into a pair of reports to
the seller. We assume that ¢(-) can specify stochastic manipulations, as this convexifies the third
party’s feasible set. More precisely, let ¢> € ©? denote an outcome of #(-). Then, ¢(-) specifies the
probability p?(0', 62, $) that the third party, after receiving reports (8!, 62), , requires the buyers
to report é to the seller. When the manipulation is deterministic, i.e., p?(@',6%, ¢) = 1 for a
é € ©2, we write p(8', 62) = ¢ with some abuse of notation.

After the buyers have bought goods from the seller, the third party can reallocate them within
the coalition. Let x (491 62, qb) represent the quantity of goods that buyer i receives from the third
party when ¢ is reported to the seller. Finally, y (9' 62 ) denotes the monetary transfer from buyer
i to the third party; y' does not need to depend on qb because of quasi-linearity of a buyer’s payoff
in money. Since we assume that the third party is not a source of goods or money, a side contract
should satisfy the ex post budget-balance constraints for the reallocation of goods and for the side
transfers:

2 2
D xi(0'.0%.4)=0 and ) y'(6'.6°) =0,  forany (#' 6% € ©”andany ¢ € ©.
i=1 i=1

After a side contract § is proposed, at stage 5 each buyer accepts or rejects S; at stage 6,
the buyers report types either into M or into S depending on their decisions at stage 5. We are
interested in (collusive-continuation) equilibria in which both buyers accept S; thus, no learning
about types occurs along the equilibrium path.!' However, in order to decide whether to accept
or reject S at stage 5, buyers need to have some beliefs about what is going to happen off the
equilibrium path. Like Laffont and Martimort (1997, 2000), we make the following assumption:'2

Assumption WCP. Given an incentive-compatible M, if buyer i vetoes S (an off-the-equilibrium-
path event), then the other buyer still has prior beliefs about 67, and the truthful equilibrium is
played in M.

We let UM (9;) (j = L, H) denote the expected payoff of a j type in the truthful equilibrium
of M; thus UM (9;) is the reservation utility for a j type when deciding whether to accept S or
not.

! Notice, however, that there also exists an equilibrium in which both buyers refuse any side mechanism: if buyer
i is vetoing any side mechanism, then rejecting is a best reply for buyer j.

12WCP means weakly collusion-proof. In Jeon and Menicucci (2005), we prove that our results are robust to
removing Assumption WCP.

© RAND 2005.
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This coalition-formation model may appear unrealistic, as it may seem more natural to model
coalition by considering a specific bargaining model. However, we point out an important property
of the model we analyze: The revelation principle implies that, given a specific bargaining game
G, any allocation achieved by a Bayesian equilibrium of G can be obtained by a side contract
offered by the third party. Since we let the third party maximize the sum of buyers’ expected
payoffs, we are describing the upper bound of what the coalition may achieve under asymmetric
information. Furthermore, since we show that collusion does not hurt the seller, the property
implies that specifying any particular bargaining game between the buyers would not change our
main message.

3. The optimal mechanisms without buyer coalition

B In this section we characterize the profit-maximizing mechanism when there is no buyer
coalition. The seller’s expected profit with mechanism M = {q, t} is

1 =2p2(trr —cqrr) +2pr(1 — pr)tur +tom — cqur — cqru) +2(1 — pL)*(tun — cqun).

M should satisfy the following Bayesian incentive-compatibility constraints (BIC). For an H
type,

(BICy) prlOuu(gur) —turl+ (1 — p)Onu(qun) — thul
2> prlOgulgry) — ter ]+ (1 — p)Ogulqrn) — tLul; (D

for an L type,

(BIC.) prlOrulgrr) —trr ]+ (1 — p)Orulqrn) — trul
> prlOrulgur) —tyr 1+ (1 — p)OLulguu) — tunl. 2

M should also satisfy the following individual-rationality constraints (BIR). For an H type and
an L type, respectively,

(BIRy) prOpu(gur) — tyr] + (1 — p)Oru(grn) — thu] = 0, 3)
(BIR.) prlOru(qry) —tr ]+ (1 — pp)[Orulqru) — timl = 0. 4

The seller designs M to maximize IT subject to (1) through (4). We characterize the optimal
mechanisms in the next proposition.

Proposition 1. The optimal mechanisms in the absence of buyer coalition are characterized as
follows.

(1) The optimal quantity schedule q* = (q}; 4. 95,. 97 - 97 1) 1S given by

9nn =4qnL =45,  Where Oqu'(qy) = c,

I—pL
L

drn =911 =91 where <9L - A9> u'(gy) =c.

(i) Transfers are such that constraints (BICy) and (BIR) are binding.

Proof. See the Appendix.

© RAND 2005.
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In Proposition 1, g, (¢7) is the optimal quantity allocated to an H type (an L type) when
the seller faces a single buyer. Thus, Proposition 1 states that in the optimal mechanisms for the
two-buyer case, the quantity obtained by a buyer is equal to the quantity he would receive in the
one-buyer setting, independently of the report of the other buyer. In the one-buyer case, it is well
known that the payment the seller obtains from an H type is decreasing in the quantity received
by an L type because of (BICy). This induces the seller to evaluate an L type’s surplus with the
so-called virtual valuation

l1—pL
PL

92 = GL — AO < QL
instead of 87, and, therefore, to distort the quantity allocated to an L type below the first-best level,
since she equalizes the L type’s marginal virtual surplus to marginal cost.

The facts that g}, = 95, = 95,497y = 97, = 4], and (BICy), (BIR;) bind imply
that the expected payments of an L type and an H type, f{y = prtrp + (1 — pp)try and
ty = prtur + (1 — pp)tyy respectively, are equal to the payments of the two types in the
one-buyer setting: f; =t = 0ru(q;) and ity = t;; = Oyu(qgj;) — (Ab)u(q;). The seller has two
degrees of freedom in the choice of transfers to satisfy 7; = ¢; and 7y = ¢t};. For instance, she can
settrp =trp =t; andtyy =tyy = t};,so that each buyer’s payment does not depend on the other
buyer’s report. In what follows, we let M¢ = {q*, t*},where ¢/, =1, =1; andt$,, = 1%, =1},.
In M4, truth telling is a dominant strategy, since each buyer’s payoff depends only on his own
report. Basically, with M¢ the seller maximizes her profit by dealing with each buyer separately.

A simple intuition sheds light on the close relation between the optimal mechanisms in the
one- and two-buyer cases.! If there exists a mechanism {q’, t'} that is strictly better than the
mechanisms characterized by Proposition 1, then we can find a menu of two (possibly stochastic)
contracts'# that is strictly better than (¢}, #3;) and (¢;, t;) for the single-buyer model. However,
this is impossible by definition.

Last, we make an obvious (but important) observation about the optimal mechanisms in the
absence of buyer coalition.

Observation. In any optimal sale mechanism without a buyer coalition, an H L coalition can
increase its payoff by reallocating some quantity from an H type to an L type in the absence of
transaction costs.

Since

— DL

Opu'(qy) = <9L ! A@) u'(qp)=c

implies that an L type’s marginal utility for goods is strictly larger than an H type’s, an HL
coalition has an incentive to reallocate some quantity from an H type to an L type if there exist no
transaction costs in coalition formation. We emphasize that this incentive exists because the seller
reduces the quantity consumed by an L type below the socially efficient level in order to extract
more rent from an H type.In contrast, if she observed (6 1. 82) there would be no room for arbitrage,
since the first-best quantity schedule (g52, gF®) is such that 0y u’(qfB) = 0,u'(qf ) = c.

