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Abstract

The paper presents a method for the recursive computation of models with a
continuum of heterogeneous agents. Following the literature, it is assumed that
the cross-sectional distribution of wealth in the economy can be represented, to a
sufficient degree of accuracy, by a finite number of summary statistics. The main
innovation of the method is a very flexible representation of the cross-sectional
distribution that can be adapted in the process of the solution. This helps in
achieving high accuracy using only a small number of statistics.

The solution is computed by backward induction on a discretization of the state
space. The paper discusses approximation techniques to make the algorithm sta-
ble and fast. Theoretical considerations and practical experience indicate that the
method has very good convergence properties. It is illustrated by an application to

a standard model of heterogeneous agents that face uninsurable income risk.
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1 Introduction

For many questions in macroeconomics, for example dynamic welfare analysis, it is
essential to use stochastic heterogeneous agents models with incomplete markets. These
models pose some very hard computational problems (for surveys see Rios-Rull, 1995;
Rios-Rull, 1997; Judd, Kubler and Schmedders, 2000a). In models with a continuum of
agents, a main problem is that the state vector includes the whole wealth distribution
of the economy, which is an infinite-dimensional object. Recently, methods have been
developed which represent the wealth distribution in the economy by a small number of
moments, thereby making the dimension of the state space tractable. The best known
examples of this approach are those of Krusell and Smith (1998) and den Haan (1997).
Both papers parameterize the aggregate transition laws of the economy via flexible
smooth functions, and find the solution by a kind of fixed-point iteration: the method
alternates between solving for individual behavior (given aggregate law of motion), and
solving for aggregate transition laws given individual behavior. The methods have been
successfully applied to models that have indeed a very smooth solution.

This paper describes a new method, which differs from the cited ones in mainly two
ways. The main innovation of the method is that it introduces a new and flexible way to
handle the cross-sectional distribution of wealth, based on step function approximations
of the density. The key aspect is that, for the given number of moments that we use
to characterize the distribution, this class of distributions contains not just one, but
many elements that have the same moments. In the process of solving the model, we
learn something about the distributions that the model generates, and then we base our
solution on those distributions. This allows us to achieve a good approximation of the
cross-sectional distribution of the model, using only a very small number of statistics.
In the present paper, the method is applied to an economy that is characterized by two
one-dimensional distributions, but the method can be extended in a straightforward way
to handle multivariate cross-sectional distributions.

Second, the method uses time-iteration, not fixed-point iteration, to find the solu-
tion of the model. The time-iteration algorithm is in the spirit of dynamic program-
ming, which breaks down one high-dimensional optimization programming in many
low-dimensional ones, by solving it recursively on a discrete grid of points in the state
space. This is of course not a new idea; it has already been applied, for example, to
a heterogenous agent model with two types of agents in Judd, Kubler and Schmedders
(2000b). In the present paper, I discuss some aspects of the implementation that are

important to make the algorithm work well in the present context. In particular, I



discuss how to interpolate the value function so as to achieve a reasonable combina-
tion of stability, accuracy and speed. 1 see the main advantage of the time-iteration
algorithm in its stability. Theoretical arguments suggests that this method has good
convergence properties, and the practical experience so far with a number of models has
fully confirmed this expectation.

The two mentioned aspects of the method are basically independent of each other.
For example, one could combine the new flexible representation of the cross-sectional
distribution with the algorithm of den Haan (1997). Equally, one could use den Haan’s
representation of the distribution with the time-iteration algorithm.

The plan of the paper is as follows. Section 2 presents a standard heterogeneous
agent model that will serve as an example in the later discussions. Section 3 gives an
outline of the solution algorithm, while Sections 4 and 5 fill in the details. Section 4
discusses how to solve recursively for an equilibrium and explains the interpolation of the
value function. Section 5 discusses how to approximate the cross-sectional distribution.
Section 6 compares the algorithm to existing approaches in the literature. In Section 7,

the method is applied to the example model. Section 8 concludes.

2 A model of uninsurable income risk with a continuum
of households

2.1 The model

The following model was chosen to illustrate the working of the solution method. It is
similar to the models in den Haan (1997), Krusell and Smith (1997) and Krusell and
Smith (1998).

There is a continuum of ex ante identical households, with constant mass normalized
to 1. Ex post, households can differ w.r.t. to their current labor productivity, impa-
tience, and accumulated wealth. Household ¢ has a labor endowment of 1 each period,

and chooses consumption ¢;; and labor supply /;; so as to maximize

00 t—1
EY ( ﬂis) Ulcit, lir) (1a)
t=0 \s=0
U(c,l) = log(c) + ylog(1l —1) (1b)
subject to the budget constraint

Eigy1 = (14 o) kig + wilatlis — cit (1c)



the borrowing constraint

kit >0 (1d)

and the constraint on labor supply
0<ly<1 (le)

Both individual productivity &;; and the current individual discount factor f; are
stochastic and independent of each other and across households. The discount fac-
tor can take on only two different values, 81 and Bs, following a time invariant Markov
chain with a unique stochastic steady state. In the following, we will refer to the house-
holds with different discount factors as different “types”, but one should keep in mind
that the types are transitory, and that a priori all households are identical. We assume
that the economy starts with the steady state distribution of 3, so that the fraction m;
of households that currently have discount factor §; is constant over time. Individual
productivity is i.i.d. over time, with continuous probability distribution F (£) over the
support (&, €).

Asset and insurance markets are incomplete: the individual productivity and dis-
count factor shocks can not be insured, and the household can invest only in one asset,
namely k;. The sum over all the individual wealth holdings is equal to the capital stock
of the economy.

Aggregate gross production is

yr = f(ke, by, 00) = k21 (2)

where
ky = / kit di (3)
L= /ﬁitlit di (4)

The aggregate productivity parameter 6 follows an exogenous two-state Markov chain.
Since individual shocks are independent across agents, the aggregate productivity shock
is the only source of aggregate uncertainty. The wage per efficiency unit of labor and

the interest rate are set by competitive firms as

re = [r(ke, e, 0;) (5a)
wy = fi(k, 1, 0r) (5b)



2.2 Equilibrium

Since we define and compute the equilibrium in a recursive fashion, we have to be clear
about what are the state variables of the economy. The “natural” state variables, the
ones that physically describe the economy, are the wealth holdings of all households,
and the state of aggregate productivity. The wealth distribution can be described by a
density function for each type of household (low and high patience).

An equilibrium in any set of state variables S (more precisely, a time-homogenous

Markov equilibrium) is given by
1. a low of motion for the aggregate state variables

Str1 = H(S,04,0141) (6)

2. Pricing functions ry = r(S;) and wy; = w(S;) that are compatible with (5)
3. Individual decision functions c(ks, Bit, &it; St) and (ki Bit, &it; St)

e which solve the household problem (1) given (6) and (5).

e which generate the aggregate law of motion in the sense that (6) results from

summing over individual savings and labor supply decisions.

