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1 Introduction

This paper is a survey on portfolio construction methods that extend the traditional ap-
proach. An important feature of the traditional approach is that measures the risk and return
trade-off in terms of the mean and variance of final wealth, i.e. it takes a particular stand on
investor’s preferences. Mean-variance theory has been widely used both inside and outside fi-
nancial economics. Finance applications include topics such as portfolio analysis, asset pricing,
and performance measurement.

However, there are other important features of the traditional portfolio choice that are not
always made explicit in terms of investor’s wealth, information, and horizon: The investor makes
a single portfolio choice based on the mean and variance of her final financial wealth and she
knows the relevant parameters in that computation. Therefore, we define traditional portfolio

choice as based on four assumptions on the investor:

1. Wealth: There are not background risks and all financial assets are tradable (perfectly

liquid). Inflation, human capital, liabilities, etc. are not taken into account.

2. Information: Her information set includes all the relevant parameters in the portfolio
choice problem. Specifically, she knows the relevant parameters of the joint distribution

of asset returns.

3. Preferences: Under the expected utility paradigm, she is only concerned about the mean
and variance of random outcomes, i.e. her preferences are mean-variance. The relevant

measure of risk is variance.

4. Horizon: Her investment horizon is one period in the sense that she only trades at the
beginning of that period and cares about utility from final wealth. The investor does not

take into account investment opportunities in future periods.

This ordering of assumptions represents an increasing complexity in the required extensions
once that particular assumption is dropped and hence will be the guideline of this survey. Scherer
(2004) is a good reference for many of the topics we will cover and Brandt (2005) is another
good reference, with a focus on econometric issues related to portfolio choice.

Section 2 describes the traditional portfolio choice and the rest of sections extend one of those

assumptions while keeping the rest as given. References that extend several assumptions at the



same time are also provided. Each section describes the corresponding equilibrium implications
in terms of portfolio advice (e.g. holding or not the market portfolio) and asset pricing. Even
though a survey on portfolio choice could naturally skip asset pricing issues, we consider the
feed-back between portfolio choice and asset pricing models as very relevant.

Section 3 extends the first assumption on investor’s wealth, while Section 4 extends the
second assumption on investor’s knowledge of parameters. These two sections still rely on
mean-variance preferences, but the next two represent a significant departure. Section 5 extends
the third assumption on investor’s preferences and Section 6 extends the fourth assumption on
investor’s horizon.

Obviously, the previous assumptions are not the only ones that are made. First, portfolio
choice based on maximizing expected utility is a maintained hypothesis in this paper. The
expected utility paradigm is the canonical model of preferences under uncertainty and plays a
central role in portfolio choice theory. The reader can find references outside this paradigm in
Section 2.4.1 of Brandt (2005).

We also assume perfect markets in the sense of price-taking behaviour and lack of market
frictions such as transaction costs, trading constraints, taxes, etc. Some market frictions can be
easily included in the analysis as problem constraints, but this survey is not focused on portfolio
choice under different types of constraints for a given (mean-variance) criterion. For instance,
we will not add value at risk or probability of shortfall constraints. Nevertheless, we dedicate
Section 5 to preferences that are not mean-variance, where we can introduce those constraints
as the portfolio choice criterion itself. In addition, Section 4 comments briefly the introduction

of constraints to alleviate the effects of estimation error.

2 Traditional Portfolio Choice

2.1 Investment Set-Up

Let us first describe the investment opportunities and the required notation. The gross return
of a particular asset (payoff divided by price) is denoted by R and the corresponding rate of
return by » = R — 1. We assume the investor has access to 1 < N < oo risky assets, which can

be interpreted as asset classes, e.g. stocks and bonds.! To simplify the exposition, we assume

'In a global asset allocation set-up, we would include currencies, stocks and bonds from different countries or
regions.



cash (short-term money-market instruments) is also available and plays the role of a safe asset.
The risk-free rate of return is denoted by rg and an excess return by e = r — .

