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Random Structures and the Probabilistic Method

Session 1: Introducing the probabilistic method

1. Using first moment

The general idea of the probabilistic method is to give (nonconstructive) proofs of deterministic statements

by introducing an appropriate probabilistic space and deducing the existence of some aimed structure by

showing that its probability is strictly positive.

Some celebrated examples of the application of this method to problems in combinatorics, number theory

and geometry, which simply use expectation (first moment) of random variables, will be discussed.

An r–coloring of a set X is simply a partition of X into r sets. We usually think of the partition as given

by a function (coloring) c : X → [r]. Every part c−1(i) is a monochromatic class of the coloring.

Theorem 1.1 (Ramsey, 1929). For each pair k, l of positive integers there is a positive integer n(k, l) such

that the following holds. For every 2–coloring of the edges of the complete graph of order n ≥ n(k, l) with

red and blue, if there is no red clique of order k then there is a blue clique of order l.

The minimum value of n(k, l) for which the statement in the above theorem holds is the Ramsey number

R(k, l).

Theorem 1.2 (Erdős, 1947). We have

R(k, k) ≥ k2k/2.

It had been shown by Erdős and Szekeres that R(k, l) ≤
(
2(k−1)
k−1

)
so that

√
2 ≤ lim inf R(k, k)1/k ≤ lim supR(k, k)1/k ≤ 4.

Up to now there is no significant improvement on the above bounds.

A well–known result in arithmetic Ramsey theory states that, for any finite partition of the positive

integers and each positive integer k, one of the parts contains an arithmetic of length k. The finite version

of van der Waerden theorem can be stated as follows:

Theorem 1.3 (van der Waerden, 1927). For each k and r there is a positive integer W (k, r) with the

following property. For each N ≥ W (k, r), every r–coloring of [1, N ] contains a monochromatic arithmetic

progression of length k.

A simple probabilistic argument gives the following lower bound for the van der Waerden numbers.

Theorem 1.4. W (k, 2) > 2k/2.

The best upper bound for W (k, 2) is due to Gowers and is a tower of height 5: W (k, 2) ≤ 22
22

2k+9

. It

is conjectured that the real value is of the form W (k, 2) ∼ 2k
2

. There is a better lower bound of the form

W (k + 1, 2) ≥ k2k for k a prime due to Berlekamp.
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A subset A of an abelian group is sum–free if it does not contain three elements x, y, z with x+ y = z. In

other words, A ∩ (A+A) = ∅.

Theorem 1.5 (Erdős, 1965). Every set B of n positive integers contains a sum–free set A ⊂ B with

|A| > n/3.

Erdős asked in his 1965 paper how good is the lower bound. Sean Eberhard, Ben Green, and Freddie

Manners showed in 2013 that it is essentially tight.

A family F of sets is intersecting if, for every pair A,B ∈ F we have A ∩B 6= ∅.

Theorem 1.6 (Erdős-Ko-Rado, 19??). Let F be a family of k–sets of [n]. If n ≥ 2k and F is intersecting

then

|F| ≤
(
n− 1

k − 1

)
.

The bound in the theorem is clearly tight, achieved by the family of all k–sets which have a point in

common.

Theorem 1.7. Let v1, . . . , vn be n vectors in Rn with |vi| = 1. There is a choice of ε1, . . . , εn ∈ {−1, 1}
such that

|ε1v1 + · · ·+ εnvn| ≤
√
n.

Theorem 1.8. Let A be a n×n matrix with entries in {−1, 1}. There are vectors x, y ∈ {−1, 1}n such that

yAx ≥

(√
2

π
+ o(1)

)
n3/2.

2. Exercises

(1) Show that, for each k ≥ 4 we have R(4, k) ≥ Ω((k/ log k)3/2).

(2) Let G be a finite abelian group of order n. Prove that, for each pair A,B of nonempty subsets of G

there is g ∈ G such that

1− |A ∩ (B + g)|
n

≥ (1− |A|
n

)(1− |B|
n

).

(3) Let F be a family of sets in 2[n] such that no two distinct sets A,B ∈ F satisfy A ⊂ B (the family

F is an antichain in the Boolean lattice). Prove that

|F| ≤
(

n

bn/2c

)
.

(4) Let A be an n×n matrix with pairwise distinct real entries. Prove that there is an absolute constant

c > 0 and a permutation of the rows of A such that the longest increasing subsequence of elements

in every column has length at most c
√
n.
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