Implicit in this definition is that the vector S is a sufficient statistic to describe the future
evolution of the dynamic system, including the probability distribution over all future
prices, which is what is relevant for the solution of the individual decision problems.
To my knowledge, it has not been proven for this type of economy with a continuum
of agents that such an equilibrium exists when S is taken to be the above mentioned
set of natural state variables (cf. Duffie, Geanakoplos, Mas-Colell and McLennan, 1994,
den Haan, 1997, p.359 and Judd et al., 2000b, Section 3, for discussions of this prob-
lem; Magill and Quinzii, 1994 prove existence in a similar model with a finite number
of agents). Neither do I know a proof that it is impossible to find an equilibrium in
a state vector of finite dimension (which means, finding a finite-dimensional aggrega-
tor of the model). However, both claims seem very likely, and I follow the literature
(Krusell/Smith, den Haan and others) in assuming that the state space of the exact
theoretical model consists of the cross-sectional distribution of wealth and aggregate
productivity. The exact state space is therefore of infinite dimension, and the problem
cannot be handled without a substantial simplification. To make the problem tractable,
I introduce the usual approximation (Rios-Rull 1997) that household behavior is a func-

tion of only a finite number of statistics of the distribution. The most frequently used



statistics are the moments of the distribution. Judd et al., 2000a, p.18 provide a justifi-
cation for this practice in terms of symmetric polynomial approximations. We will use
a somewhat more general set of statistics, but will often refer to them as moments, for

brevity.

2.3 Solution of the household problem

In the finite-state approximation, household behavior is based on an approximate aggre-
gate law of motion where next period’s moments m' are a function of today’s aggregate
state variables (m,#). Given this, we can turn to solving the household optimization
problem. Truncating the space of possible values of k to a compact set (which is neces-
sary for the numerical solution), the utility function is effectively bounded, which implies
(Stokey and Lucas 1989, Section 9.2) that the solution of the household problem satisfies
the Bellman equation

V(k, 8,m,0) Z/ng%){U(C(&),l(ﬁ)) +BEV (K(€),',m'(m,0),0')} dFe (&) (7a)

subject to

K(&) = (1+7(m,0))k + w(m, 0)¢1(&) — c(¢) (7b)

where the expectation is over the conditional distribution of next period’s 8’ and #'.
The wage and interest rate are functions of the aggregate state variables (m, ) which
have to be found in general equilibrium. We have defined V as the value function of the
household before the individual productivity shock is realized. Notice that ¢ and [ in
(7a) are functions of ¢, since consumption and labor supply are chosen after the income

shock has been observed.
Fact 1. The value function is strictly increasing and concave in k.

Proof. Analogous to Theorems 9.7 and 9.8 of Stokey and Lucas (1989). The boundedness

of returns follows from the boundedness of the capital stock. U
Fact 2. The value function is differentiable in k£ for all k& > 0.
The proof is given in Section A. As usual, the envelope theorem tells us that

Fact 3.
oV (k, 3, m,0)

ok

These results on the household value function are independent of the aggregate law

= (1+r(m,0)) / o (e(k, B, €,m, 0)) dF (€) (8)

of motion.



3 Overview of the solution algorithm

3.1 Characterizing the distribution by statistics

The description of our economy contains a pair of distribution functions over wealth,
F; (.) and F;(.), one for each type of agents. We characterize the joint distribution by

a set of statistics m. We will consider statistics that can be written in the form
2
my =Y [ M08 aF; (1) )
i=1

with known functions M; ;. Formulation (9) includes, for example,
e non-central moments
e fraction of the population in certain intervals
e point masses of known location, if we allow generalized functions M; ;(.).

In each category, we can choose the relevant statistic of the joint or the marginal dis-
tributions, or any linear combinations of those (for example, the difference in mean
between high and low patience types). Note that central moments cannot be directly
represented in the form (9); this is no problem, since we can first translate the central
into the equivalent non-central moments.

A main element of the algorithm is a mapping that assigns to any vector of statistics
m a pair of distribution functions over k, Fy (.,m) and F (.,,m). We will call it the

distribution selection function. Of course, it has to satisfy the consistency condition
M (ﬁ'l (.,m), Fy (,m)) =m (10)

where M (Fy (.),F>(.)) is the function that assigns to the distributions Fj (.), F» (.)

their moments as in (9). The selection function is “good” if

A~

F1 (,M(Fl (),F2 ())) %Fl () (118,)
By (W M(FL (), Fy () ~ Fy () (11b)

holds in some sense for those distribution functions (Fj (.),F> (.)) that are generated
in the dynamic solution of the model. Section 5 will explain how to obtain a good

distribution selection function.



3.2 Schematic outline of the algorithm

We can now outline the basic idea of the solution algorithm. The next two sections will
fill in the details.

1. Choose a discrete grid of aggregate points.

Since the individual problem will be solved using value function interpolation (cf.
Section 4.2), it is convenient to use Cartesian grids in the aggregate state variables

(or in some transformation of them).!

2. For each point in the aggregate grid, choose a discrete grid of individual wealth

levels.

To facilitate interpolation, the upper and lower bound of the individual grid should
be the same for all aggregate grid points. Otherwise, the grid can be very flexible

and one can put more points in regions with higher curvature of the value function.
3. Choose an initial distribution selection function F; (.,m) (cf. Section 5.2).
4. Initialize the value function of the individual household by Vy(k, 8, m,8) = 0.

5. Separately for each point (m,8) of the grid of aggregate state variables, find the
aggregate behavior that is consistent with individual behavior. In the above exam-
ple, it means to find a vector of next period’s moments m' and a value of aggregate
labor supply L such that the labor market clears, and the evolution of the wealth
distribution that follows from individual optimization leads to m’. For details, see

Section 4.1.
6. Having found m' and L, update the value function by the Bellman equation (7a).
7. Iterate steps 5 and 6 until convergence of the relevant functions is achieved.

8. Simulate the economy with the obtained solution (cf. Section 5.3). Update the
choice of Fj(.,m) using information about the wealth distribution that results
from the simulation (cf. Section 5.2). If Fj(.,m) does not change significantly,

stop. Otherwise, go to step 5.

'Reiter (2001b, Section 5) describes a non-Cartesian grid that may help to obtain higher accuracy

in models with more than 2 or 3 aggregate state variables.



4 Recursive computation

4.1 Solving the fixed point problem

Nonlinear root finding can easily fail, and in this sense, solving the fixed point problem
(Step 5 in Section 3.2) is the most critical step in the implementation of the algorithm.
In our example, it means concretely to find, at a given aggregate state (m,0), a vector

(m', L) that is consistent with optimizing behavior in the sense that

2 e g
L=L= ; Ik, B;, &,m,0,m', L) dF; (&) dF; (k, 12
;w/o/gwemm)g(s) (k,m) (12a)

2 o [E )
=t =3 / /‘f My (K (k, iy €, m, 0,m, L)) dF (€) dF; (kym)
1=1 0 S
j=1,...,mm (12b)

where the index j in the second equation runs over the m,, moments that we use to
characterize the distribution. The k'(k,3,&,m,0,m', L) and I'(k,3,&,m,0,m', L) are
the choices that solve the problem (7). (12) defines a n,, + 1-dimensional nonlinear
root finding problem that I solve by Broyden’s method (Press, Flannery, Teukolsky and
Vetterling 1986, Section 9.7).

