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A particular case of  a mathemat ical  theorem of  F. Browder on the behavior of  the fixed 
point  set o f  a mapping under  variations o f  a parameter  has recently found applications in pro- 
gramrning theory in connect ion with the abstract (non-linear) complementar i ty  problem (see 
Eaves, [2, 3]). Two relevant extensions of  Browder 's  result  are provided: The first asserts that,  
under  smoothness  assumptions,  the connected set of  fixed points  one gets from Browder 's  theo- 
rem is "generically" an arc; the second gives a generalization to the case where the mapping is an 
upper hemicont inuous  contractible valued correspondence.  

Let X be a convex, open subset of R n, I = [0, 1], a n d F  : X X I - +  X a  
continuous function such that F ( X X I )  c K, where K c X is compact. 
Define C F = {(x, t) ~ XX I :  x = F(x,  t)}. It is a particular case of a theo- 
rem of  Browder [1, Theorem 2, p. 186]: 

Theorem 1. There is a c o m p o n e n t  T o f  C F such that T n XX {0} ~ q) 
and T N XX {1}~  O. 

This result has recently found applications in programming theory in 
connection with the abstract (nonlinear) complementar i ty problem (see 
[2, 3, 4]). Our purpose in this note is to put on record two extensions of  
the theorem. 

The first says that when F is required to be twice differentiable, then, 
except for a "negligible" (i.e., nowhere dense) set of functions, every 
component  with the property in (1) is (up to di f feomorphism) a seg- 
ment. In other words, not only one does not have to worry about the 
component  not being arcwise connected, but also the possibility of  it 
branching of f  can be ruled out. This would seem to solve quite satisfac- 
torily a problem posed by Eaves [2, p. 79]. 
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The second extension, prompted by a question of Saigel [7, p. 11], 
shows that, as it should be expected from the Ei lenberg-Montgomery 
fixed-point theorem [5], the result holds when the hypothesis o f F  be- 
ing a continuous function is replaced by " F  is an upper hemi-continu- 
ous (u.h.c.) correspondence such that for every (x, t) E XXI ,  F(x, t) is 
contractible". 

Let A c X be open and such that A c X. Let 3: be the set of  twice 
continuously differentiable functions F : X X I - +  A endowed with the 
topology of uniform convergence of  the values of  the function and its 
first partial derivatives. 

Theorem 2. There is an open and dense set 9:' c 3: such that for every 
F E 9:', any component  T o f  C F =  {(x, t) E X !I: x E F ( x ,  t)} with 
T n X× {0} 4= ~ is d i f feomorphic to a segment. 

Proof. For F E 3:, let /~" XXI --> R n be given by iS(x, t) = F(x, t) - x. 
Applying R. Thorn Transversality Theorem (see, for example, Sternberg 
[9, p. 65]) we conclude the existence of  an open and dense set 3:' c 3: 
such that for every F E 3:', 0 is a regular value of/2~ and P I XX {0}. 1 Let 
F E  5 r', then/~-1 (0) is a C 1 one-dimensional manifold (see, for example 
[6, Lemma 4, p. 13]). Any C 1 connected one-dimensional manifold is 
(up to diffeomorphism) a segment or a circle [6, Appendix].  Let 
T c /V- l (0 )  be a component  intersecting X× (0}, then T is a connected 
C 1 one-dimensional manifold which cannot be a circle (if F(x, O) = x,  
(x, 0) E T and T is a circle, then rank D(F  I XX {0}) (x, 0) = 0 and so 0 
would not be a regular value of /~  I XX {0}). Therefore, T is a (closed) 
segment. 

Theorem 3. I f  F ¥ X!I-+ X is an upper hemi-cont inuous correspond- 
ence such that for  every (x, t ) E  X !L F(x, t) is contractible, then 
Theorem 1 holds. 2 

1 F I XX {0} denotes  the  res t r ic t ion  of  F to XX {0}, a v E R m is said to be a regular  value of  a 
C 1 func t ion  g : E - +  R m, E c R n i f  rank  Dg(x)  = m whenever  g (x )  = v. 
2 A cor respondence  g : Y -+ Z is an upper  hemi -con t i nuous  (or, also, upper  semi -con t inuous)  i f  
for every  y E Y and open set O c Z w i th  g (v )  c O there is an open U E Y w i t h y E U a n d  
g(U)  c O. A set E E R n is cont rac t ib le  i f  (endowing E w i th  the re lat ive t opo logy )  there is a 
h o m o t o p y  ~ : E X I  --. E such tha t  ~ I EX (0 }  is the  iden t i t y  on E and ~o I EX {1 ) is a cons tan t  ,map 

(see [8, p.251).  
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Remark. Of  course, the convexity of  X is not essential. Presumably, it 
could be replaced by the weaker hypothesis of  the Ei lenberg-Montgomery  
Theorem [5]. For the case " F  u.h.c, and convex valued", Theorem 3 is 
well known (see [71). 