4. Coalition formation under asymmetric information

m In this section we first introduce formally the third party’s problem and then show that M¢
characterized above leaves room for arbitrage, in the sense that buyers can increase their payoffs
by manipulating reports and reallocating goods, at the expense of the seller. Therefore, this section
provides a motivation to look for a mechanism that performs better than M¢ in the presence of
buyer coalition. We will address this issue in the next section.

13 We thank the Editor Raymond Deneckere for pointing this out to us.

14 The menu is such that conditional on the report of 6 (91 ), the buyer receives quantity 4}y (g ;) with probability
pr and g, (q] ) with probability 1 — py and pays ppty,, + (1 — p)ty, (prtp, + (1 — pot) ).
© RAND  2005.
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Let p(6', 62) (respectively, p(8") withi = 1, 2) denote the probability of having (9!, 82) € ©
(respectively, the probability of having 6 € ©). We recall that p?(8', 62, ¢) denotes the
probability that the third party, after receiving reports (91 92) requires the buyers to report
¢ € ©? to the seller. When d) is reported to the seller, buyer i receives quantity g (¢) from the
seller and pays #' (¢) to her.

Definition 1. A side contract $* = {¢*(-), x"*(-), y'*(-)} is coalition-interim-efficient with respect
to an incentive-compatible mechanism M providing the reservation utilities {U Mg,), UM ©6m}
if and only if it solves the following program:

max Z p®', 0H[U' O + U*6)]

POX YO g1 L oo

subject to

U'©h =Y pOh 1 Y pPO, 67, §)0'ulg @) +x'(0', 67, 4) — t'(@)] — 'O, 07) ¢,

0/ecO $€@2
forany 0’ € @ and i, j = 1,2 with i # j;
(BIC®)

U'© = > p@h 1> pt@ 07, 910" uq (@) +x' @07, ) — (@) - y' (@, 0 ¢,

6icO $ece?
for any 61,0 € @2 and i, j = 1,2 withi # j;

(BIRY) UiH > uMeh, forany#' € ® andi =1,2;

(BB:x)  x'0"',6%¢)+x2©6", 0% ¢)=0, forany (0", 6%) € ©% and any ¢ € ©;
(BB:y)  y'(0",0%)+y*®", 6% =0, for any (9!, 6%) € ©%.

In words, a side contract is coalition-interim-efficient with respect to M if it maximizes
the sum of the buyers’ expected utilities subject to incentive, acceptance, and budget-balance
constraints. Let SO = {p() = 1d("), 'O =x2()=0,y'() =y*() = 0} denote the contract that
implements no manipulation of reports, no reallocation of quantity, and no side transfer; S° is

called the null-side contract and M is not affected by buyer coalition if the third party proposes
SY. The next definition refers to this class of mechanisms.

Definition 2. An incentive-compatible mechanism M is weakly!> collusion-proof if S° is
coalition-interim-efficient with respect to M.

In the rest of this section, we consider two interpretations of ¢, quality'® or quantity, and
examine whether or not M¢ is weakly collusion-proof in each case. The next proposition states
our result.

Proposition 2. Suppose the seller offers M“. Then:

(i) When g represents quality, M¢ is weakly collusion-proof.

15 The qualifier “weakly” comes from Assumption WCP in Section 2.

16 For instance, in Mussa and Rosen (1978), ¢ represents quality. Alger (1999) considers both interpretations,
although she focuses on the quantity interpretation.
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(ii) When ¢ represents quantity, there exists a side contract S¢ that increases the payoff
of each type of buyer (and reduces the seller’s profit) compared to when M¢ is played
truthfully; in S an HH coalition reports H L to the seller, an H L coalition reports
LL, and then quantities are reallocated within the coalitions.

Proof. See the Appendix.

Consider first the case in which g represents quality and hence reallocation of g is impossible,
or the case in which g represents quantity but buyers cannot reallocate it (for instance, electricity,
gas, water). In these cases, the only instrument of the coalition is manipulation of reports. Then,
Proposition 2(i) establishes that M is weakly collusion-proof. This result easily follows from the
property that in M“ a buyer’s payoff is independent of the other buyer’s report and no agent has an
individual incentive to report untruthfully, since (BICy) and (BIC,) are satisfied. Therefore, the
sum of the buyers’ payoffs is maximized by truth telling in every state of nature, and the null side
contract satisfies (BICS), (BIR®), and budget-balance constraints; thus, S° is coalition-interim-
efficient. Notice that collusion has no bite even though it occurs under symmetric information
among buyers. We note that Laffont and Martimort (1997, 2000) obtain similar findings when
they show that there exists a dominant-strategy optimal mechanism that eliminates any gain from
joint manipulation of reports if the agents’ types are independently distributed.

We now turn to the case in which g represents quantity and buyers can manipulate their
reports and reallocate quantity. In what follows, for simplicity of discussion we suppose that
buyers have symmetric information at the time of collusion, which is equivalent to saying that
the third party does not need to satisfy (BIC®) or that there are no transaction costs in coalition
formation. This simplification is innocuous, since the underlying logic holds true even when buyers
form the coalition under asymmetric information. One simple way to see why the possibility of
reallocation overturns the result of Proposition 2(i) is to notice that actually —when reallocation is
infeasible—an H H coalition (an H L coalition) is indifferent between truth telling and reporting
HL (LL)under M? because (BICy) binds. Since reallocation makes the coalition more powerful,
it is quite intuitive that now incentives to manipulate reports exist.

To be more clear, we graphically illustrate the result of Proposition 2(ii). In Figure 1, points
A and B represent the two quantity-transfer pairs (¢, t/) and (g}, t7;) respectively in mechanism
M?. If an HH coalition reports truthfully, each buyer will achieve B. If it reports HL and

FIGURE 1
GAINS FROM REALLOCATION UNDER THE MECHANISM M¢
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reallocates evenly the total quantity and the total payment, each buyer will obtain C, with
c_4qr+4n

t; +t}

C L H

- —_— and t - =
2 2

One can easily see from Figure 1 that each H type strictly prefers C to B, since C lies on a better
indifference curve than B. Formally, C is preferred to A or B, since C is a convex combination of
A and B, an H type is indifferent between A and B, and his preferences are strictly quasi-convex.

For an H L coalition, if it reports L L and does not reallocate quantity, each buyer achieves
A and obtains the same payoff as with truth telling. But since an H type’s marginal surplus for
goods is higher than an L type’s when both receive the same quantity, each buyer can achieve
higher payoffs by reallocating some goods from an L type to an H type (with an appropriate
money transfer from the H type to the L type): for instance, they can achieve D for the L type
and E for the H type.

5. The optimal weakly collusion-proof mechanisms

® In this section we present our main finding that the seller’s profit is not affected by a buyer
coalition. We first introduce a result that allows us to restrict attention to the set of weakly
collusion-proof mechanisms.

Proposition 3 (weak collusion-proofness principle). There is no loss of generality in restricting
the seller to offer weakly collusion-proof mechanisms in order to characterize the outcome of any
perfect Bayesian equilibrium of the game of seller’s-mechanism-offer cum coalition-formation
such that a collusive equilibrium occurs on the equilibrium path.