The corresponding vectors of rates of returns and excess returns of risky assets are denoted
by r and e. The corresponding N x 1 mean vectors and N x N variance-covariance matrix,

which we assume well-defined, are
v=E(r), wn=FE(e), Y =Var(r) =Var(e),

where p is known as the vector of risk premia. We make two simplifying assumptions on those
objects, not all expected returns are equal to the riskless return (@ # 0), and X is nonsingular
(IX] > 0). The former assumption is required to define a proper risk-return trade-off and the
latter one is required to avoid a "hidden" safe asset, i.e. a non-trivial portfolio with zero variance.
We also define H = /S~ pa.

The payoffs that an investor can get are given by portfolios of those assets and financial
investment is modelled as a technology with constant returns to scale. Let us define 1 as an
N x 1 vector of ones and denote the amount of wealth invested in each risky asset by an N x 1
vector w. Hence w’1 represents the wealth invested in risky assets and the rest of wealth is
invested in the safe asset. If we normalize initial wealth to 1 then 1 — w’1 is the wealth invested
in the safe asset, and we can interpret w as the proportions of wealth invested in risky asset
classes.

We can express the rate of return of a unit-cost portfolio as
r=wr+(1-w1l)rg=ro+we, (1)
and the corresponding notation for its moments is

E(r)=ro+wp=v, E()=wp=yp, (2)

Var (r) = Var (e) = wEw = o2

An investor’s portfolio choice maximizes expected utility. Here we impose assumptions 1 and
4. The latter assumption defines final period wealth as the object of interest for the investor
and the former one allows the focus on financial wealth, i.e. the payoff of the chosen portfolio.
Since we normalize initial wealth to 1, her final wealth is equal to her portfolio’s gross return R.

The portfolio choice problem is simply

max F [u (R)] 3)

w



for some von Neumann-Morgenstern (vN-M) utility function? wu (-), which is usually strictly

increasing and concave to reflect an agent that prefers more to less and shows risk aversion.

2.2 Mean-Variance Portfolio Choice

Now we impose assumption 3, which means that we can represent investor’s expected utility
as a function of her return’s mean and variance E [u (R)] = U (v,0?), where (v,0?) are given
in (2) and the function U (-) is such that OU/0v > 0, OU/do < 0, and U (v,0?) is (strictly)
concave. This set-up implies that the variance is an accurate measure of risk, which is not
true in general. Portfolio choice under mean-variance preferences was developed in Markowitz
(1952, 1959) and Tobin (1958) and has been widely used in finance because it delivers simple
expressions and rich empirical implications.

A mean-variance investor solves a special version of the problem (3)

max U (1/, 02)

and we can study her indifference curves on (1/, 02) or (v, o) spaces, where v is usually drawn on

3 We will focus on the space (p1, o) from now on, which simply changes the origin on

the y-axis.
the y-axis. She will choose the tangency between her indifference curves and the mean-variance
frontier o2 (11), which represents the best mean-variance trade-off that investors can get from
available assets. See Figure 1, where the dotted curves are indifference curves, the arrow shows
the direction of higher expected utility, and the mean-variance frontier is the solid line.
Therefore, we turn to study o2 (u). The mean-variance frontier can be represented in three
equivalent ways: Minimizing variance for each target risk premia p to emphasize portfolio di-

versification

min Var (e) s.t. E(e) = p, (4)

w
where the dependence of Var (e) and E (e) on w is given by (2), maximizing risk premium for

each target variance o2 in the spirit of risk budgeting

max F (e) s.t. Var(e) = o2,

w

2We follow the usual convention in finance references. Other references might use the concept of vN-M utility
for E [u(R)] instead.