In the course of the solution, the fixed point problem (12) has to be solved many

times. To make this work, two points are crucial:

e To guarantee that the problem has a solution, the mapping (m/,L) — (@', L)
defined in (12) has to be continuous. In exact theoretical models with a continuum
of agents, this is usually satisfied even if individual decisions are discontinuous, if
one assumes enough heterogeneity across agents. But even if this map is continuous
in the exact theoretical model, continuity may be lost in the practical computation
due to inappropriate approximations. To avoid this, it is important to preserve
the concavity of the value function, as will be discussed in Section 4.2. Then the
optimal decisions of the individual react continuously to parameters which are

exogenous to the household (such as prices).

e In those cases where the nonlinear root solver fails on (12), one can resort to
some simple form of homotopy methods (cf. Judd, 1998, Chapter 5; what Judd
calls “simple continuation method” should be sufficient for models with unique
solutions). Assume, for example, that we cannot find a fixed point at the aggregate

1

grid point 2%, but have found one at z'. Then solve a sequence of fixed point



problems for 2 = Az’ + (1 — M)z, varying \ slowly from 0 to 1. If the fixed
point is continuous in z, we have a very good starting point for each fixed point

problem, and convergence will not be a problem.

4.2 Interpolating the value function

Since we solve the model on a discrete grid of points, the household value function has
to be approximated between grid points. A good interpolation method is crucial for the
stability and accuracy of the method. I first discuss how to interpolate in the endogenous

state variable k, then I turn to the exogenous variables.

Shape-preserving interpolation in k

Two properties of the value function are very helpful for the interpolation in k: First,
the value function is differentiable w.r.t. k (cf. Fact 2) and the envelope condition
(8) provides the partial derivative Vi at the node points. Second, the value function is
concave in k (cf. Fact 1).

It is essential for the functioning of the algorithm to use an interpolation method
that guarantees that the interpolant is monotonic and concave (this is called “shape-
preserving” interpolation). A concave value function implies that the optimal policy
of the household changes continuously w.r.t. parameters that are exogenous to the
household (Stokey and Lucas 1989, Section 3.3), such as prices. Using an interpolation
scheme that does not preserve concavity, we would induce artificial discontinuities of the
household policy functions w.r.t. to these parameters, and substantially complicate the
task of solving the fixed point problem described in Section 4.1. The standard shape-
preserving interpolation schemes also exploit the derivative information, and this allows
to obtain high accuracy in k-direction with relatively few grid points, an idea that was
first applied in Judd and Solnick (1994). Many economists believe that value function
iteration is less efficient than Euler equation approaches, but this is not true if one uses
this kind of interpolation, because the derivative effectively contains the information
that is used in the Euler equation approach (cf. the comparisons in Reiter, 2002b).

In our model, the wealth level k is the only endogenous state variable for each
agent, which is typical for existing stochastic models with a continuum of heterogenous
agents. In one dimension, there are various shape-preserving interpolation schemes
available. Schumaker’s quadratic spline (cf. Judd, 1998, p.231) is the best known

nontrivial example.? In the computations of Section 7, I use a different method that I

2Two- and three-dimensional shape-preserving interpolation (Costantini and Fontanella, 1990; Renka,

10



have developed to exploit the fact that we deal with an isoelastic utility function. This

is explained in detail in Reiter (2001b, Section 4).

Interpolation in the exogenous state variables

The next step is to combine the interpolation in k¥ with some interpolation in the aggre-
gate and exogenous variables (3,60,m). To do this in an efficient way, note first that we
do not evaluate the value function randomly at different points (k, 3,0, m). We rather
fix the aggregate variables m at some value mg (in the process of fixed point finding,
we guess next period’s moments) and then evaluate the value function many times for
different values of k. We therefore proceed as follows. For all realizations of the discrete
variables 8 and 6, and for every point in the k;-grid, we compute interpolated values 1%

and Vj, of the value function and its partial derivate w.r.t. k£ by

V(kiaﬂaeam()) = Z\Dj(mO)V(kza/Baean) (133‘)
J
Vie(ki, B,0,m0) = > W;(mo) Vie(ks, B, 0, M;) (13b)

J

where the U;(m) are known functions of m, and j runs over all the grid points of the
aggregate moments. For given (3,0, my) this gives a grid in k£ that we can handle by
the one-dimensional interpolation technique described above. As long as we deal with
the same mg, evaluations are done through interpolation on this one-dimensional grid,
which is computationally efficient.

The functions ¥;(m) in (13) fall into two groups:

1. Piecewise linear (simplicial) and multilinear interpolation (Judd 1998, Section 6.12).
In this case we have } . ¥;(z) = 1 and ¥;(z) > 0. The interpolation can be lin-
ear both in original state variables or in nonlinear transformations of the state

variables.

2. Piecewise quadratic or higher order approximations, including many forms of

splines. We still have }, U;(z) = 1, but some of the ¥;(z) are negative.

Group 1. has two advantages. First, it guarantees that the interpolated function is
concave in k for any given value of z. This is an immediate consequence of the fact
that a linear combination of concave functions with nonnegative coefficients is concave

(Rockafellar 1970, p.33). Second, these interpolation schemes are the ones that make

1996; Kaklis and Karavelas, 1997) is already rather complicated, and higher dimensional convex inter-

polation schemes are not available at the moment.
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it most likely that the algorithm is stable. It is well known (Judd and Solnick 1994,
Theorem 2) that dynamic programming with piecewise linear interpolation of the value
function is globally convergent, since the contraction property of the Bellman iteration
is preserved. In contrast, more general forms of interpolation such as cubic splines
can destroy the stability of the algorithm by producing internodal oscillations (see the
discussion in Judd, 1998, p.438).

The drawbacks of the linear interpolation schemes is that they often give low accuracy
unless we use a dense grid.?> Since the solution of models with a continuity of agents
tends to be very smooth in aggregate variables, one can usually achieve higher accuracy
by using piecewise quadratic or higher-order approximations. Since these methods lead
to some negative coefficients ¥ ;(m), the resulting interpolation is not necessarily concave
k. One therefore has to check whether the one-dimensional grid constructed in (13) is
compatible with a concave function, which is easy to do. In the application below,
this proved to be always the case. If it turned out that those grids occasionally violate
concavity, it would be easy to design some combination of piecewise linear and higher-
order interpolation, close enough to a linear interpolation to be concave. I skip details
since this will not be used in the following application.

Appendix B describes a simple piecewise cubic approximation that makes most of
the ¥;(m) equal to zero, so that it can be computed sufficiently fast in the following

applications, which use up to 4 moments.

4.3 Acceleration steps

In dynamic programming, acceleration steps are those recursive steps where the value
function is updated as in (7a), but without updating the optimal controls. One can
usually speed up the algorithm substantially by alternating one optimization step with
many acceleration steps. This idea cannot be directly applied in our case, since (7a)
without optimization would give us new levels of the value function, but no information
on the derivative of the value function (neither it is guaranteed that the value function is
concave after an acceleration step). However, we can apply a somewhat different type of
acceleration steps where we do not solve the fixed point problem (Step 6 in the solution

algorithm), but only solve the optimization problem of the individuals (Step 5). All

3We might be able to mitigate the first problem by using linear interpolation in suitable chosen
nonlinear transformations of the state variables. This does not affect the stability properties of the
algorithm. Notice the fact that what is essential for the contraction property is not that the interpolation
is linear in the state variables, but that it is linear in the function values at the nodes, for any given z.