Proof. See the Appendix.

The idea behind Proposition 3 is that the third party has no informational or instrumental
advantage over the seller, since he must satisfy the incentive, acceptance, and budget-balance
constraints; therefore, any outcome that can be implemented by allowing coalitions to manipulate
reports and/or to reallocate goods can be mimicked by the seller in a collusion-proof way without
loss.

Proposition 3 implies that the seller cannot realize more profitin the presence of collusion (i.e.,
buyer coalition) than in its absence. Indeed, when the third party proposes S°, (i) the Bayesian
incentive constraints (BICS) in the side mechanism reduce to (1)-(2), and (ii) the acceptance
constraints (BIRS) are automatically satisfied with equality. Hence, under collusion the seller
needs to choose M to maximize her profit subject to (1)—(4) and the constraints that make M
weakly collusion-proof.!” Therefore, she optimizes over a set that is smaller than the one in
the absence of collusion, and her profit under collusion cannot be higher than the one without
collusion. From this argument we obtain the following corollary.

Corollary 1. Under buyer coalition, the seller’s profit is not larger than without buyer coalition.

The next proposition states that even though buyers can form a coalition, the seller can
achieve the same profit that she realizes in the absence of buyer coalition.

*ok

Proposition 4. There exists a transfer scheme t** —with 1/, <t/ < /] and t;%, < ], <t} —
such that M** = {q*, t**} is an optimal mechanism in the absence of buyer coalition and is
weakly collusion-proof.!

Proof. See the Appendix.

Proposition 4 says that the seller can implement the quantity profile q* as if there were

17 These are the constraints that induce no manipulation of reports and no reallocation of quantity. See Jeon and
Menicucci (2005) for the explicit characterization of the constraints.

18 The transfer scheme t** is defined later on in this section, as well as in the proof of Proposition 4 in the Appendix,
since it involves terms still to be introduced.
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no buyer coalition and can deter collusion at no cost, thus realizing the same profit as without
collusion. Hence, under asymmetric information, the ability to form a coalition does not help the
buyers to increase their payoffs. In particular, even though the third party aims at maximizing
the buyers’ payoffs and marginal rates of substitution are not equalized across buyers in an H L
coalition, no side mechanism can implement a desirable reallocation when the seller uses M**.
We now provide an intuition of the result of Proposition 4 in two steps.

No reallocation occurs if there is no manipulation of reports. As a first step, suppose that the
buyers do not manipulate their reports. Then we can show that no reallocation of quantity occurs
under M**. Obviously, no room for reallocation exists within the coalitions H H and LL, since
the seller allocates the same quantity to each buyer in these homogeneous coalitions. In the case
of the HL coalition, however, potential room exists for arbitrage, since an L type’s marginal
utility for the goods is larger than an H type’s. To understand why no reallocation occurs in this
coalition, it is important to recall that under asymmetric information, a side mechanism needs to
satisfy both (BICS) and (BIRY). Since (BIC‘Z,) binds in the side mechanism that is optimal with
respect to M** and the information rent an H type obtains by pretending to be an L type to the
third party increases in the quantity received by an L type, the third party evaluates an L type’s
surplus not with 67, but with a virtual valuation, which is smaller than 6; . Furthermore, since the
third party has the same prior beliefs about the buyers’ types as the seller and (BIRY) also binds,
an H type’s rent as a function of the quantity received by an L type increases with the same slope
both in the third party’s problem and in the seller’s problem with no coalition. Therefore, the third
party evaluates an L type’s surplus with the same virtual valuation 8, as the seller' and he thus
has no incentive to modify the allocation q* at which an H type’s marginal surplus is equal to an
L type’s virtual marginal surplus.

Alternatively, we can explain the no-reallocation result by directly computing the transaction
costs created by asymmetric information and showing that they are larger than the gains from
reallocation.” Consider reallocating a quantity Ag € (0, ¢};] from an H type to an L type
within an HL coalition. First, the gains from reallocation are given by G = 0;[u(g; +
Aqg) — u(g;)] — Oululqy;) — u(gy, — Aq)l, which is positive, at least for a small Ag, from
the inequality 0,u'(g}) > 0xu’(g},). Second, the reallocation also increases an H type’s rent,
since it increases the quantity consumed by an L type; we define this increase in rent as the
transaction costs T C created by asymmetric information. To compute 7C, suppose that an H
type pretends to be an L type to the third party while the other buyer reports truthfully. Then
the expected surplus of the former is equal to (1 — pp)0nu(q; + Aq) + prLOyu(g;), whereas his
expected payment is equal to (1 — pp)0ru(q; + Aq) + p 6 u(q;), determined by the binding
L type’s participation constraint in the side mechanism. Therefore, an H type’s expected rent
is AG[(1 — ppu(g; + Aq) + pru(q;)], higher than his rent Afu(g;) when Ag = 0, and
TC = A0(1 — pp)lu(g; + Aq) —u(q;)]. Last, the third party can implement the reallocation only
if the expected gain from reallocation 2p; (1 — p.)G is larger than the expected transaction costs
2(1 — pp)TC. Since 2p; (1 — pr)G < 2(1 — p)TC holds for any Ag € (0, g7, ], we conclude
that reallocation is infeasible.

No manipulation of reports is profitable. To understand why no manipulation is implemented
given M**, it is useful to define V;(x) as the total surplus that a jk coalition derives from a total
quantity x > 0 after optimally allocating x within the coalition, j, k = L, H. As we mentioned
above, the third party evaluates an L type’s surplus with 6; instead of 6, . Therefore, we have
Var(x) = max; o, Onu(z)+60;u(x —z) and Vp(x) = 26/ u(x/2), while Vg (x) = 205u(x/2)
as under symmetric information. A jk coalition prefers truth telling to reporting j’k’ if and only

19 See the proof of Proposition 4 in the Appendix for the formal derivation of an L type’s virtual value from the
third party’s point of view.

20 Makowski and Mezzetti (1994) and Williams (1999) use an argument similar to ours to prove (non) existence
of efficient mechanisms in environments that include Myerson and Satterthwaite’s (1983) one-seller/one-buyer setting as
a special case.
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if the following coalition-incentive constraint (CIC) is satisfied:
(CICjk,jw)  ViKqji +qij) — tjx — tej = Vielqjie + qijr) — i — b jr- (5)

As a first step, below we focus on the two downward manipulations that are mentioned in
Proposition 2(ii). When q = q*, an HH coalition prefers truthful report to reporting HL if
and only if the following inequality holds:

Vun(qy) — 2tun > Vuu(qy +q1) — tue — tn- (6)
An H L coalition reports truthfully rather than LL if and only if
Vur(qy +97) —tur — tew > Var(2qr) — 2tpr. @)

We notice that the transfers in M? violate both (6) and (7), but the seller can find transfers that
satisfy (6) and (7) and make (BICy) and (BIR;) bind. On the one hand, a suitable decrease in 5 5
and an increase in g , both with respect to ¢},, allow (6) to be satisfied while keeping (BICy)
binding, as it is necessary to achieve the same profit as without collusion. On the other hand,
an increase in #;; and a decrease in #; ;, both with respect to ¢;, allow (7) to be satisfied while
keeping (BIR, ) still binding. Formally, the seller can use two degrees of freedom in transfers to
satisfy (6) and (7) at no cost while using the remaining two degrees of freedom to leave (BIR})
and (BIC ) binding. Indeed, the transfers t** in Proposition 4 are defined as the (unique) profile of
transfers that satisfies all (BIR.), (BICy),(CICyy g1),and (CICy 1 1) with equality: consistent
with the intuition suggested above, we find ¢;3, < t; < t;] and ¢}y < t;; < 15

We graphically explain how t** deters an H H coalition from reporting HL.>! In Figure 2, A
and B are defined as in Figure 1 and represent the two quantity-transfer pairs under M“. Under
M** , after reporting truthfully each buyer in an H H coalition obtains the pair B’. This is better than
B because 17}, < t;; holds while each buyer, after reporting H L and sharing equally the quantity
and the transfer, obtains the pair C’,i.e., (¢} +q5,)/2, (¢} +t};)/2). Since by construction an
H type is indifferent between B’ and C’, an H H coalition will report truthfully under M**.

