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st the origin, one has ¢,(x) < p, for each i. Hence for such
& F(x,p)< +®, and therefore O € int dom .
sondition c(x) < 0 is usually called the ‘Slater condition’
§“p’£imization literature; see Slater (1950) and, for general
jon of constraint qualifications, Arrow, Hurwicz and
5(1961) and Mangasarian (1969). Thus, the condition
jomv can be thought of as a generalized Slater con-
{4 is clearly stronger than the condition 0 e ridomuv of
m 3.3,

Hx};tronger condition turns out to have an important
#c meaning. To see what it is, suppose for simplicity
i&°closed convex and that the primal value function v
5t take — co. Then Theorem 2.3 tells us that cldome >
s > domv, so that Oeintdomv if and only if
dom cl(—v) =int dom g*. Applying Corollary 2.12, we
¢ the generalized Slater condition on the primal problem
¢alent to the requirement that the level sets of the dual
ve function g be compact. Similarly, the generalized
sondition on the dual problem (0 € int dom w) is equiv-
& the requirement that the essential objective function /'
primal problem have compact level sets.

duality structure that we have outlined in this “essay
es: - powerful tool for attacking a great variety of
g in fields ranging from mathematical economics to
gics'and physics. Although we have been able to present
« skeleton of this theory, the reader who has thoroughly
tood the principles set out here should have at least a
fpundation on which to build the skills needed for
stions.
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cooperative equilibrium. 1. INTRODUCTION; Il. THE DOMINANCE
APPROACH; Iil. CONSISTENCY QUALIFICATIONS; IV. THE VALUATION
APPROACH.

1. INTRODUCTION

The term ‘cooperative equilibria’ has been imported into eco-
nomics from game theory. It refers to the equilibria of economic
situations modelled by means of cooperative games and solved
by appealing to an appropriate cooperative solution concept.
The influence is not entirely one way, however. Many game
theoretic notions:(e.g. Cournot-Nash equilibrium, the Core) are
formalizations of pre-existing ideas in economics.

The distinguishing feature of the cooperative approach in
game theory and economics is that it does not attempt to model
how a group of economic agents (say a buyer and a seller) may
communjcate among themselves. The typical starting point is
the hypothesis that, in principle, any subgroup of economic
agents (or perhaps some distinguished subgroups) has a clear
picture of the possibilities of joint action and that its members
can communicate freely before the formal play starts. Obvi-
ously, what is left out of cooperative theory is very substantial.
The justification, or so one hopes, is that the drastic
simplification brings to centre stage the implications of actual
or potential coalition formation. In their classic book, von
Neumann and Morgenstern (1944) already emphasized that the
possibility of strategic coalition formation was the key aspect
setting apart two from three or more players’ games.

The previous remarks emphasize free preplay communication
as the essential distinguishing characteristic of cooperative
theory. There is a second feature common to most of the
literature but which nonetheless may not be intrinsic to the
theory (this the future will determine), We refer to the assumed
extensive ability of coalitions’ players to commit to a course of
action once an agreement has been reached.

The remaining exposition is divided in three sections. Sec-
tions I and IV discuss the two main approaches to cooperative
theory (domination and valuation, respectively). Section III
contains qualifications to the domination approach.

An excellent reference for the topic of this entry is Shubik
(1983).

1I. THE DOMINANCE APPROACH

Suppose we have N economic agents. Every agent has a
strategy set S;. Denote S =S, x -+ x S, with generic element
s =(s;,--.,5y). Given s and a coalition C = N, the expression
sc denotes the strategies corresponding to members of C.
Letting C’ be complement of C, the expression (s, 5. defines
s in the obvious way. For every / there is a utility function u,(s).
If u=(u;,...,uy) is an N-list of utilities, expressions such as
uc or (uc, ue) have the obvious meaning.

Example | (Exchange economies): There are N consumers
and / desirable goods. Each consumer has a utility function
u;(x;) and initial endowments w,. A strategy of consumer i is an
N non-negative vector s; =(s;, ..., Sy) such that E}Lls,, < w;,
i.e. s; is an allocation of the initial endowments of i among the
N consumers. Of course, u,(s) = w;(Z;s;).

Example 2 (Public goods): Suppose that to the model of
Example 1 we add a public good y with production function
y = F(v). Utility functions have the form u,(x;, y). A strategy
for i is now an (N + 1)/ vector s;=(s;y,...,s y,1) Where
s, v+ is allocated as input to production. We have u,(s) =
wlZ;s;, F(Ei8; n i )

Example 3 (Exchange with private bads): This is as the first
example, except that there is no free disposal, i.e. J"L 1Sy = W
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for every i. Some of the goods may actually be bads. To be
concrete, suppose that / =2, one of the goods is a desirable
numeéraire and the other is garbage. All consumers are identical
and each owns one unit of numeraire and one of garbage (see
Shapley and Shubik, 1969).