$We can be more precise with a classical example: vN-M exponential (or CARA) utility u (R) = — exp (—0R),
where 6 > 0 is the coefficient of absolute risk aversion, plus normally distributed R ~ N (1 + 0,02). In that
context,

E[—exp(—0R)]=—exp |—0(1+v)+ %0202 ,

which is an ordinal utility function of (v7 02) and can also be represented by v — 0.5002.
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Figure 1: Mean-variance preferences and frontier. The arrow shows the direction of higher
expected utility

or maximizing a trade-off between risk and return given by each risk tolerance A

1
max E (e) — ﬁVar (e).

By choosing the corresponding p, 02 and A, we can make the three solutions equal. The
corresponding algebra for a general N was developed explicitly by Merton (1972). A textbook
treatment can be found in Chapter 3 of Huang and Litzenberger (1988) and Chapter 4 of Ingersoll
(1987). The case of an unbounded N was studied by Chamberlain and Rothschild (1983) by
means of Hilbert space theory.

The risky component of the optimal portfolio is

wi) = (£) =", (5)

in the first representation, while it is w (A\) = AX "' in the last representation. Stevens (1998)
gives an insightful representation of the matrix 7!, and hence the vector X', in terms of
regression hedges. Think of a least squares regression of a particular excess return on a constant
and the rest of excess returns. That excess return’s entry in 3! is equal to the ratio of the
constant over the residual variance of that regression.

Let us focus on the solution of the first representation. The main property of w (u) is its
proportionality to X!, i.e. the target 1 only rescales the previous vector and relative weights
in the optimal risky position are constant across the frontier. In fact, we can compute any

optimal portfolio from any pair of optimal portfolios, which is known as two-fund spanning.
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Figure 2: Mean-variance frontiers with and without a safe asset.

However, the natural choice is the safe asset and the tangency portfolio, a portfolio of risky
assets that the mean-variance frontiers with and without risky assets share. See Figure 2, where
the dotted curve represents the mean-variance frontier without a safe asset. The reader can
find the details about that frontier and the characterization of the tangency portfolio in the
references.

The mean-variance frontier is the variance corresponding to the optimal portfolio (5) for
each target

0% (1) = w () Sw (1) = 74 (6)

The global minimum variance portfolio is simply the safe asset and the frontier is composed
by two straight lines on the space (i, ), where it is usually drawn with g on the y-axis. Of
course, we can also draw it on the (,u, 02) space, where it becomes a parabola.

Mean-variance efficient portfolios are defined as those portfolios that are not dominated in
mean-variance space by any other portfolio. Therefore, (6) shows that the efficient frontier is
given by portfolios (5) with g > 0. This part of the frontier is the solid line in Figure 1 and
2. Mean-variance investors’ portfolios will be located on the efficient frontier and this (mean-
variance) efficient set of portfolios is convex. In addition, we find a trade-off between risk and
return on the efficient side of the frontier, i.e. we can only target a higher u if we are willing to

suffer a higher o2.



2.3 Equilibrium Implications

We have not been very explicit about the mean-variance parameters so far. Now we impose
assumption 2 and hence all investors use the same mean-variance parameters and they are equal
to the true ones. Let us think of a set of investors, each of them with some mean-variance
preferences U (U, 02) and some initial wealth.

In this context, we will study the equilibrium implications of the previous set-up regarding
portfolio advice and asset pricing. This theory is called the Capital asset pricing model (CAPM)
and was developed by Sharpe (1964), Lintner (1965), and Mossin (1966). More recently, Berk
(1997) develops the necessary and sufficient conditions for the CAPM under expected utility.
We will focus on the CAPM with a safe asset, the reader can find a CAPM without it in Black
(1972). The CAPM provides a precise link of risk and return and hence it is widely applied even
though it does not hold empirically as described in Chapter 5 in Campbell et al. (1997) and
Chapter 20 in Cochrane (2001).