We now argue that the coalition incentive constraints we neglected are also satisfied by M**.
For this purpose, we note that (i) (6) and (7) (the local downward coalition incentive constraints)
bind in M**; (ii) a single-crossing condition for coalitions holds:*? V},,(x) > V},, (x) > V/, (x)
for any x > 0; and (iii) the quantity profile for coalitions is monotone: 2gj, > g5, + 47y >
2q; ;- Therefore, we can use a standard result from the theory of monopolistic screening (see
Maskin and Riley, 1984) to conclude that (5) is satisfied for any jk and j'k’.>

It is interesting to notice that there exist infinitely many transfer schemes t such that {q*,?}
is optimal under no coalition and weakly collusion-proof (for instance, it is possible to strictly
satisfy (5) for any jk and j’k’ without reducing the profit). However, the inequalities

/t\LH <l[>‘|< <?LL and ?HH <t;_} <?HL (8)
must be satisfied by any such't. The inequalities mean that upon reporting a type, each buyer faces

a lottery that determines his payment as a function of the report of the other buyer. In particular,
facing an L type is bad news because then the payment is higher than when facing an H type. This

2l we only examine (CICyy, 1) because representing (CICyy 1) in Figure 2 is much more difficult; this is
because in an H L coalition, goods are not reallocated evenly as in an H H coalition.

22 See the proof of Proposition 4 in the Appendix for the details.

23 An alternative strategy to prove that the seller is not hurt by a buyer coalition starts by characterizing the set of
weakly collusion-proof mechanisms and then verifying that M** is indeed weakly collusion-proof. This approach must
be followed in particular when the second-best outcome is not achievable under collusion, since then it is necessary to
optimize within the set of weakly collusion-proof mechanisms.
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FIGURE 2
TRANSFERS INDUCING AN HH-COALITION TO REPORT TRUTHFULLY
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feature results from the seller’s desire to deter coalitions’ downward manipulation of reports, as
we argue below in proving (8).

To show (8), let 7y = t}; +a, trp = tf +b, tyy = t; — pra/(l — pr), and
Ty = t; — pb/(1 — pp): therefore T satisfies (BICy) and (BIRy) with equality. Define
a = VyuQqy) — Vaulqy +qp) — @ —t7) and B = Vyr(qy +q;) — Var(2qy) — (t — t7).
Then, (CICyp. p1) and (CICyy 11) at q = q* reduce respectively to

(I-pa>—-a—pra—>b) and (1—p)B>—-b+(— pr)a—b).

Therefore, the set of (a, b) satistying (CICyy g1) and (CICy 1) is given by

ZE{(a’b)eRzl(1—pL>a+(1+pL>a 5> (1—pL>a—(1—pL>ﬂ}’

pL 2—-pL

and the point at which

(I =pa+(+pra Cbe (I —=pra—1—-p)p
PL 2—-pL

holds corresponds to the transfers t** of M**. Figure 3 represents Z graphically and, since « < 0,
B < 0Xand (1+py)/pr > (1 —pr)/(2— pr), any (a,b) € Z should be such that a > 0
and b > 0. Therefore, for any mechanism that is optimal under no coalition and satisfies (6)—(7)
(necessary conditions for weak collusion-proofness), its transfers t must satisfy (8). This implies
in particular that (i) M? is not weakly collusion-proof, since @ = b = 0 in M9, and (ii) ex post
individual rationality is violated for the L type in any mechanism that is optimal under no coalition
and weakly collusion-proof, since ¢; = 0 u(g}) < 71 holds.

Remark 1 (symmetric information in the coalition). Even though we focus on the role of
asymmetric information among buyers, it is interesting to look at the consequences of collusion

24Tt is straightforward to verify that & < 0. For the proof of 8 < 0, see the Appendix.
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FIGURE 3
TRANSFERS IN THE OPTIMAL COLLISION-PROOF MECHANISM
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taking place under symmetric information. For instance, suppose that the third party owns a
technology that allows him to elicit credible reports from the buyers as in Baron and Besanko
(1999).% In this case the side mechanism does not need to satisfy (BICS), implying that the third
party evaluates an L type’s surplus with the real valuation 6, rather than with the virtual value
0/ . The coalition incentive constraints under symmetric information are similar to those under
asymmetric information except that now, in defining V1 (x) and Vi (x), 0, is used instead of 6; .
Still, the seller can deter manipulation of reports at no cost as in the case of asymmetric information.
However, reallocation within an H L coalition takes place unless Oyu’(qur) = Oru’(qru), a
condition that reduces the seller’s profit with respect to the case without buyer coalition.

Remark 2 (strategic robustness). It is possible to verify that in M**, truth telling is a strictly
dominant strategy for an L type but iteratively weakly dominated for an H type. This undermines
the stability of truthtelling in M**, but we can exploit the multiplicity of optimal transfers to
find a mechanism in which truth telling is strictly dominant for an L type and serially weakly
dominant for an H type; see Jeon and Menicucci (2005). Since the definition of this mechanism
is parameter dependent and less intuitive with respect to M**, we preferred to focus on the latter
in Proposition 4.

Two-part tariffs. Two-part tariffs are sometimes proposed as a simple way to implement nonlinear
tariffs, or as a “real-life” mechanism as opposed to abstract direct mechanisms. In the model with
no buyer coalition, it is easy to see that the optimal outcome can be implemented by a menu of
two-part tariffs such that each type of buyer chooses the tariff designed for his type and buys the
quantity g, or g; according to his type. We note that the two-part tariff designed for an L type
needs a kink in order to prevent an H type from choosing the tariff designed for an L type and
buying more than g} .2

The next proposition states that a more complicated menu of two-part tariffs can be used to
implement the optimal outcome when coalition formation is possible. We continue to assume that

25 They assume that the third party who organizes an informational alliance can verify the private information of
each agent forming the alliance.

26 The two-part tariff for an H type takes the form Ay + pq, with Ay = tj; — cqj, and p = c. Since the tariff for
an L type needs a kink at the point ¢ = g; , the seller has some discretion in choosing the marginal price. For instance,
she can use Az + pg with Ay =1} — cqj and p = c forq < g}, p = Oyu'(q}) forg > qj.
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the seller can commit not to serve a buyer if the other buyer does not buy anything from the seller.?’
Let the seller offer tariffs Ty = {(Agn, pun). (Agr, pur)yand Ty = {(Aru, pru). (AL, pro)}
where, for instance, Ay and pyj represent the fixed fee and the marginal price that a buyer
choosing Ty pays if the other buyer chooses T} . In particular, we consider the tariffs {7;*, T;*}
such that

ATp =13 —cq], for j,k € {H,L},

I forg < gq; . ©
Pjr = {QHu'(qz) forg > q; for j.k € {H, L}.