The graph of  a function or correspondence f : Z ~ Y, Z, Y c R m is 
denoted G0r). For any A c R n, let B e (A) be the e-neighborhood of  the 
set A. By Theorem 1 and standard continuity arguments, Theorem 3 
holds if for every e > 0 there is a continuous function h : K X I  -~ K 
such that G(h) c B~(G(FIK)).  Therefore, since K can be assumed to be 
a compact,  convex polyhedron,  Theorem 3 follows from the following 
lemma (see for definitions [8, Chs. 1 and 3]). 

Lemma. Let  Y c R n be open and Z c R n convex. I f  F :  Y-+ Z is a 
u.h.c, correspondence such that fo r  every y ~ Y, F (y )  is contractible, 
then fo r  every compact  ( topological)  po lyhedron  W c Y and e > 0 
there is a continc,;ous func t ion  f :  W -~ Z such that G ( f )  c B ~(G(F I W)). 

Proof. We proceed by induction; the lemma is clearly true for a 0-di- 
mensional polyhedron (i.e., a finite set of  points). Suppose it is true for 
( m -  1 )-dimensional ones and let W ¢ Y be m-dimensional. 

For every x ~ W let ~x : F ( x ) !I~ F (x )  be a h o m o t o p y  between 
the identity map and a constant map; take 6 x < e/4 such that if 
II(z, t) - (z', t')ll < fix, (z, t), (z', t ') ~ F(x) !I, then II~x(Z, t) - ~x(Z', t')ll 
< e/4. By the u.h.c, of  F there is, for every x e W, a 7x < e/4 such 
that if x'  c B.rx (x)  n W, then B~x (F(x ' ) )  c Bax/3 (F(x)) .  Let 

= {B3,Xl/2(x 1 ), ..., B~XN/2(XN)} 

be a finite covering of  14/ and take 0 < p < ½ min {Tx 1' , ~/xu }. 
Let H be a triangulation of  W finer thanq3 [8, Theorem 3.14, p. 

1251. 3 Denote by W' the polyhedron originated by  the ( m -  1)-dimen- 
sional skeleton o.f H. By the induction hypothesis there is a continuous 
function f '  • W' -~ Z with G(f)  c Bp (G(F I W')). , 

Take an arbitrary m-simplex L ~ H. To conclude the proof, it suffices 

3 To be rigorous, a tr iangulation is a pair (H', qJ'), where H'  is a simplicial complex and ~ a 
homeomorph i sm between H '  and W. However, no confusion will arise for identifying H' with 
its image on W. 
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to show that  f '  IBdry  L can be extended to a cont inuous funct ion 
f :  L -+ Z in such a manner  that  G( f )  c Be(G(F)). 

Let 2 be the barycenter  o f  L. For every x ¥ L ~ (2-}, (y(x), t(x)) ¥ 
Bdry L ! [ shall denote the "po lar "  coordinates o f  x, i.e., the unique 
0e, t) ¥ Bdry L ! I such that  x = t 2 + ( 1 - t ) y .  Those coordinate func- 
t ions are cont inuous on L ~ {if}. Let A 1 = (x ¥ L: t(x) <~ !}, -A 2 = 
L ~ A 1 . 

For some i, L c B.rxi/2 (xi). By cont inu i ty  there is 0 < X < -~ such that 
i f  x, x'  ¥ A 1 and [Ix x'll < X, then il(z, 2t(x))- (z ' ,  2t(x'))ll < 6xi for 
every z E B~xi/3 ( f ' ( y (x ) ) ) ,  z' ¥ B6xi/3 ( f ' (y (x ' ) ) ) .  Define 

A] = { X E A l ' t ( x ) > _ X / 4 } ,  A 2 = A 1  ~ A ]  , 

and let {v 1 ..... v M } be the vertices o f  a simplicial subdivision ofA 1 wi th 
mesh < X/4. By construct ion,  for every v ¥ A1, BSxi/3(f ' (y(v))  ) n F(xi) 
v~ 0. Hence for every v /we  can pick a 

f"(Vj) ¥ ~xi(Bsxi/3 0C'(Y(Vj))) n F(xi) ! (2t(v/)}) 

and def ine f "  : A] -+ Z by linear extension. Final ly, let f : L -+ Z be 
given by 

[ ~Oxi(F(xi) X ( 1 )) i f  v ¥ A 2,  
f(v) = l f " ( v )  if v ¥ A 1, 

( (1 -4 t ( v ) /X ) f ' ( y (v ) )+4 t (v ) /X f " (~X2+(1  "X)y(v)) i f v ¥ A  2.  

It is immediate that  f is well def ined and cont inuous.  
It remains to show that  G( f )  c B~(G(FI W). Since L c Be/4(xi) , it 

suffices to prove f (L)  c B~/2(F(xi) ). This is seen to be true by the fol- 
lowing easily checked arguments: I f  x ¥ A 2, then f (x)  • F(xi); i f  
x ¥ A l '  then f (x)  belongs to a simplex T c Z wi th mesh < e/4 and wi th 
every vertex in F(x / ) ;  i f  x ¥ A~, then f (x)  is wi th in e/4 of  such a simplex. 
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