However,

12



values that are exogenous to the individual are taken unchanged from the last fixed-
point step. For the model of Section 2.1, this means to use the last obtained values of
(m/, L), for each grid point.

Notice that after using acceleration techniques, step 7" of the recursion does not give
the solution of the economy with finite horizon T' any longer. This may deteriorate the
stability of the algorithm. In the application below, I usually worked with 12 acceleration
steps per optimization step, which reduces computation time by a factor of about 4.
Using more acceleration steps, it sometimes turned out that the algorithm did not
converge.

Obviously, one can try many different ways of updating the individual value function
and/or the equilibrium values. Acceleration steps then effectively blur the distinction

between “time iteration” and “fixed point iteration” methods.

5 Modeling the cross-sectional distribution

A point in the aggregate state space is characterized, among others, by a set of statistics
m of the cross-sectional distribution of wealth. The equilibrium at this point (computed
in Step 5 of the solution algorithm) does not just depend on m, but on the whole
cross-sectional distribution of wealth, since the model cannot be exactly aggregated.
We therefore have to take a stand on what the distribution is at this point. This is
done by the distribution selection function B (.,m), mentioned in Section 3.1. den
Haan (1997) uses a parameterized family of distributions that assigns to each vector m
exactly one distribution. The innovation of my method is to employ a very general class
of distributions, which contains many different distributions for any given vector m. For
a given m, we then have the chance to select the distribution that is most appropriate, in
the sense that it is close to the cross-sectional distributions that are typically generated
by the dynamics of the model.

As a sufficiently general class of distributions, I take densities that are step functions,
with possibly many steps. Other choices are possible, for example linear combinations
of smooth densities. I have chosen step functions since they are easy to handle, and can
be made close enough to any given distribution if we allow for a big number of steps.

To choose the best one among the many step functions with moments m, we first have
to solve the model based on some initial guess of the distribution selection function, then
simulate the model, and look at the type of wealth distributions that it generates. Then
we solve the model again. This process is iterated, each time updating our distribution

selection function. I am now going to describe the details of this procedure.
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5.1 Approximating distributions by step function densities

As explained above, we approximate each one-dimensional cross-sectional distribution
by a density function that is a step function. To be more precise, we divide the state
space (of individual wealth) into intervals by a choice of fixed node points z1, ..., Zp4+1
(in the calculations below I have chosen the same nodes for the distribution of both
types). Then we denote by fij, 7 =12 4¢=1,...,n, the constant density of type j
between node points z; and x;41.

All the statistics of the form (9) can then be written as linear functions in the step
densities ff . For example, the constraint that the (non-central) j-th moment of the

wealth distribution is equal to m; can be expressed as

n X+l _ xitl
Sonf 4 (=) T = my, (14)
i=1

where 7 is the fraction of type-1 individuals. Point masses of known location can be
handled because we can make the difference between X; and X;,1 arbitrarily small.

If the state vector contains n,, distributional characteristics, we have a set of n,, + 2
linear equality restrictions on the densities (including the restrictions that each density

has to add to unity). They can be written in the compact form
Hf =m (15a)

where m is a known n,, + 2 vector, f is the (2n)-vector into which all the ff are stacked,

and H is a known (n,, + 2)-by-2n matrix. Of course, the densities also have to satisfy
f=0 (15b)

Note that the system (15a) and (15b) does not always have a solution. If, for some vector
of statistics m, we cannot find a corresponding step distribution, we have to enlarge the

range of wealth (X7, X,,41) and/or refining the nodes (increasing n).

5.2 Choice of a distribution selection function

If the system (15a) and (15b) has a solution at all, it will usually have many, which
gives us the opportunity to choose an appropriate one, as discussed above. We do
this by choosing the step distribution that is as close as possible to a given “reference
distribution” G (m), itself a function of m, which we have obtained from simulations
of earlier trial solutions of the model. In the following, I first describe what we mean
by closeness, and how to compute the closest distribution. Then I describe one way to

choose a reference distribution for given m.

14



Computing the distribution closest to a reference distribution

Assume we are given a “reference distribution” g = G (m) for a given m, characterized
by the step function densities gil and gi2 which are stacked in the vector g. As will become
clear in the next subsection, G (m) itself will in general not have the characteristics m.
We look for an f that satisfies the restriction (15) and is as close as possible to g. We

will do this in two steps:
1. Obtain § from g by a linear shift and stretch operation, which does the following;:

e Assume m contains information about the first two moments. Denote by
wi(m) and o;(m) the mean and standard deviation of distribution 4 implied
by the vector of statistics m. Denote by uf and af the mean and standard
deviation of the reference distribution G (m).

For each type ¢ = 1,2, compute a step distribution that conforms approxi-
mately to the linear transformation of variables k& = y;(m) + %gn)(k —ud).
Stack the densities into g. The word “approximately” appears because this
linear transformation of variables will generally not give a step distribution

on the prespecified nodes X.

(Details on how this was implemented in the algorithm used below are avail-

able from the author on request.)

e if mm contains information only about the mean of the distributions, we com-

pute the § that conforms to the shift k = & + p;(m) — .

2. Now pick the distribution f that is closest to g in the weighted mean square sense,
i.e., solve

mlnz Z fJ - §Z (16)

111]12

subject to (15a) and (15b), where the wf > 0 are given weights. The computations

below only use uniform weights wf =1

If m contains no more information than the first two moments, the second step of
the operation only serves to make f fulfill the moment restrictions exactly rather than
approximately. If m contains additional information, the second step may substantially
change the distribution f.

The reason for using the least squares metric in (16) is tractability (cf. discussion
below). I am not aware of any other criterion that would allow to pick an f quickly

enough for high values of n. I decided to put the scale operation 1. in front, because 1
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feel that the least squares operation makes little sense if f and g are of very different
scale. I do not claim that this is optimal in any sense, and better procedures may be
found in the future.

The problem (16) s.t. (15) is a positive definite quadratic program. There exist
algorithms that solve this kind of problem efficiently for moderately large values of n.
However, we may want to use a big n to obtain good accuracy. For example, in the
applications below I use n = 1000. The QP algorithms that solve the problem exactly are
then still too slow, due to the inequality constraints (15b). In practice, it appears good
enough to solve the problem approzimately. Appendix C presents a simple algorithm
that does this and is sufficiently fast even for very high values of n (up to 100000, say).
If we are able to handle a large number of f;, the method can be extended to handle
two or even three-dimensional cross-sectional distributions (the case of models with two
or three continuous individual state variables), using densities that are continuous on

rectangles etc.

Choosing a reference distribution

We complete the description of how to approximate the cross-sectional distribution by

providing a way to choose a reference distribution G (m) for given m.

1. Initialize G (m) by the uniform distribution over the range of X (conforms to step 3
of Section 3.2).

2. Solve the model recursively (steps 4-7 of Section 3.2). Then simulate the model for
(To+T1) periods. Discard the results for the first Ty periods. Save the distributions
of the remaining 77 periods. Denote the stacked densities of these distributions

by f#™, and their moments by m{™ t=1,...,T}.