Proposition 5. Suppose that the seller offers {7/, T,*} instead of M**. Then, regardless of
whether or not the buyers can form a coalition,

(i) each buyer accepts the offer, and
(ii) each buyer with j type, j € {H, L}, chooses the tariff T;™ and buys quantity g;.
Proof. Omitted (see Jeon and Menicucci, 2005).

Menu (9) is such that (i) the fixed fee a buyer pays depends on the tariff chosen by the
other buyer (which is necessary because ¢** requires this sort of dependence) and (ii) the tariff
each buyer faces has a kink.?® The kink is necessary in order to deter downward manipulation of
reports. For instance, suppose there is no kink in 7. Then, since A}/, > A}, + A7%, holds,
an H H coalition has an incentive to coordinate the buyers’ purchases such that only one buyer
chooses T};*, and he buys more than g}, and shares it with the other buyer who chooses 7;*.%
This deviation is prevented by the increase in the marginal price at g = g}, —the kink—from c to
Onu'(qy).

6. Extensions

m  In the previous sections, for simplicity we considered the two-buyer/two-type setting with
C(q) = cq and U(g, 0) = Bu(qg). However, Proposition 4 can be extended to an environment
with n buyers and two types, to the setting with general cost and utility functions that satisfy the
conditions introduced in Section 2, and to the setting with two buyers and three types.

O  n-buyer case. When the seller faces n > 2 buyers, we obtain the result of Proposition 4 if
we assume that the grand coalition (the one including all the buyers) is the only feasible coalition.
More precisely, if at least one buyer rejects the side mechanism, then no other attempt to organize
a partial or complete coalition is pursued and the truthful equilibrium of the sale mechanism is
played. The seller still has some residual degrees of freedom in the choice of transfers in the
absence of collusion, which she can use to deter collusion at no cost as in the case of n = 2. For
more details, see Jeon and Menicucci (2005).

O  General cost function C and utility function ¢4. We can show that Proposition 4 holds if
(i) the cost function satisfies C(0) = 0, C'(g) > 0, and C”(g) > 0 for any ¢ > 0, and (ii) the
utility function satisfies U;(g, 0) > 0 > U;1(q, 0),U(0,0) =0,Us(g, 0) > 0, and U;»(qg,0) > 0
for any (g, 0). In this environment the optimal mechanisms in the absence of buyer coalition are

27 As we said in footnote 10, our results hold even if this assumption does not hold but the seller can observe
whether or not a buyer uses her goods. This makes it impossible for a buyer to use a positive amount of the goods without
paying any fixed fee to the seller as in Rey and Tirole (1986).

28 Actually, no kink is needed when both buyers choose T;;*: we can have pyy = c for all ¢ > 0. However, in
this case both the fixed fee and the marginal price paid by a buyer choosing 7};* depend on the tariff chosen by the other
buyer, whereas in (9) the marginal price depends only on his choice.

2 Likewise, if there were no kink in T}, the buyer who pretended to be an L type may buy more than g; and then
share with the other buyer.
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still such that (BIR;) and (BIC) bind; the optimal quantity profile q* satisfies

UiGFrus 1) = C'Qagy),
U (qs,,0 1-— U (g5, 0
U1(61:1L,9H) _ l(qLH L) _ ( pL) l(qLH H)
PL PL

=C'(qhL +4q1n)

and
Ui(gr.0) (= p)Ui(qr, . On)
pL pL

In the case that p; is sufficiently large that U(q, 0,) — (1 — pp)U(q, Oy) is a concave function
of g, we can prove that (i) 2q5,, > q5, +q;y > 2q;,; (ii) the single-crossing condition for
coalitions still holds in this general environment and the seller can deter all report manipulations
at no cost by using the two residual degrees of freedom in transfers to satisfy (CICyy mr)
and (CICyy 1) with equality; and (iii) given that the transfer scheme induces truthful reports,
the third party is unable to implement any efficient reallocation in an H L coalition, since the
transaction costs created by asymmetric information are larger than the gains from reallocation.
If instead U(q, 6.) — (1 — pr)U(q,Ou) is not concave in ¢q, then g}, + g/, > 2q;, might
not hold and, moreover, the single-crossing condition for coalitions is not necessarily satisfied.
Nevertheless, we can still find a weakly collusion-proof optimal mechanism: for instance, if
g5 + 4915 < 2q;,; holds, the optimal mechanism with the transfers satisfying with equality
(BIRL),(BICy),(CICH g, LL),and (CICL 1 g1) is weakly collusion-proof (see Jeon and Menicucci
(2005) for details).

Notice that, in particular, Proposition 4 holds in an auction setting in which a single object
is up for sale: g € [0, 1] is the probability to win the object and U(q, 8) = 6 .*°

=C'(2q5 ;).

O The case of three types. Mechanism-design problems under collusion often turn out to
be qualitatively more complicated when there are more than two types than when there are only
two types. For instance, Laffont and Martimort (1997, 2000) limit their analysis to the two-type
setting because it is difficult to determine the binding-coalition incentive constraints when there
are more than two types. Here we briefly explain how —in our model —Proposition 4 extends to
the three-type setting. The main difficulty is related to the fact that the single-crossing condition
for coalitions holds only partially.

Now the valuation 6 of buyer i lies in ® = {0, 0y, 05}, with Oy > 6y > 6, > 0.
The types 6 and #? are identically and independently distributed with p; = Pr{6’ =6,} > 0,
pu = Pr{0 =6y} > 0,and py = Pr{# = 6y} > 0. In the absence of buyer coalition, the
virtual values of an M type and an L type are given by

_ PHt+Pm

0 = Oy — i—H(eH o) 0 =6, (O — 61).
M

Clearly, 6y > max{6},, 6] },but the order between 0}, and 6} depends on the parameters; if 6}, >
67, then virtual values are said to be monotonic; if 0¥, < 67, thenlet8},, = (pL6} + puO},)/(pL+
pum). In any case, we assume min{6},u’(0), 6;u’(0)} > ¢ so that each type receives a positive and
bounded quantity in case of no coalition.

As in the previous sections, we can restrict attention to symmetric direct-revelation
mechanisms; hence a sale mechanismis M = {q, t},withq = {qjx} jx=r.m, 1.t = {tjx }ji=r.m.1
and g i (¢;x) is the quantity received by a buyer (his payment) if he reports j and the other buyer
reports k. Let #; = prtjp + putjy + putjn and i; = prulq;r) + puu(qim) + pau(qin),

30 In this environment the seller does not need to exploit the information asymmetry between the buyers. Indeed,
under no buyer coalition, there exists no potential room for arbitrage in an H L coalition because the marginal surplus of
each type is constant and a corner solution achieves the first-best allocation and is optimal for the seller.
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j =L, M, H.Then the expected profit is written as

1 = 2(pLi + puim + putn) — 2¢lpiqrr + prLpm(qrm + qur) + pLpu(qur + qru)]
— 2¢[pyqum + pupu(Guu + qum) + Phquul.