For a strategy profile s to be called a cooperative equilibrium
we require that there is no coalition C that dominates the utility
vector u(s) = (u,(s), . . ., uy(s)), i.e. that can ‘make effective’ for
its members utility levels u;, i € C, such that u, > u,(s) for all
i € C. Denote by V(C) the utility levels that C can ‘make
effective’ for its members. The precise content of the equi-
librium concept depends, of course, on the definition of ¥V (C).
1 proceed to discuss several possibilities (Aumann, 1959, is a key
reference for all this).

(A) In line with the idea of Cournot-Nash equilibrium, we
could define ¥ (C) = {u-:uc<uc(se, so) for some sy eS¢},
that is, the agents in C take the strategies of C’ as fixed. They
do not anticipate, so to speak, any retaliatory move. The
cooperative solution concept that uses V (C) is called strong
Cournot—Nash equilibrium. 1t is very strong indeed. So strong,
that it rarely exists. Obviously, this limits the usefulness of the
concept. It is immediately obvious that it does not exist for any
of the three examples above. )

Note that V¥, (C) depends on the reference point s. We now
g0 to the other extreme and consider definitions where when a
coalition contemplates deviating, it readies itself for a retali-
atory behaviour on the part of the complementary coalition;
that is, the deviation erases the initial position and is carried out
if and only if better levels of utility can be reached, no matter
what the agents outside the coalition do. On defining V(C),
however, there is an important subtlety. The set ¥(C) can be
defined as either what the members of C cannot be prevented
from getting (i.e. the members of C move second) or, more
strictly, as what the members of C can guarantee themselves (i.e.
they move first). More precisely:

(B) For every C, define:

Vi(C) = {uc: for any s¢ there is an s¢
such that ue < ulse, sl

This is what C cannot be prevented from getting. The set of
corresponding cooperative equilibria is called the j-core of the
game or economy. For any s we have V,(C) < V(C), and so
there is more of a chance for a f-core equilibrium to exist than
for a strong Cournot-Nash equilibrium. But there is no general
existence theorem. As we shall see, the S-core is non-empty in
examples 1 and 2. It is instructive to verify that it is empty in
example 3. By symmetry, it is enough to check that the
strategies where each agent consumes its own endowment is not
an equilibrium. Take the coalition formed by two of the three
(identical) agents. As a retaliatory move, the third agent would,
at worst, be dumping its unit of garbage on one of the members
of the coalition (or perhaps splitting it among them), but the
coalition can still be better off than at the initial endowment
point by dumping its two units on the third member and
transferring some money from the nonreceptor to the receptor
of outside garbage.
(C) For every C define:

VAC) ={uc: there is sc such that
uc S udsc. s¢) forany s .

This is what C can guarantee itself of getting. It represents the
most pessimistic appraisal of the possibilities of C. The set of
corresponding equilibria is called the a-core of the game or
economy. For any s we have V,(C)< ¥,(C) and so there is
more of a chance for an a-core equilibrium to exist than for a
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B-core equilibrium. For the a-core there is a general existepce
theorem:
Theorem (Scarf, 1971): If S is convex, compact and every u(s)
is continuous and quasiconcave, then the a-core is ‘non-empty,
The conditions of the above theorem are restrictive. Note
that the quasiconcavity of u; is required for the entire s and not
only (as for Cournot-Nash equilibrium) for the vector s; of owp
strategies. Nonetheless, it is a useful result. It tells us, for
instance, that under the standard quasiconcavity hypothesis o
utility functions, the a-core is non-empty in each of the threg
examples above. It will be instructive to verify why the initia)
endowment allocation is an equilibrium in example 3. Iy
contrast to the f-core situation, a coalition of two members
cannot now improve over the initial endowments because they
have to move first and therefore cannot know who of the twg
will receive the outside member’s garbage and will need, as 3
consequence, some extra amount of money. o
If, as in examples | and 2, there are no bads, the distinction
between ¥, and V; disappears. There is a unique way for the
members of C’ to hurt C, namely withholding its own resources,
So in both the « and § senses the set ¥(C) represents the utility
combinations that can be attained by the members of C using
only its own resources. This, incidentally, shows that the 8-core
is non-empty in examples | and 2 (since it is equal to-the
a-corel). There is another approach to existence in the no-bads
case. Indeed, a Walrasian equilibrium (in the case of example
2 this takes the guise of a Lindahl equilibrium) is always in thjs
core with no need of a or f qualification. In the context.of
example 1, the Core was first defined and exploited by Edge.
worth (1881) (see CORES).
Underlying both the a- and the f-core there is a quite
pessimistic appraisal on what C’ may do if C deviates. The nex
two remarks discuss, very informally, other, less extréme,
possibilities.
(D) In the context of exchange economies (such as example
1) it seems sensible to suppose that a coalition of buyers.and
sellers in one market may neglect retaliation possibilities.in
unrelated markets. As it stands in subsections (B) and (C}, itis
very difficult for a group of traders to improve, since, so.to
speak, they have to set up a separate economy covering gli
markets. See Mas-Colell (1982) for further discussion of this
point.
(E) For transferable utility situations (and for purposcs
more related to the valuation theory to be discussed in
section V), Harsanyi (1959), taking inspiration in Nash (1953
proposed that the total utility of the coalition C be defined as
Z.cu,(50,5-) where (3.,5~) are the minimax strategics of
the zero sum game between C and C’ obtained by letting the
payoff of C be I, cu,(5c.5¢) = Ziecu(sc, sc). Note: if the
minimax strategies are not unique, a further qualification 1
required.