3. Update G (m) by

T

G(m) = wfi™ (17a)
t=1

dist (m, mf’m)w

N\
ZJTLI dist (m, mjzm)

Y =

(17b)

where dist (z,y) is a distance function for vectors z and y, for example the Eu-
clidian distance. In the applications below, 1 was chosen as —4. This describes

step 8 of Section 3.2.
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The initialization in 1. is rather arbitrary, and was made mainly in order to show that
even with a bad initial guess we can quickly obtain better information on the distribution
which allows to improve the solution.

Notice that the distributions used in (17) are close to the stochastic steady state.
I we want to include more information on distributions further away from the steady
state, we can use simulations that start from a specific point, or result from improbable

series of shocks, etc.

5.3 Simulating the model

We start the simulation with a given wealth distribution, represented as a step function
density. We find the equilibrium vector (m',L) by solving the fixed point problem
described in Section 4.1. Note that this can be done for any value of the aggregate state,
not just for points on the aggregate grid. We can therefore simulate the model without
explicitly approximating or parameterizing the aggregate transition laws. Having found
(m!,L), we compute next period’s wealth distribution, again approximated by a step
function density. Note that we do this not by simulating a large number of agents, but
by integrating over the current cross-sectional distribution, using the optimal household

decisions on k’. Details can be found in Appendix D.

6 Comparison to other solution methods

The basic structure of the algorithm of Krusell and Smith (1998) is the following. The
cross-sectional distribution is approximated by a finite number of statistics, usually
moments. The state space then consists of these moments, aggregate technology and
the individual state variables. The aggregate transition law is approximated by a flexible

functional form, which contains free parameters that have to be found in the process.
1. Start the algorithm by a guess on the parameters of the aggregate transition law.

2. Given the aggregate transition law, solve the household optimization problem (for
example by value function iteration with interpolation of the value function be-

tween grid points).

3. Given individual behavior, simulate the economy for a large number of individuals.
From the results of the simulation, update the guess of the parameters of the

aggregate transition law.

4. Tterate 2. and 3. until convergence.
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A remarkable feature of this algorithm is that one does not have to make any assump-
tions on the shape of the cross-sectional distribution, because the distribution evolves
endogenously in the simulation step 3. The use of simulations, on the other hand, makes
it necessary to parameterize the aggregate transition law.

The method of den Haan (1997) deviates from that in many details?, but the main
innovation is that it parameterizes the cross-sectional density by a flexible functional
form. The functional form assigns to any vector of moments (or other statistics) a spe-
cific cross-sectional distribution, analogous to our distribution selection function. This
allows to solve the model without doing any simulations. den Haan (1997, Section 3.5)
argues that this is an important advantage because simulation techniques are affected
by sampling errors that disappear very slowly.> He maintains the feature of alternating
between the solution of the individual problem and updating of the aggregate transition
law. While den Haan uses a parameterization of the aggregate transition law, this could
be easily avoided in his algorithm.

The most significant innovation of my method is the flexible representation of the
cross-sectional distribution that was explained in Section 5. Like den Haan (1997), I
can avoid simulation techniques, but with the additional advantage that I can base
the solutions on cross-sectional distributions that are close to the ones generated by
the model. This helps to achieve high accuracy with a small number of moments, as
will be illustrated in the numerical examples below. The algorithm as presented in
Section 3.2 does not use any parameterization of the aggregate transition law, but if it
turns out that the aggregate dynamics can be well approximated by simple functional
forms, there are several ways to exploit this in order to make the algorithm even more
efficient. For example, one can solve for an equilibrium at a few points, obtain from
that the parameters of the transition law, and use this either for acceleration steps or
for having good starting values to compute the equilibrium at the other grid points.

The second significant difference is that I use “time-iteration” rather than “fixed-
point iteration”. I think that this gives us the best change of obtaining a stable algo-
rithm. While the stability of this algorithm cannot be proven, there are good arguments
why it should converge safely. After the T-th iteration of the algorithm, we have com-

puted the equilibrium of the economy with a horizon of T' periods. For all those models

“Den Haan (1996) presents 2 different methods, one based on simulation, the other one not, which

both differ from the methods discussed in the text in a number of aspects.
5In standard homogenous agent models, there is evidence that simulation-based methods are clearly

less efficient then alternatives such as weighted residual models, cf. Christiano and Fisher (2000). Similar

considerations should apply to heterogenous agent models.
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where the solution of the finite horizon economies converge to the infinite horizon solu-
tion, we then achieve convergence. This is true only if we use approximation techniques
that do not induce numerical instabilities. I have chosen value function iteration with
the interpolation techniques discussed in Section 4, because they are known to have
very good stability properties in dynamic programming problems, and the same can be
expected here. These expectations have been confirmed not only by the computation of
the above example model, but in a number of ongoing projects with substantially more
complicated models (Costain and Reiter, 2001; Maattanen, 2002; Reiter, 2002a). In all
cases so far, the algorithm displays the linear convergence behavior with factor 8 that
we know from dynamic programming.

To my knowledge, no similar arguments can be made for the iterative partial up-
dating procedure of Krusell and Smith (1998) and den Haan (1997). However, their
procedure is simpler to program, and their algorithms have been shown to converge in
a number of interesting applications, at least if one has a reasonable starting value of
the iterations and if one uses small enough updating steps. A reasonable procedure may
then be to try such a fixed point iteration, for example the one described in den Haan
(1997), and combine it with the modeling of the distribution described in Section 5.
In case it does not converge, one can resort to the time-iteration method described in

Section 4.

7 Solving the example model

7.1 Calibration

The model is calibrated for annual data. The weight of leisure in the utility function
is v = 2, which results in a rather elastic supply of labor, and a fraction of a bit more
than one fourth of total time devoted to work. The share « of capital in gross output is
1/3, and the annual depreciation rate is 0.06, which are standard values.

Regarding idiosyncratic labor productivity, it is convenient to assume a continuous
distribution. Otherwise, the finite point mass in the cross-sectional distribution at £ = 0
would generate more and more small, but discrete point masses, which cannot be handled
with high precision. I choose, rather arbitrarily, a uniform distribution between 0.5 and
1.5. The continuous distribution of ¢ was approximated by a nine-point distribution
in the Bellman equation (7a), and by a 100-point distribution in the simulation, cf.
Appendix D. For aggregate productivity, since I abstract from growth, I assume values

of 0.98 and 1.02, and a symmetric probability of switching between states of 1/3, so
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that on average we stay in a state for 3 periods (years). This is intended to be a rough
representation of the US business cycle.

The individual discount factor can take on the values 5; = 0.93 and By = 0.96, both
with unconditional probability of 0.5. It is governed by a very persistent symmetric
Markov process. Following Krusell and Smith (1997), the probability of changing within
a year from one state to the other is only 2 percent, to represent the idea that the level
of patience varies at the frequency of generational changes, or even less. Note that all
stochastic processes (aggregate productivity, individual productivity, individual discount

factor) are independent, unlike in Krusell and Smith (1997).

7.2 Statistics of the cross-sectional distribution

We will solve the same model using a variable number n,, of statistics describing the
cross-sectional distribution, with n,, ranging between 1 to 4. The following table ex-
plains the used statistics. “T'ype 17 and “Type 2”7 refer to households with low and high

current discount factor, respectively.
my; mean wealth, total economy

my (mean wealth Type 2 - mean wealth Type 1) / m;
m3  variance wealth - (0.5 - mo - m1)?

my fraction of households with wealth < 5% average annual wage
If we solve the model with n,, moments, it means we use the statistics m; to my,,, .