The Bayesian incentive-compatibility and participation constraints are

(BIC) Qjﬁj—fj Zejﬁj’_;j’y j,j/ZL,M,H
(BIR)  6;a; —1,>0, j=L,M, H.

The seller maximizes IT subject to (BIC) and (BIR). The next proposition characterizes the optimal
mechanisms in the absence of buyer coalition.

Proposition 6. The optimal mechanisms in the absence of buyer coalition are characterized as
follows:

(i) The optimal quantity schedule q* is suph that g7, = qy for j = L, M, H, wher‘e
Onu'(q5) = €3 4y = Qs q;; =qj for j =L, M, H with Oyu'(qy) =60;u'(q;) = cif
0y > 6; but gy, = q; with 6}, u'(q7) = c if instead 6}, < 6, .
(i1) Transfers are such that constraints (BICg ), (BIC 1), and (BIR;) bind.
Proof. Omitted (see Jeon and Menicucci, 2005).

As in the two-type case, the weak collusion-proofness principle holds; thus it is impossible
for the seller to realize more profit under a buyer coalition than in its absence. However, we can
still prove that buyer coalitions do not hurt the seller.

Proposition 7. There exists a transfer scheme 7** such that M** = {q*, t**} is both an optimal
mechanism in the absence of a buyer coalition and weakly collusion-proof.

Proof. Omitted (see Jeon and Menicucci, 2005).

Below we provide an intuition of the result: the intuition is similar to the one for the two-
type case, although some technical details of the proof are more complicated. Given M**, the
virtual values of an M type and an L type from the third party’s viewpoint are equal to 6, and
0], the virtual valuations from the seller’s viewpoint; hence the third party will not reallocate
goods conditional on there being no manipulation of reports. If we let 8}, = 0y, the surplus a
Jk coalition obtains from owning quantity x > 0is Vj(x) = max,co Gfu(z) +60lulx — z),
J.k = L, M, H; the coalition incentive constraint preventing this coalition from reporting j’k’
is ij(qjk + qkj) — tjx — I > ij(qj’k’ + qk’j’) — i — Iy Since there are six degrees of
freedom in transfers in the optimal mechanism(s) under no coalition, the seller can use them to
satisfy all of the coalition incentive constraints. However, now the single-crossing condition for
coalitions holds only partially because it does not provide an order between coalitions H L and
M M . This makes it more difficult to find the right transfers than in the two-type setting, although
it is possible. We conjecture that our result will hold even when there are more than three types.

7. Concluding remarks

B We found that if the seller uses simple sale mechanism in which the quantity sold to a buyer
and his payment depend solely on his own report, buyers can realize strict gains at the seller’s
loss by coordinating their purchases and reallocating the goods. However, we showed in various
settings that when the seller judiciously designs her mechanism by exploiting the transaction costs
in coalition formation, buyer coalitions do not hurt her and, in particular, the buyers are unable to
implement efficient arbitrage.

Our main result holds provided there is no restriction on the set of mechanisms available to
the seller, which seems to be a reasonable assumption for a situation in which the seller deals with
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a small number of buyers. For instance, when marginal cost is constant, in the optimal collusion-
proof mechanisms a buyer’s payment has to depend on the other buyer’s report, while the quantity
he receives is independent of such a report.?! Although this feature looks unnatural, we point out
the fact that the same feature also exists in Vickrey auctions, where the price that a winner pays
depends on other bidders’ bids.

Our findings suggest that buyer coalitions are likely to emerge either when the buyers
share better information about each other’s preferences than the seller has, or when the seller
is constrained to use a restricted set of contracts. For instance, when there is a large number of
buyers, the seller may have incomplete information about their number and identities. This would
impose restrictions on the set of contracts available to the seller, as in Alger (1999). It would
be interesting to study the case in which the seller can use only individual contracts, i.e., such
that the quantity sold to a buyer and his payment do not depend on what other buyers do. In this
setting, the collusion-proofness principle might not hold*? and therefore the optimal mechanism
might involve letting collusion occur.>?

Appendix

m  Proofs of Propositions 1, 2, and 4 follow, along with the proof that 8 < 0, where 8 is defined shortly after (8).

Proof of Proposition 1. The arguments of the proof for the single-buyer model show that (B/Cy) and (BIR;,) bind in the
optimum. When the transfers in IT are replaced with those obtained from (BICy) and (BIRy) written with equality, the
conditions in (i) emerge as necessary and sufficient conditions for the optimum and (B/Cy) and (BI Ry ) are automatically
satisfied. Q.ED.

Proof of Proposition 2. (i) As is mentioned in the main text, in M¢ a buyer’s payoff does not depend on the other buyer’s
report. Thus, no agent has an individual incentive to report untruthfully given that (BICy) and (BIC|) are satisfied.
Therefore, the sum of the buyers’ payoffs is maximized by truth telling in every state of nature and S is coalition-interim-
efficient.

(ii) The side mechanism S¢ = {qbd(Ol, 6%), xi (o', 62, 5), yidor, 92)} mentioned in the statement of Proposition
2(ii) is formally defined as follows. For simplicity, let ¢;’k =940}, ), x;‘;_a = x'9(9;, 6, $) and yjf,g =48, 6¢) with
j.ke{H, L}.

Reports manipulations: ¢$H =0y, 01), ¢Z,L = (bZH = ¢ZL = (0, 0.)3*

Reallocation of goods:> x}fH = —(q5 —q;)/2, x%}iH =(qy —q;)/2; x}leL = X% > 0, with % close to O,x%}iL = —X;
2d — _ o 1d _&. . 1d _ 2d _

Xpg = —¥gp =%ixgg =xpp =0
; Cyld 24 _ Lyld —\2d & 2d _ ld _— _o.o1d _ \2d _

Side transfers: y iy = —(ty —17)/2, Vit = W5 —11)/2: Vi = Vi = 3 VeL = Vi = =¥ v, = yi7 = 0, where

¥ > Ois still to be defined.

In words, an H H coalition reports H L; then goods and payments are equally shared between the buyers. A coalition
HL or LH reports LL; then goods are slightly reallocated from an L type to an H type and the H type pays J to the L
type.

We prove that for a small X > 0 there exists a y > 0 such that (BIC?) are satisfied and (BIR®) are slack—(BB : x)
and (BB : y) are satisfied by definition. Therefore, S is feasible and strictly increases the payoff of each buyer type with
respect to playing M? noncooperatively.

31 We note that when marginal cost is variable, (i) our main result holds, (ii) without buyer coalition, both the
quantity received by a buyer and his payment depend on the other’s report under dominant strategy implementation, and
(iii) the optimal collusion-proof mechanisms also require such a dependence.

32 The principle does not hold, for instance, if the third party can make a buyer’s (side) transfer dependent on the
other buyers’ reports while the seller cannot.

33 Another direction for extension is to consider different timing for buyer coalitions, as Laffont and Martimort
(1997) discuss. To focus on coordination of purchases and reallocation, we adopted the timing chosen by Laffont and
Martimort (1997, 2000) but the analysis can be extended to a timing in which buyers can form a coalition after receiving
the seller’s offer and before deciding whether to accept or reject the offer. Independently, deQuiedt (2002) recently studied
collusion with this timing in auctions.