Let us define the market portfolio as the aggregate supply of risky assets, with weights
given by their market capitalization. This concept includes all risky assets in the economy since
we assume everything is traded through assumption 1, but the market is understood as listed
equities (the stock market) in the usual applications. Under equilibrium, the market portfolio
must be equal to the aggregation of agents’ demands, which are mean-variance efficient. The
convexity of the mean-variance efficient set implies that the market portfolio must be efficient,
which is the basic implication of the CAPM. Moreover, if we assume a zero net supply of the
riskless asset then the market portfolio is equal to the tangency portfolio. The efficient part of
the linear frontier is called the Capital market line (CML).

By two-fund spanning, we can represent every investor’s portfolio as a combination of the
safe asset and the market portfolio and this type of situation is labelled as two-fund separation.
Being more (less) risk averse simply translates into investing less (more) on the market portfolio.
Therefore, the portfolio advice of the CAPM is passive investment, i.e. investors should hold
the market portfolio. This implication of the CAPM had a big impact in the industry, spurring
the use of indexed funds.

In the real world, not every agent invests in the same portfolio of risky assets. Professional
advice recommends a higher ratio of stocks with respect to bonds the higher the investor’s

aggressiveness and investment horizon as Canner et al. (1997) point out. They also stress that



the absence of a riskless asset cannot rationalize this advice because the mix of bonds and stocks
would change with risk aversion, but not in the same direction as professional advice. Short-sale
constraints on cash positions cannot rationalize the advice either. Moreover, given the historical
low Sharpe ratio of bonds compared to stocks, it looks like mean-variance investors should not
invest much in bonds. Next sections will show how the theoretical advice gets closer to real
world portfolios once we drop some of the traditional four assumptions.

Another big impact of mean-variance analysis in the investment industry has been the de-
velopment of certain performance measures. One of such measures is the Sharpe ratio (others
examples are the Treynor index and the Jensen’s alpha), which is defined as a risky portfolio’s
risk premium per unit of risk

SR = g (7)

and was developed in Sharpe (1966) to evaluate mutual funds following the implications of
mean-variance analysis. Obviously, we can compare Sharpe ratios of different portfolios without
relying on an equilibrium set-up, but this measure is meaningful when we think of the CML.
Under mean-variance preferences, there is an optimal benchmark for every agent, the slope of
the CML on the (u,0) space (vH) . Sharpe (1994) reviewed the literature that this measure
generated and clarified its application.

Finally, let us briefly comment the asset pricing implications of the CAPM. In equilibrium,

any risky portfolio with excess return e and risk premium g must satisfy

B _ Cov (e,en)
w= By, B = Wa (8)

where e); is the market excess return and p, is the market risk premium. Every risk premium is
equal to the corresponding beta, the risk measure in the CAPM, times the market risk premium.
This linear relationship is called the Security market line (SML).

Unfortunately, the pricing equation (8) is simply a direct implication of the mean-variance
frontier algebra, i.e. it is true if we substitute the market portfolio for any frontier portfolio.
Moreover, the market portfolio is unobservable and researchers usually work with a stock index
as a proxy. Therefore, testing the CAPM is not a straightforward application of (8) as Roll
(1977) stressed.



3 Background Risks
3.1 New Framework

Assumption 1 stated that there are not background risks and all financial assets are tradable
or perfectly liquid. Obviously, not every risk or asset can be traded and hence a more realistic
set-up is a portfolio choice among risky securities (endogenous risks) while facing exogenous and
unavoidable background risks.

Let us study a simple way of introducing the latter risks in the portfolio construction. Instead
of managing the risk-return trade-off of r, we manage a = r — b, where b is the background risk

and covers several situations such as:

e Inflation: b is the relevant inflation rate and a the corresponding real return. This case

was studied by Friend et al. (1976) and Solnik (1978).

e Human capital: b is minus the return on human capital, which is treated as uninsurable.
This case was studied by Mayers (1973) and Brito (1977) as the most important example
of a nontradable asset. Friend et al. (1976) also analyze the joint effect of inflation and

human capital.

e Liabilities: In the context of asset-liability management (ALM) of a pension fund, Sharpe
and Tint (1990) define surplus returns as final surplus S; = A; — L; (the difference
between assets and liabilities) relative to initial assets Ag. They can be expressed as

S1/Ao = R — (Lo/Ao) (L1/Lo) = R — b, where L1 /Ly is the source of background risk.
Portfolio returns are still given by (1) but the relevant mean and variance are now
E(a)=FE(r)—E(b) =6, 9)
Var (a) = Var (r) + Var (b) — 2Cov (r,b) = w?.