When working with Cartesian grids of statistics, one has to be careful to choose the
statistics in such a way that all the combinations on the grid are feasible. For example,
if the mean wealth in the economy is mi, the difference between the mean wealth of
the two types cannot be bigger than 2m;, because wealth is nonnegative. Expressing
the difference in mean wealth between the types as a fraction of mq, all combinations
will be feasible if we restrict mo to (—2,2). For the same reason, the third statistic is
expressed as the total variance in excess of the variance that is already explained by the
difference in average wealth between the two types. Furthermore, it is better to define
m1 and my as above, rather than defining m as the mean of type 1 and mo as the mean
of type 2. It turns out that the most important statistic is average wealth. The above
formulation then allows us to allocate more grid points in the direction m;, and fewer
grid points in the direction of the less important statistic mso.

For my, the computations cover the interval (O.5K * 1.5K *) where K* is the deter-
ministic steady state level of capital. For the other state variables, I first observed the
typical values that arise in the simulations of the solution, and then chose a range that

is about + 50% of that value.
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7.3 Results

Table 1 presents the main results. They all refer to the same calibration (cf. Section 7.1),
but use different grid sizes, interpolation techniques etc. The focus is on the analysis of
the level of accuracy that has been achieved in the computation. The rhs of the table
provides several measures of the accuracy of the individual solution, given the aggregate
transition law. The first two columns at the rhs of the table give the maximum absolute
normalized Euler residual. The normalization is as in Judd (1992, Section 5.2), so that
it measures the proportional error in current consumption, conditional on past and
future consumption. For example, a value of 1.81e-03 indicates that in the worst case,
the relative error in consumption is about 0.2 percent. The maximum is over several
starting points of the aggregate grid, the individual wealth levels, the two levels of § and
of 8. Individual wealth levels are represented roughly according to their importance in
the steady state distribution. The third and forth column at the rhs of the table present
average rather than maximal Euler residuals. In each case, the column “StSt” refers to
an aggregate level of capital near the center of the stochastic steady state distribution,
while “Trans.” refers to a level 10-30% below or above the steady state value.

The fifth column reports an estimate of the value loss for the individual household
that results from using the approximate numerical solution rather than the exact solu-
tion. In Reiter (2001a) it was shown that, based on simulation techniques, it is possible
to compute a tight upper bound on this value loss without knowing the exact solution.®
The value loss is reported as an average over households, expressed in permanent rela-
tive changes in consumption. For example, a value of 1e-05 means that the value loss
is equivalent to a permanent proportional decrease in consumption of 0.001 percent. In
interpreting differences in the value loss, one should take into account that it is an upper
bound that is reported, and that its computation still contains a sampling error. Based
on the experiments reported in Reiter (2001a), I would consider differences in reported
value loss of more than about 50 percent as significant.

The results in Rows 1)-11) all use only one moment (m; in Section 7.2) to charac-
terize the cross-sectional distribution. Rows 1)-5) report results for different choices of
the distribution selection function Fj (.,m). An entry 0 in the column titled “F” means
that we have used the initial choice (cf. Section 5.2), while a number n means that we
have applied n updating steps of F} (.,m) (step 8 of Section 3.2). All solutions in the

table with the same entry in “F” then use the same selection function. The table reports

5Here it was computed from 10 simulations of 225 periods each, starting at a point close to the steady

state, following 100 different paths of idiosyncratic shocks in each simulation.

21



#P ER™a® ERve

ng  Ager W F Int. StSt Trans. StSt Trans. V-loss
1) 1 20 40 0 1.25e-03 1.74e-03 6.43e-04 7.56e-04 9.53e-03
2) 1 20 40 1 2.26e-03 7.18e-03 3.01e-04 6.25e-04 5.30e-04
3) 1 20 40 2 1.04e-03 3.85e-03 2.06e-04 4.20e-04 9.26e-05
4) 1 20 40 3 8.08e-04 4.86e-03 1.49e-04 4.46e-04 1.02e-05
5) 1 20 40 4 8.20e-04 4.54e-03 1.50e-04 4.36e-04 1.04e-05
6) 1 40 40 4 7.81e-04 3.75e-03 8.14e-05 3.27e-04 2.51e-06
7) 1 10 40 4 1.22e-03 5.56e-03 4.61e-04 1.13e-03 1.28e-04
8) 1 10 40 4 C | 1.54e-03 3.45e-03 1.26e-04 3.33e-04 9.84e-06
9) 1 20 40 4 C | 6.35e-04 3.71e-03 3.47e-05 3.24e-04 4.46e-07
10) 1 40 40 4 C | 7.51e-04 3.71e-03 4.65e-05 3.25e-04 1.30e-06
11) 1 20 100 4 C | 3.19e-04 3.68e-03 2.29e-05 3.24e-04 4.26e-07
12) 2 10,6 40 0 C | 1.26e-03 1.48¢-03 1.53e-04 2.12e-04 2.75e-04
13) 2 10,6 40 4 C | 1.36e-03 3.90e-03 1.08e-04 3.54e-04 1.44e-05
14) 2 20,6 40 0 C | 1.24e-03 1.27e-03 1.49e-04 1.53e-04 2.69e-04
15) 2 20,6 40 4 C | 5.95e-04 4.16e-03 3.72e-05 3.65e-04 1.51e-06
16) 2 20,6 40 5 C | 5.49e-04 4.23e-03 3.79e-05 3.71le-04 6.39e-07
17) 2 20,10 40 5 C | 6.13e-04 4.23e-03 3.54e-05 3.79e-04 2.83e-06
18) 3 10,64 40 0 C | 1.72e-03 9.45e-03 2.43e-04 5.23e-04 7.00e-05
19) 3 10,64 40 4 C | 9.85e-04 1.28e-03 3.05e-04 3.25e-04 5.02e-05
20) 4 8,4,4,4 40 O C | 9.87e-04 1.78e-03 7.10e-05 2.97e-04 1.16e-04
21) 4 8,4,4,4 40 4 C | 9.05e-04 1.70e-03 6.78e-05 3.07e-04 3.22e-07
Notes:

ny,: number of statistics used for distribution

#P Aggr: number of grid points for each moment of distrib.

#P W: number of grid points for individual wealth holdings

F: number of iterations in update of distribution selection function

Int.: interpolation in aggregate variables; C: piecewise cubic, otherwise piecewise linear

ER™%%: maximum absolute Euler residual

StSt: close to stochastic steady state; Trans: 10-30% away from steady state

ER¢: average absolute Euler residual

V-loss: value loss of numerical solution, cf. text
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4 updating steps of the distribution, more iterations bring only very small changes. We
can observe the enormous increase in accuracy that comes from an improvement in the
distribution selection function, reflected both in the Euler residuals and the value loss.
The improvement is more clearly reflected in average than in maximum absolute Euler
residuals; average residuals also seem to be more closely related to the value loss.