- 3‘LWe recall that when the manipulation is deterministic, i.e., p"’(g',gz, 5) = 1 for some $ € ©®2, we write
@0, 6%) = ¢ (see Section 2).
35 Since the report manipulation is deterministic, we do not write 5 inx
© RAND  2005.
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Letgy = g] +%.qL = q] — % and consider constraint (BIC;?):

—~ 0
pLlOnu@Gr) — OLu(q]) — 31+ (1 — pr) {9Hu (‘“ 2"”) — 0Lu(q}) = SHlu(g) — u(gp)]

> pr(AOu(gr) + (1 — pp)Bru(@r) — Oru(gr) + 1. (A1)

Lety =9 = 0ylulqy) — u(qr)] > 0, so that (i) the right-hand side of (A1) is equal to UMd Oy) = (AQ)u(qZ)' (ii) if
X =0, then (A1) is strictly satisfied, so when X > 0 is close to zero, (A1) is still strictly satisfied and (BIR ) is strictly
satisfied as well; and (iii) (BIR ) holds strictly. Given a small ¥ > 0, consider increasing y above y until the point at
which (A1) binds. Then (BIR ) still holds strictly, since the right-hand side of (A1) increased above U Ml (GH) clearly,
(BIR ) holds strictly as well, since now y > 3. To prove that (BICS) is satisfied, add up (BICS) and (BIC ) (which
binds) to obtain an inequality that holds strictly because gz > g} and (¢} +q};)/2 > gL . Therefore, 59 satisfies (BICS)
and (BIRS) and the payoff of each type of buyer is strictly larger than from playing M¢ noncooperatively.

Thus, with M?, the buyer coalition strictly reduces the seller’s profit because (i) in the states of nature in which
reports are manipulated, the quantity sold to buyers is smaller than under truth telling, which reduces the surplus generated
by the trade, and (ii) each type of buyer obtains a higher payoff than with truth telling. 3¢ Q.E.D.

Proof of Proposition 3. The proof is omitted, since it is a straightforward adaptation of the proof of Proposition 3 in
Laffont and Martimort (2000). Q.ED.

Proof of Proposition 4. The transfers in M** solve the linear system in t with (BIRy), (BICy), (CICyy, L), and
(CICy 1) written as equalities and q = q*. This system of four equations and four unknowns has full rank; thus a
unique solution t** exists, which we report for completeness:

e (+p00L—G—pDon (G- po)
= 5 L u(qL)+9H%u(q}§)
qy +q; . pr(1—pr)
+(1 = pp)2 — pp)fpu(~ Ly ¢ 2L Vi 4p),
o (L3O +QpL+pE — DOy, p—pr)
trg= > L u(qL)+9H%u(qH)
qy t4; pr(1+pr)
= (= prfgu(—=E) — L S L VuL24p),
+2)0, — (1 — 2+ pL)o 2+42p — p?
= (pL+2)0 — (1 — pL)2+pL) Hu(qz)+9H pL — Pr u(gl)
2 2
a5 +4q; p? .
— pL(2— pL)bnu (%) - TLVHL(zqg,
(p? +2pL — 1O} (1—pp)? ay+ai\ 11— p? .
rLL—%u(qz)—eﬁTLu@:,)m — pL)Oyu % +TLVHL<2qL>.

By Proposition 1, M** is optimal under no coalition. We prove that M** is also weakly collusion-proof, which
means that SO is optimal for the third party given M**. Since an L type’s incentive constraint is not binding in M**, the
incentive constraint of an L type will be slack in the side mechanism as well. In what follows, for the sake of brevity let

3 denote x'(0;, 6, #) with J,k € {H, L}.Likewise, p 3 denotes p?(0;, 6, $).

The third party maximizes the following objective:

EW + U= =p)’ Y pY, sl0nu@ @) +xy,5) — 1' @)+ 0au@® @) + 7, 5) — (@)

$ce?
+p(l=p1) Y Py sl00u@ @)+ 5) = 1@ +0uu@’ @) + 7 5) — PP
$ee?
+ (U= pr) Y Py, 510nuq @) +xyy, 5) —1'@) +0Lu(g* @) + 3y, 5) — @)
$ce?
+pL Y Py, 0@ @) + 3y, 5 — 1@+ L@ @) + 37, 5) — (@)

$c6?

36 Actually, S may not be the optimal side mechanism against M 4 1In particular, goods are not efficiently reallocated
within an H L coalition, since otherwise we are not sure of whether (BIRS) and (BICS) can all be satisfied. However,
if the third party chooses the optimal side mechanism against M, then the profit is still smaller than if M9 is played
noncooperatively.
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subject to the following constraints.

(i) Budget-balance constraints: for the quantity reallocation,

2
x'(0',6% ¢)=0,  forany(9',0%) € ©*andany ¢ € ©%;
i=1

1

for the side transfers,
2 .
> oyl eh =0, for any (', 6%) € ©2.
i=1
(i) H type’s Bayesian incentive constraint for buyer 1: (B/ C]S ©n))

pL Y Py sl0nua @) +xy, ) —1'@) — iy,

$e0?
+(=pr) Y P 50nu(g @) +xyy ) —1'@) — yiy)
pco? ’ '
>pr Y Py, 50nu(g' @) +xp; 5) —1' @) — vl
$ee? :
+(=p0) Y Py 510ru( @) +x)y ) —1'@) — yiy)-
peco? ’

(iii) H type’s acceptance constraint for buyer 1: (BIRIS ©n))
pL Y Py sl0nua @) +xy, ) —1'@) = yiy.]
$c0e?
+ (1= p) D7 Py sl0nu @) + )y, 5 — 11 @) = yhy) 2 UM On).

$e6?

(iv) L type’s acceptance constraint for buyer 1: (BIRlS L))
pr Y Py, Sl0nug @) +xp, 5) —1'@) — yi,]
pece2
+(=p1) Y Py, 510 @) +xp, 5 = 1'@) = yigl 2 UM 6L).

$ee?

(v) H type’s Bayesian incentive constraint for buyer 2: (BICg Or)).
(vi) H type’s acceptance constraint for buyer 2: (Ble ©n)).
(vii) L type’s acceptance constraint for buyer 2: (BIRS(61.)), where (BIC5(6)), (BIRS(6)), and (BIRS(6)) are
defined in the same way as (BIC{(0)), (BIRS (0)), and (BIRS (0..)) are defined.

We introduce the following multipliers: _
(a) p*(6', 62, ¢) for the budget-balance constraint regarding the quantity reallocation in state 0, 62, ¢).

(b) pY (6!, 62) for the budget-balance constraint regarding the side transfers in state 6'.6%).
(c) &' for the H type’s Bayesian incentive constraint concerning buyer i .

(d) UZ for the H type’s acceptance constraint concerning buyer .

(e) vi for the L type’s acceptance constraint concerning buyer i.
We define the Lagrangian function £ as follows:

L=EU +Up)+ Y 8" (BICHOu)+ Y vy (BIR)Ou)+ Y vi (BIRS)6L)
i=1,2 i=1,2 i=1,2

+ Y Y 00N PBB O 0P+ Y p O 0BB )67,

01,02)c0? $ce? ©',02)c0?
. ol n2 o . ;
Step I (first-order conditions for y' (6", 6-)). After optimizing with respect to y3, ,, we have
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ohy — 81— pr)—vh(1— pr)=0, fori=1,2.