111. CONSISTENCY QUALIFICATIONS

In this section, several solution concepts are reviewed. Loosel¥,
their common theme is that coalitions look beyond the one-step
deviation possibilities.

A. The wvon Neumann-Morgenstern stable set solutions:
Suppose that the game is described to us by the sets ¥(C) that
the members of coalitions of C can make effective for lhgm-
selves. These sets do not depend on any reference combination
of strategies. They are constructed from the underlying situation
in some of the ways described in section I1. One says that the
N-tuple of utilities » € V(N) dominates the N-tuple v e V(N)
via coalition C, denoted u > v, if uc€ V(C). We write u>? if
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7 dominates U via some coalition. A core utility computation is
¢n any maximal element of >, i.e. any u € V(N) which is not
gminated by any other imputation.

_The following paradoxical situation may easily arise. An
mputation u is not in the core. Nonetheless, all the members
sf any coalition that dominates u are treated, at any core
jmputation, worse than at u (consider for example, the predic-
ament of a Bertrand duopolist at the joint monopoly outcome).
{f > was transitive, then this could not happen, since (con-
snuity complications aside) for any u there would be a core
ﬁnputation directly dominating w. But > is very far from
wansitive. The approach of von Neumann and Morgenstern
consists in focusing on sets of imputations X, called stable sets,
Having the properties: (i) if « € K then there is no v € X that
dominates ¥ (internal stability) and (ii) if ¥ e X then v >u
for some v € K (external stability). Note that these are the
properties that the set of maximal elements of > would have
if > was transitive. The interpretation of X is as a standard of
ehaviour. If for any reason the imputations in K are regarded
55 acceptable, then there is an inner consistency to this: drop
all the imputations dominated by an acceptable imputation and
hat you have left is precisely the set of acceptable imputations.
Important as the von Neumann—-Morgenstern solution is, its
pact in economics has been limited. There is an existence
problem, but the main difficulty is that the scts are very hard
1o analyse.

. The bargaining set. This solution was proposed by
ymann and Maschler (1964) and is available in several
versions. Describing one of them will give the flavour of what
involved. For an imputation u to be disqualified, it will be
pecessary, but not sufficient, that it be dominated (in the
ferminology of bargaining set theory: objected to) via some
lition C*. The objection will not ‘stick’, i.e. throw u out of
negotiation table as a tentative equilibrium, unless it is
ind justified. The justifiability criterion is the following: there
o other coalition C* having a v & € V(C*) with the property
v;>u; for every i and which gives to every common
_member of C and C* at least as much as they get at the
bjection. In other words, an objection can be countered if one
the members left out of the objecting coalition can protect
selves in a credible manner (credible in the sense that they
give to any member of C they need, as much as C gives

The bargaining set contains the core and, while it is concep-
ly quite different from a von Neumann-Morgenstern stable
t:solution, it still does avoid the most myopic features of the
; It is also much easier to analyse than the stable sets,
though it is by no means a straightforward tool. But, again,
impact in economics has so far been limited.
common aspect of stable set and bargaining set theory is
implicitly or explicitly, a deviating coalition takes into
sideration a subsequent, induced move by other coalitions.
s is still true for the next two concepts, with one crucial
alification: a deviating coalition only takes into account
equent moves of its own subcoalitions.