Rows 6)-11) illustrate the effect of different grid sizes and of the use of piecewise
linear vs. cubic interpolation (entry “C” in column “Int.”). With 10 points and cubic
interpolation we obtain higher accuracy than with 20 points and linear interpolation,
but not quite as good as 40 points and linear interpolation. With 20 points and cubic
interpolation we do clearly better. Further increases in aggregate or individual grid
points do not bring measurable improvements.

Rows 12)-17) contain results based on 2 moments of the distribution, now taking into
account the difference in average wealth between low and high discount factor agents
(regression analysis of simulations suggests that this is the second most important statis-
tic after mean wealth). Comparing 12) and 14) to 1), we see that the additional moment
brings a clear reduction in the value loss, if we use the initial choice of the distribution
selection function. However, comparing 15) to 9), there is no visible improvement, which
shows that the right choice of F (.,m) allows us to represent the distribution precisely
enough that the inclusion of more statistics brings no measurable gain. Rows 18) and
19) show that a further update of F (.,m) and an increase in the grid points of my do
not change the FEuler residuals significantly. The value loss never falls below the value
obtained in 9). The results for 3 and 4 moments in rows 18)-21) confirm this. We see
that more moments bring only a small improvement in accuracy, even with the initial
choice of Fj (.,m). All in all, these results are in line with the findings of Krusell and
Smith (1997), (1998), which say that it is the first moment of wealth that matters in
this type of model (den Haan, 1997 shows that more moments do matter if we make
further changes to the model).

Figure 1 helps to understand the above results. The solid line in both panels shows
a “typical” distribution of wealth of Type 1 (low discount factor) agents, close to the
stochastic steady state, resulting from a simulation of the model. The other lines show
the distributions F (., m) where m are the moments of the distribution depicted by the
solid line. We see in the top panel that the initial choice of F1 (.,m) is wildly wrong.
After the first iteration (conforming to an entry “1” in column “F” of the table) we have
greatly improved, after 4 iterations, F (., m) is visually almost indistinguishable from the

distribution it should approximate. The bottom panel shows the outcome for the initial
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Cumulative density

Figure 1: Approximation of cross-sectional wealth distribution, low discount factor
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choice of F} (.,m) using a different number of moments. We see that with 2 moments,
the initial £ (.,m) is much closer to the true distribution than with 1 moment, but by
far not as close as the updated choice of F} (.,m). Going to 3 or 4 moments does not add
much. The pictures illustrate that the right choice of a distribution selection function
allows us to economize on state variables. I expect this to be true quite generally, even if

the exact number of statistics needed to come to an accurate solution varies from model

to model.

ID Mean cap. Variance cap. Skewness cap. Wage

1) 3.0e-04 (1.2e-05) 7.4e-02 (1.1e-03) 5.5e-01 (3.2e-02) 9.4e-05 (1.6e-05)
2)  3.6e-04 (1.7e-05) 2.0e-02 (7.8e-04) 1.1e-01 (2.2e-03) 4.5e-05 (2.1e-06)
3) 7.7e-05 (7.2e-06) 3.1e-03 (1.5e-04) 3.2e-02 (8.3e-04) 9.0e-06 (1.7¢-06)
4) 3.1e-05 (5.2e-06) 9.3e-04 (3.6e-05) 8.5e-03 (1.6e-04) 4.0e-06 (1.3e-06)
5) 3.0e-05 (5.4e-06) 4.2e-04 (3.1e-05) 7.3e-04 (4.4e-05) 3.9e-06 (1.3e-06)
6) 2.3e-05 (1.2e-06) 6.4e-04 (5.4e-05) 2.8e-04 (7.4e-05) 2.0e-06 (2.4e-07)
7) 1.2e-03 (1.1e-04) 4.4e-03 (4.7e-04) 1.7e-03 (9.9e-04) 1.7e-04 (1.5e-05)
8) 1.4e-04 (3.8¢-06) 3.5e-03 (3.0e-04) 1.3e-03 (3.1e-04) 1.1e-05 (2.1e-07)
10) 8.6e-06 (2.8e-07) 2.3e-04 (2.4e-05) 8.3e-05 (6.3e-05) 7.0e-07 (1.3e-08)
11)  1.9e-08 (4.0e-09) 4.3e-06 (5.5e-08) 1.0e-04 (2.1e-06) 6.4e-09 (4.0e-09)

Table 2: “l-correlation coefficient” of aggregate variables (of first differences in paren-

thesis) between simulations of solution ID and solution 9)

The question remains to what extent all these differences in accuracy matter for ag-
gregate dynamics. Table 2 provides information on the correlation of aggregate variables
across simulations of the model obtained from different solutions. All the simulation use
the same series of aggregate shocks. The statistic reported is (1-correlation coefficient),
and the comparison is between the solution indicated in the table (referring to the num-
bering in Table 1), and solution 9), which is considered a benchmark for this purpose.
The correlation is based on a simulation of the model of 300 periods, of which the first
50 periods were discarded, so that we do not capture any trends that may result from
the convergence to a steady state. The numbers in parenthesis refer to the correlation
of first differences. For mean capital and wages, all the correlations are very close to
unity, even for the least accurate solutions, which indicates that the inaccuracies in the
solution of the household problem or the modeling of the distribution matter little if

we are only interested in aggregate dynamics. Only variance and skewness show some
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nontrivial differences between solutions, but even here the differences are small.
Having confirmed that we can obtain a rather accurate solution using only one

moment, one can ask whether this is because the cross-sectional distribution has no

After 50 or 100

periods, when the stochastic steady state is approximately reached, the distribution

impact on the dynamics, or because it varies very little over time.

varies indeed very little (not shown here). To explore the effect of the distribution,
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Figure 2: Effect of initial distribution

Figure 2 compares the first periods of a simulation which starts from two different
wealth distributions. The first starting point is close to the stochastic steady state, the
second one is obtained from the first one by a 20 percent capital levy at the beginning
of the first period, which is redistributed as a uniform lump sum subsidy. We see that
the decreased inequality reduces labor supply by more than 3 percent, which in turn
reduces capital formation, with an accumulated effect that reaches about 3 percent after
10 periods. These differences are not huge, but significant; they reflect the fact that labor
supply is very elastic in this model. This suggests that in models with more short-run
distributional variation, the distribution does matter. One should note, however, that

the redistribution that is engineered by the capital levy is very big compared to short-run
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changes that are observed in reality.

Finally, I want to point out that the method is reasonably fast. Arriving at the
solution 9) takes about half an hour on a Pentium with 833MHz, including the repeated
updating of the distribution selection function. Including more grid points and higher
dimensions of the state vector, the computational burden increases substantially. The
solutions that use four moments then need about 8 hours. For these calculations, I have
not yet exploited any efficiency gains from the fact that the aggregate dynamics is well

approximated by a linear function.

8 Conclusions

The paper has given a detailed description of a method to solve heterogeneous agents
incomplete market models. It uses a new and very flexible way to represent the cross-
sectional distribution of wealth (or other state variables). The application to a standard
example has shown that this improves the accuracy of the solution, using only a very
small number of statistics to characterize the distribution. The method is competitive
in terms of speed, but its main attraction is stability. Its good convergence properties
have now been confirmed in several applications.