After optimizing with respect to y}q ;, and y%, 1, respectively, we have

i —8'pL — vl pL =0

Py +8(1 = pr) = vi(1 = pr) =0.
After optimizing with respect to y}‘ y and yz y respectively, we have

Py +8'(1— pr) —vp(1— pp)=0;

ply —8°pL — viypL =0.
After optimizing with respect to yz > We have
sz‘*‘sil’L*UiPL:O, fori =1,2.

In what follows, without loss of generality, we consider the symmetric multipliers

— sl _s2 — 1 2 — .2
§=06 =6, vy =vy=vy, v =v=0].

From the above equations, we have
pr+vp) =1 — pL)vy —9). (A2)

Step 2 (the optimal reallocation given the manipulation p?©6', 62, 5)). For simplicity, let p}‘k 3= 0% (0;, bk, $). After

optimizing with respect to xi{ wg Ve have?’

P+ pleya(l — pr+8+v)1 — pr)ouu' (¢ (@) +x;m_$) =0, fori=1,2, andany ¢ € .

These equations imply ¢! ($)+x1 ~ = 2($)+x§”{ 3 for any :15 € ©2.Since x! +x2 = 0 from the budget-balance

HH,.$ HH.¢ ~HH.$

constraint, we have g’ (a) + x;m 3= (ql(a) + qz(a)) /2 for each </~5 Hence, any total quantity that is available to an H H
coalition is always split evenly between the two buyers. A similar result holds for an L L coalition, since after optimizing

; i
with respect to X g Ve have

PEL@ + PﬁL,a(PLQL — 80 +vr0p)pru'(q' (@) +XZL_5) =0, fori =1,2and any ¢ € ©.

Summarizing, we find

13 203
N LR N -
qt(¢)+x;1Hv$—f, fori =1,2and any ¢ € ©
17 207 a3
L 4@ +d*@) . ~
qu*’%L,Z&“f’ fori = 1,2 and any ¢ € ©-.
imizi ; 1 2 :
After optimizing with respect to x HLF and x HLE respectively, we have
P”;,L,a + Pf,Lya(l — pr+8+vp)pLOpu'(q"(§) + xll“@) =0, for any ¢ € ©2,
Pyr* Py 3PLoL =805 +vr00)( = p)u'@*@) +xy, =0, forany § € ©°.
By using (A2), from the two above equations we obtain
= 1—pL ~ ~
11 1 _ 1o.2 2 2
Ouu'(q" @) +x}y, ) = (BL - p—L(Ae)s> @@ +x%, 5. forany § € O2, (A4)

37 In homogeneous coalitions such as an H H or an LL coalition, the reallocation cannot lead to corner solutions.
In an H L coalition this is conceivable, but it is not going to occur when the seller designs the sale mechanism optimally.
Hence, we only consider interior solutions for the reallocation problem.
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where ¢ = §/(1 — pr + 6 +vy) € [0, 1). Thus, any total quantity available to an H L coalition is split according to (A4).
Because of symmetry, a similar condition holds for an L H coalition.

Step 3 (given M**, no reallocation is implemented conditional on truthful reports, and no manipulation of reports is
profitable). From (A3) it follows that no reallocation is implemented within an H H coalition or an LL coalition if
no manipulation occurs (formally, (A3) is satisfied with x}{H_HH = x%{HYHH = xiL_LL = sz,LL = 0), since M** is
symmetric. From (A4) we see that—if an H L coalition reports truthfully —goods are not reallocated in the coalition if
& =1because 0, —[(1 — pr)/pLl(Af)e = 6] whene = 1 and 9Hu'(q,*1) = GZu’(qz),from Proposition 1. In other terms,
the third party does not modify the allocation q* decided by the seller, since he evaluates an L type’s surplus with the
same virtual valuation as the seller. Note that the seller has some flexibility in choosing & € [0, 1), since S is optimal for
the third party if and only if it satisfies the necessary and sufficient conditions for optimality in the third party’s problem
for at least one ¢ in [0, 1).38

By examining how the Lagrangian function £ depends on pd’

HH
reports ¢ € O tothe seller in order to maximize 205 u[(g' (¢) + g*($))/2]1—t' (@) —t*(d).or Vi (" (§)+q>(@))—t ' (d)—
12(¢) after defining Vi 7 (x) = 20 u(x/2). Likewise, if we let Vi (x) = max;eo,x] O u(z) +0;u(x —z) and Vpp(x) =
267 u(x/2),the reports of an H L coalition and an L L coalition are chosen to maximize Vg [q 1 (<~p)+q2((~b)] —tl () —12(P)
and V; ;1 [¢1(@) + ¢*(@)] — t'(¢) — t2(), respectively. The coalition incentive constraint (5) emerges from requiring that
a jk coalition reports truthfully rather than j'k’.

To show that M** satisfies all the coalition incentive constraints, we first need to prove the following single-crossing
condition for coalitions:

3 and recalling (A3), we see that an H H coalition

Vi) > Vi (x) > V[, (x) for any x > 0. (A5)

We have V}, ,(x) = 0gu'(x/2) and V/; (x) = 6]u’(5). For an HL coalition, consider for simplicity interior allocations
(but the proof is easily adapted to the noninterior case). Then gy (x) and gr(x) are such that gy (x) + gr.(x) = x,
Ou'[qr(x)] = 6)u’[gr(x)], and the envelope theorem implies V;; (x) = Oyu'[qu(x)] = 67u’[qr(x)]. Since u’ is
strictly decreasing and 6y > 6}, qy(x) > x/2 > qr(x) must hold; hence V},,(x) = Oyu’(x/2) > Oyu'lgn(x)] =
Opu'lqL ()] > Ou(x/2) =V}, (x).

Armed with (A5), we recall that (i) the transfers in M** are such that the local downward coalition incentive
constraints (CICy i) and (CICy 1) bind, and (ii) 2¢7,,, > qj;, + 47 5y > 2q] - These properties suffice to invoke
a result from the theory of monopolistic screening (see Maskin and Riley, 1984) to conclude that (5) is satisfied for any
jk and j'k’. Thus, M** is weakly collusion-proof. Q.ED.

Proofthat B < 0. Letg(z) = Vi (2q} +2)— Vur(2q})— 0y [u(g] +2) — u(g})]; we want to show that g(¢}; —g}) < 0
because 8 = g(g}; —q;)-Since g(0) = 0 and we can prove that g’(z) < Oforallz € [0, qy — q,’j),we obtain g(qy; —qy) <
0. We find g'(z) = Oyu’ [qH(Zqz + z)] — 9Hu’(qz + z), where gy (x)—as in step 3 of the proof of Proposition 4—is the
quantity the third party gives to an H type in an H L coalition given the total quantity x available to the coalition, hence
Onu'[qu(x)] = 6Yu'[gL (x)] holds. g'(z) < Ois equivalent to g5 (2g} +2) > ¢ +2, which holds forall z € [0, g5 — g} ),
since otherwise we have Oy u’ [qH(ZqZ + z)] > Opu'(q} +2) > Onu'(qy) = 0)u'(qy) > 0} u’ [qL(ZqZ + z)],aviolation
of Oy’ [qr (x)] = 0¥ u'[qL(x)] for x = 2g; + z. Q.ED.
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