Caoalition-prosf Cournot—Nash equilibrium. This solution
cept has been proposed recently by Bernheim, Peleg and
hinston (1987). It can be viewed as a self-consistent enlarge-
tent of the set of strong Cournot-Nash equilibria. Consider
the simplest case, a three-player game. Given a strategy profile
_which deviations are possible for two players coalitions? If
. amything, then we are led to strong Cournot-Nash equilibria.
ut, there is something inconsistent about this. If the strategy
tofile §is not immune to deviations (i.e. there is no commit-

ment at §), why should the deviation be so? That is, why shouid
it be possible to commit to a deviation? This suggests that the
deviation should be required to be immune to further devi-
ations, that is, they should be Cournot-Nash equilibria of the
induced two person game (the third player remains put
at §). Obviously, deviating becomes more difficult and the
equilibrium set has more of a chance of being non-empty.
Unfortunately, there is no general existence theorem. For
three-person games, this is precisely the Coalition-Proof
Cournot-Nash equilibrium. By recursion, one obtains a
definition for any number of players.

D. The core. 1t may be surprising to list the core in a section
on concepts that attempts to be less myopic than the core. But,
in fact, the core as a set can be made consistent against further
deviations by subcoalitions of the deviating coalition. Simply
make sure always to deviate via coalitions of smallest possible
cardinality.

IV. THE VALUATION APPROACH

The aim of the valuation approach to games and conflict
situations (of whch the Shapley value is the central concept) is
to associate to every game a reasonable outcome taking into
account and compromising among all the conflicting claims. In
games, those are expressed by sets ¥(C) of utility vectors for
which C is effective. The criteria of reasonableness are expressed
axiomatically. Thus the valuation approach has to be thought
of more as input for an arbitrator than as a descriptive theory
of equilibrium. Except perhaps for the bargaining set, this point
of view is strikingly different to anything discussed so far.

Sometimes the term ‘fair’ is used in connection with the
valuation approach. There are at least two reasons to avoid this
usage. The first is that the initial position [embodied in the sets
V(C)] is taken as given. The second is that the fairness of a
solution to a game can hardly be judged in isolation, i.e.
independently of the position of the players in the overall
socioeconomic game.

The valuation of a game will depend on the claims, i.e. on
how the sets ¥'(C) are constructed. We saw in Section 1I that
there was nothing straightforward about this. We will not
repeat it here. It may be worthwhile to observe informally,
however, that the valuation approach is altogether less strategic
than the dominance one and that a useful way to think of ¥(C )
is as the utility levels the members of C could get if the members
of C’ did not exist, rather than as what the members of C could
get if they go it alone [in defining ¥(C) this point of view can
make a difference].

Consider first games with transferable utilities (N, v) where
N is a set of players and v:2"-R is a real valued
function satisfying v(¢) = 0. The restriction of v to a Ce N
is denoted (C,v). The Shapley value is a certain rule that
associates to every game (N, v) an imputation Sk (N,v), ie.
Ly SH(N,v)=0v(N).

The Shapley value was characterized by Shapley (1953) by
four axioms that can be informallly described as: (i) efficiency,
i.e. Sh(¥,v) is an imputation, (ii) symmetry, i.e. the particular
names of the players do not matter, (iii) linearity over games
and (iv) dummy, i.e. a player that contributes nothing to any
coalition receives nothing.

There is a simple way to compute the Shapley value. Put
P(¢,v) =0 and, recursively, associate to every game (N,v) a
number P(N,v) such that

2 [P(N,v) — P(N[(), v)] = v(N) M

ieN -
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That is, the sum of marginal increments of P equals v(N). This
function is called the porential and it turns out that the marginal
increments of P constitute precisely the Shapley valuations, i.e.
Shi(N,v) = P(N,v) — P[N/(i), v] for all (¥,v) and i e N. This
1s discussed in Hart and Mas-Colell (1985).

The Shapley value for transferable utility games admits
several peneralizations to the nontransferable utility case
[with convex sets F(C)]. See Harsanyi (1959), Shapley (1969),
Aumann (1985). Perhaps the most natural, although not neces-
sarily the simpler to work with, was proposed by Harsanyi
(1959) and has recently been axiomatized by Hart (1985). For
a given game, an Harsanyi value imputation is obtained by
rescaling individual utilities so as to guarantee the existence
of an N-tuple ue V(N) satisfying, simultaneously, (i) the
convex set J(V) is supported at u by a hyperplane with normal
g=(1,...,1), (i) if a potential P on the set of all games
is defined by formula (1) (but replacing ‘=v(N) by
‘e Bdry. V(NY’) then, as before, u, = P(N, V) — P(N((i), V) for
all ieN.