While the proposed method is conceptually straightforward, the practical application
requires a lot of programming work. Fortunately, many of the computational tasks
are handled by general purpose routines. For the example solved below, all the tasks
related to the construction of grids, interpolation, and approximation of distributions,
are coded in a C++-library that has been used in a number of projects. Having these
libraries available, the programming effort should not be higher than the one required

by alternative solution methods.

A Proof of Fact 2

The proof is a slight modification of Stokey and Lucas (1989, Theorem 9.10). For given

B, m and 8 fix a value of kg, and define
&k, &) = clko, B,€,m,0) + (1 +1(m,0))(k — ko) (18)

as the level of consumption that gives, with initial capital k¥ and labor choice I(ky, 8, &, m, 6),
a value of next period’s capital of ¥'(ko, 8,&,m, ). Since £ > 0 and utility is logarithmic,
consumption is strictly positive on the compact interval (¢, €¢). Furthermore, since the

value function is concave, it is clear that c(kg, §,&, m,0) is continuous in £. This implies

27



that there is some constant ¢ s.t. c(ko,3,&,m,0) > c for all £. Then there is some
neighborhood of kg s.t. é(&, k) > 0 for all £. In this neighborhood, define

W (k, B,m, 0) = / (U (elk, €), L(ko, B, €, m, 0))+
BEV (K (ko, 8,6, m, 0), ', m'(m, 0),0) dFe () (19)

Obviously, W (k, 8, m, ) is concave in k, W (k, B, m,0) < V(k, 3, m,0) and W (ko, B, m, )
V(ko,3,m,0). The function W then fulfills all the requirements of Stokey and Lucas
(1989, Theorem 4.10), and the claim follows.

B Piecewise polynomial approximation in exogenous vari-

ables

For a higher-order approximation in exogenous variables, I do not use splines, because I
have to handle a vector of moments of dimension up to 4. Splines are rather complicated
for more than 2 dimensions, and software packages are not available to my knowledge.
I rather use the tensor product of a 4-point formula. While the computational effort
grows exponentially with the dimension of the state space, the method is still cheap for
the 4-dimensional case. This is because we do not interpolate at individual points, but
first construct a one-dimensional grid for given moments, as explained in Section 4.2.
We first illustrate the formula for the one-dimensional case. Assume we want to
interpolate the function f(m), where m is a scalar, between equidistant node points
Mj, j =1,...,9. Between nodes M; and M;,; we use the four-point formula f(m) ~

Z?Z_l c;j f (M), where the coefficients c; are given by

c_1 = 0.5(—x% + 222 — 1) (20a)
co = 0.5(32% — 5z2) + 1 (20b)
c1 = 0.5(=3z> + 422 + z) (20c)
co = 0.5(z® — 2?) (20d)

and ¢ = (m — M;)/(M41 — M;). To interpolate between (M, My) and My_1, M, we
introduce the auxiliary nodes My and M, and define the function values there as the
one obtained by a quadratic interpolation based on the first three and the last three
node points, respectively. The interpolation is piecewise cubic, and it is easy to check
that the first derivative is continuous at node points. The interpolation is not a cubic

spline, since it is not twice-differentiable at node points. Splines are more complicated
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because the interpolation at a given point depends on the function value on all the nodes,
while the above interpolation only depends on the 4 neighboring function values. The
coefficients (20) derive from a linear combination of a quadratic interpolation with nodes
(M, Mj+1, M4 ), and one with (M;_1, M;, M;,1) with weights z and 1 — z, respectively.
The generalization to non-equidistant nodes is straightforward.

We handle the multidimensional case by tensor products. Assume we use 7, mo-
ments, and denote by M;; the I-th node point in i-dimension. For given vector of
moments m with components m;, define [(i) such that M; ;) (m) < m; < Mj )4, for

all 4. For any node point M; of the form

Migy4 5,
M .
M = 2,1(2)+72 : ji € {-1,0,1,2}, 1=1,...,nn, (21)

Mnm A(nm)+Jnm,

the corresponding weight in (13) is
Nm
Uy(m) = [] e ) (22)
i=1

where each c;; (i) is given by the corresponding formula in (20) with
T = (mi — My )) /(M g5)41 — Mi())- For any M; not of the form (21), ¥;(m) = 0.

C Computing the distribution function for given moments

The task is to solve (16) s.t. (15). Assume both step functions have n steps, and write

N = 2n. We can write the objective in matrix notation as
min(f — g)'Q(f ~ g) (23)

where  is a given diagonal N-by-N matrix. The matrix H in (15a) is (nn, + 2)-by-N
and known, where n,, is the number of statistics to describe the distribution.
For our purpose it is not essential to find the ezact solution of (23) s.t. (15). For big
N, it is better to use a fast method that provides an approximate solution. Note that
the solution to the quadratic problem without the inequality constraints (15b) is given
by
f=g+Q'H') (24a)

where the vector A solves
HQ'H'X=m - Hyg (24b)
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If n, << N, the most expensive operation in (24) is the computation of HD ' H',
which requires N(n, + 2)(ny, + 5)/2 multiplications. That means, for given n,,, the
effort grows only linearly in N. Based on this, the following algorithm implements a

primitive “active-set” technique to find an approximate solution:

1. Define Ne¢t = N,

2. Solve the system ignoring the non-negativity constraints (15b), i.e., compute (24).

If the solution f satisfies (15b), stop.

3. Denote by T the set of ¢ such that f; < 0 in the above solution. If the number of
negative elements of f is bigger than some prespecified N¢™ include in Z only

the N¢™ smallest elements of f.

Set f; = 0 for all i € Z. Compute new matrices H, €2, m and g by eliminating the
rows (for €, both rows and columns) that correspond to Z. Interpret the new f

as containing only the values that have not been set to 0.

4. Set Not = Nact _ pumber of elements in Z.

If Nt < n,, + 2, stop. The algorithm has failed.

5. Repeat steps 2-4 until termination.

It is obvious that the algorithm terminates in a finite number of steps, either by finding
an approximate solution f or by signaling failure. Note that it is possible that (23) s.t.
(15) has a solution but the above algorithm fails, because at some point we may set an
element of f equal to 0 that is positive in the exact solution. Reducing N will often
resolve the problem, but not always.

My practical experience has shown that with N ~ 0.05N%* the algorithm per-
forms well for n up to 100000.

D Simulating the model

Take as given the current cross-sectional distribution F; (k) and the equilibrium values
(M',L). Then element fzj of the new step function density is obtained as
fl = Prob{ki € (Xi, Xi+1)} /(Xis1 — X;) where

P?"Ob{kj € (XiaXi—I—l)} =

o €
S mT () /0 /‘5 (K k1, €,m, 0,m", L) € (X, Xi11)} dFe (€) dF, (k) (25)

1=1,2
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Here m; is the fraction of type-1 individuals, T'(l,7) is the transition probability be-
tween types and Z{.} is the indicator function. The continuous distribution dF (&)
was approximated by a 100-point distribution. For the household decision function
K'(k,B;,&,m,0,m', L) a piecewise linear approximation in k¥ was used. The integration
in dF; (k) can then be done exactly, since F; (k) has a step function density.

Due to approximation errors, there will be a slight discrepancy between next period’s
moments m' as obtained from integration in (12b), and the moments of the calculated
new distribution. The relative size of this difference was typically of the order 107%. I

therefore made a small adjustment of the new distribution to eliminate this discrepancy.
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