Note that cash is not riskless if our risk measure is w? instead of 02. The new key object is

the covariance of risky securities with background risk
~v = Cov (r,b)

and the notation F' =~'X "'y will be used in some expressions.
The previous examples might also require an explicit modelling of long-term or dynamic
portfolio choice, i.e. relax assumption 4 at the same time. The corresponding references will be

given in Section 6.4.



3.2 Background Risks in a Mean-Variance Framework

This section follows Mayers (1973), Brito (1977), and mainly Solnik (1978). We will focus on
the case of a safe asset and the reader can find the case without a safe asset in those references.

The optimal portfolio is now given by

min Var (a) s.t. E (a) =94,

wW

where Var (a) and E (a) are given by (9), which can be equivalently expressed as
min Var (e) —2Cov (e, b) s.t. E(e)=p

and the only difference with the traditional problem (4) is the component Cov (e,b) = W'~ in
the risk criterion. We skipped the component Var (b) in Var (a) and E (b) in E (a) because they

are not affected by the portfolio choice. The solution can be represented as

wp (1) = w (1) + wh, (10)

the traditional optimal portfolio for p in (5) plus a constant term, a hedging demand due to

background risk,
F

wp, =2 ty— <ﬁ> >t

The component X!+ can be interpreted as the coefficients of r in the least squares regression
of b on a constant and the vector r. Let us think of a diagonal 3 to fix ideas. Then a higher
entry in « increases the demand for that asset since it is a hedging instrument, paying relatively
more when the background risk is relatively higher. For instance, if b is similar to bonds then
this effect might motivate some investment in bonds that would be missing in mean-variance
analysis applied to historical data, where bonds’ Sharpe ratios are low compared to stocks as
commented in Section 2.3.

Now the target p is not the only object that might differ across investors. The hedging
demand wy, might depend on the investor since the relevant b might do. There is two-fund
spanning of each investor’s frontier, but none of the two funds is the safe asset in general. Now
the relative weights of risky assets might change with the target u or investor’s risk aversion.

The background risk frontier is a hyperbola on the (J,w) space, but that space might depend
on the investor. It is more interesting to compare background risk and traditional frontiers on the

(i, o) space, where the latter is the efficient one. The representation in (10) is very convenient

10
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Figure 3: Mean-variance frontiers with and without background risks. The arrow shows the
direction of higher hedging demand variance.

for that purpose. In terms of excess returns, €'wy, (1) = €'w (1) + €'wy, or simply e, = e + ep,.
The key property is that ey is independent of the chosen p, has a zero mean (E (e,) = 0), and

is orthogonal to e (Cov (e, e;) = 0). We find the decomposition
Var (ep) = Var(e) + Var (ep)

and hence the background risk frontier represents a parallel parabola with respect to the tradi-
tional frontier on the (,u, 02) space, where the size of the parallel movement to the right depends
on Var (ep). The background risk frontier represents a hyperbola with asymptotes equal to
traditional lines on the (u, o) space. See Figure 3, where the arrow shows the direction of higher
hedging demand variance.

The background risk and traditional frontiers coincide (wj, = 0) when the covariance of assets
with background risks - is proportional to g since then there is no conflict between the mean-
variance and hedging motives. One special case of that situation is a zero covariance « between
assets and background risks. Another special case is the existence of a perfect background risk
mimicking portfolio (b = rg + w'.e for some w,) that lies on the traditional frontier.