One of the most striking features of the applications of
Shapley value theory to economics is that, in economies with
many traders, it has turned out to be intimately related to the
notion of Walrasian equilibrium. Interestingly, this is in
common with the dominance approach. Aumann (1975) is a
representative paper of the very extensive literature on the
topic.

A. Mas-CoLELL

See also COLLUSION; CORES.

BIBLIOGRAPHY

Aumann, R. 1959. Acceptable points in general cooperative n-person
games. Annals of Mathematics Studies Series 40, 287-324.

Aumann, R. 1975. Values of markets with a continuum of traders.
Econometrica 43, 611-46.

Aumann, R. 1985. An axiomatization of the non-transferable utility
value, Econometrica 53, 599-612.

Aumann, R. and Maschler, M. 1964, The bargaining set for coopera-
tive games. In Advances in Game Theory, ed. M. Dresher,

L. Shapley, and A.W. Tucker, Princeton: Princeton University
Press, 443-7.

Bernheim, B.D., Peleg, B. and Whinston, M. 1987. Coalition-proof
Nash equilibria I. Concepts. Journal of Economic Theory.

Edgeworth, F. 1881. Mathematical Psychics. London: Kegan Paul.

Harsanyi, J. 1959. A bargaining model for the cooperative n-person
game. In Contributions to the Theory of Games, Vol. 4, ed.

A.W, Tucker and R.D. Luce, Princeton: Princeton University
Press, 324-56.

Hart, S. 1985. An axiomatization of Harsanyi nontransferable utility
solution. Econometrica 53, 1295-314.

Hart, S. and Mas-Colell, A. 1985. The potential: a new approach to
the value in multiperson allocation problems. Harvard Discussion
Paper 1157.

Mas-Colell, A. 1982, Perfect competition and the core. Review of
Economic Studies 49, 15-30.

Nash, J. 1953. Two-person cooperative games. Econometrica 21,
128-40.

Neumann, J. von and Morgenstern, O. 1944. Theory of Games and
Economic Behavior. Princeton: Princeton University Press.

Scarf, H. 1971. On the existence of a cooperative solution for a
general class of n-person games. Journal of Economic Theory 3,
169-81.

Shapley, L. 1953. A value for n-person games. In Contributions to the
Theory of Games, Vol. 2, ed. H. Kuhn and A.W. Tucker,
Princeton: Princeton University Press, 307-17.

Shapley, L. 1969. Utility comparison and the theory of games. In La
Décision, Paris: Editions du CNRS, 251-63.

Shapley, L. and Shubik, M. 1969. On the core of an economic system
with externalities. American Economic Review 59, 678-84.

Shubik, M. 1983, Game Theary in the Social Sciences. Cambridge
Mass: MIT Press.

662

cooperative games. The title ‘cooperative games’ woulg be
better termed games in coalitional form. The theory of
originally developed different conceptual forms, together with
their associated solution concepts, namely, games in extensi\,{g
form, in strategic form, and in coalitional form (von Neumapy
and Morgenstern, 1944). The game in strategic form is sopy.
times referred to as the game in normal form, while thay 3
coalitional form is also referred to as the game in characterisu';
form.

The game in extensive form provides a process account of the
detail of individual moves and information structure; the tree
structure often employed in its description enableg the
researcher to keep track of the full history of any play of the
game. This is useful for the analysis of reasonably we,
structured formal process models where the beginning, end gq
sequencing of moves is well-defined, but is generally not g,
useful to describe complex, loosely structured social interactigy:

4.8 —10,10  10.-200 0.0
Py @
PB 1,J;2.1 1.1;2.2 1.2;2.1 1.2;2,2
1 48 48 -10.10 —10,10
2 10,—200 00 10.-200 00

(6)

Figure [

A simple example shows the connections among the thre
representations of a game. Consider a game with two pla
where the rules prescribe that Player A moves first. He must
decide between two moves. After he has selected a move; Player
B is informed and in turn selects between two moves. Aftgr B
has selected a move the game ends and depending uponithe
history of the game each player obtains a payoff. Figure ${a}
shows this game in extensive form. The vertex: labelled §
indicates the starting point of the game. It is also circled o0
indicate the information structure. Figure 2(a) shows a gaa}t
whose only difference from the game in Figure 1(a) is-that i
the latter Player B when called upon to select a move does 1ot
know to which of the choice points in his information set.$he
game has progressed. In the game in Figure 1(a), when Playet
B makes his choice he knows precisely if Player A has seleCw;
move 1 or 2. Each vertex of the game is a choice point except
the terminal vertices. Several vertices may be enclosed i the
same information set. The player who ‘owns’ a particuléf
information set is unable to distinguish among the choice points