Finally, the equilibrium implications will be briefly described. Regarding portfolio advice,
the tight link between the market portfolio and the individual portfolios is broken. If bis common
across agents then we have two-fund separation and the market portfolio might be chosen as one
of the funds, but this does not mean a constant mix of risky assets on the frontier. Moreover, a

common b will not be the general case and two-fund separation clearly breaks down with human

11



capital. Passive management in the sense of holding the market is not the portfolio advice in
this set-up.

We should not expect the market portfolio to be mean-variance efficient even in the case of
a common b and hence the CAPM equation (8) breaks down. However, given the structure of
(10), if we substract the (average) hedging component from the market portfolio then we have

a mean-variance efficient portfolio and hence a properly adjusted market return works in (8).

3.3 Application to Tracking Error Optimization

There is another relevant type of background risk apart from the examples mentioned in
Section 3.1. Benchmark-relative investment management is a key ingredient of active portfolio
management (i.e. security selection and market timing) as shown in Grinold and Kahn (1999)
and Lee (2001). The investment industry usually measures performance relative to a benchmark
and a manager might care about her relative performance more than total risk and return.

This section will describe the results of Roll (1992) on tracking error optimization translated
to the case of a safe asset. We can easily study this situation in our set-up by interpreting

b =1 + w.e as the benchmark, and referring to a as active returns

a=r—b=(w-w.e=wle.

and w as tracking error (TE)

Var (a) = w, Zw, = w?

which is a widely used measure of relative investment risk. We will also use the notation
E(b—r19) = p, and Var (b —ry) = o2.
Now we focus on the active portfolio instead of the total portfolio, but the problem is still

the same (a self-financing constraint should be added if there was not a safe asset),

min Var (a) s.t. E (a) =4,

Wq
and the optimal active portfolio can be represented as w, (§) = (0/H) X 'u. A noteworthy
feature of the optimal active portfolio is its independence from the particular benchmark. Ob-

viously, we can relate (10) to the current representation
Wi (1) = Wa (0) + Wa = [Wa (6) + W ()] + [We — W (1,)] = W (1) + W,

The role of the target § is simply to scale a vector and the efficient part of the TE frontier

on space (d,w) is a straight line that starts at the origin. Again, it is more interesting to face

12



the TE frontier against the traditional frontier on the (,u, 02) space, i.e. the mean and variance

of 1, = a + b in excess of rg. Given the previous representation of optimal TE portfolios,

Var (ry) = 0% (1) + [0 — 0 ()],

where o2 (+) is the mean-variance frontier (6) evaluated at a particular target. The TE frontier
represents a parallel parabola on the (u,az) space, it passes through the benchmark and is
dominated at all return levels by mean-variance frontier. The distance between both frontiers
is equal to the benchmark inefficiency.

TE optimization might be detrimental to overall portfolio efficiency. On the other hand, if
b is efficient then both frontiers coincide and TE efficient portfolios are mean-variance efficient.
Roll (1992) also comments the introduction of a beta constraint (sensitivity with respect to
the benchmark) to decrease the inefficiency of the TE portfolios on the total mean-variance
space. Recently, Jorion (2003) studies the introduction of a volatility constraint instead of a
beta constraint, while Alexander and Baptista (2005) develop a similar exercise with a VaR

constraint.

4 Parameter Uncertainty

4.1 Estimation Error in Mean-Variance Inputs

Assumption 2 states that investors know the true mean p and variance ¥ required in the
portfolio choice problem. Obviously, those inputs are uncertain and it is common to simply plug
in (5) historical estimates of those parameters by means of a time series of the relevant returns.*

Then well-known problems of traditional mean-variance analysis show up: Extreme long/short
positions and unstable portfolios, in the sense that a slight change in the target gives significant
portfolio changes. Best and Grauer (1991) study the sensitivity in mean-variance portfolios’
weights and moments to changes in the means.

The badly behaved portfolios that are found with sample estimates as inputs raise concerns
about the estimation error in mean-variance inputs. Michaud (1989) stresses that portfolio
optimization based on historical estimates suffers from error maximization. Optimal portfolios

take extreme positions that are mainly driven by estimation error, e.g. extremely long in assets

with overestimated returns and/or underestimated risk, and hence they perform poorly out of

*If one takes seriously the CAPM this is not necessary because the investor should simply hold the market
portfolio. This will be exploited in Section 4.3 with the Black-Litterman approach.
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sample. Chopra and Ziemba (1993) study the effect of mean and variance errors in portfolios
and conclude that mean errors are more important.

On the other hand, there is a difference in the relative magnitude of estimation errors. The
variance of returns can be estimated more accurately than their mean if returns follow diffusions
as Merton (1980) shows. If we try to estimate the mean and the variance of log-returns by
means of their sample counterparts then the standard error of the mean estimator decreases
with the data span (say the number of years), while the standard error of the variance estimator
decreases with the number of observations. For instance, stock returns are very noisy and an
accurate estimation of risk premia would require many years of data, while the estimation of
variances can be arbitrarily accurate by increasing the data frequency.’

The simplest approach to avoid unreasonable mean-variance portfolios with historical esti-

mates is to impose constraints in the mean-variance optimization (4), e.g. lineal constraints

1
max F (e) — aVar (e) s.t. a; < Aw < ay,

for some matrix A and vectors (ar,ay). Obviously, this will enforce diversification through
portfolios that do not take extreme positions and improve out-of-sample performance as Frost
and Savarino (1988) show by means of simulations. More recently, Jagannathan and Ma (2003)
point out that short-sale constraints might decrease portfolio risk even when they are wrong
(they are not satisfied by the corresponding true portfolio).

A priori, the use of constraints does not look very satisfactory. They are imposed because of
the bad quality of the inputs and hence improving their quality should be a more fruitful avenue.
However, Jagannathan and Ma (2003) show that certain constraints are equivalent to a modified
estimation of ¥ that can be interpreted as a shrinkage estimation. This method of estimation
is based on a convex combination of a sample estimator and some constrained estimator, and
hence the sample estimator is "shrinked" to the constrained one. This estimation tries to find
an optimal trade-off between the induced bias and the gain in sampling variance.

Applications of shrinkage estimation to portfolio choice can be found in Jorion (1986) and
Ledoit and Wolf (2003). The former computes an optimal shrinkage estimator of the mean that
combines the sample mean and a common mean. The latter authors apply shrinkage estimation

to the variance, computing the optimal weight between the sample variance and the estimator

This result should be carefully applied. Ait-Sahalia et al. (2005) show that microstructure noise implies an
optimal finite frequency, unless that noise is also modelled and estimated. Then the highest frequency is optimal
again.
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derived from a single-factor model. Jorion (1986) motivates the use of shrinkage estimation in
the context of a Bayesian investor, where there is a natural interpretation of such a method,
and this will be studied in Section 4.3.

Note that most part of the references of this section are closer to security selection than asset
allocation since they study the case of a high N, e.g. construction of a portfolio of many stocks.
In that context, there are many unknown parameters and the estimation error has stronger
implications. Factor models are the usual choice to handle the high number of parameters in
3., e.g. Chan et al. (1999) evaluate factor models of 3 in terms of out-of-sample performance
of optimal portfolios. The reader can find additional information on shrinkage methods, factor

models, and portfolio constraints in Section 3.1.2 of Brandt (2005).

4.2 Sampling Uncertainty in Portfolios

We have followed classic inference in our approximation to our lack of knowledge of the true
mean-variance parameters. Let us make explicit what we have done so far in the context of
a single risky asset. We have a size T time series of its excess returns (eg,es, ..., er), which
we represent by e’ and we assume a simple normal model with independent and identically

distributed (i.i.d.) observations, i.e. conditional on some value of the parameters (u, 02)
e | (u,02) ~ N (p, 02) , t=1,2,...,T.

We skip the time dependence in returns until Section 6. Since we commented that an accurate
estimation of the variance is easier, we assume we know o2