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Abstract

We consider a homogeneous good duopoly with rational ..rms facing consumers who min-
imize maximum regret. In each of a sequence of rounds, consumers have unit demand,
may only visit a single ..rm and only observe the price charged by this ..rm where prices
remain constant over time.

We illustrate the wide range of equilibrium prices supportable by simple consumer
behavioral rules based on a reservation price strategy. Re..ning minimax regret to ensure
time consistent behavior selects marginal cost pricing when consumers are moderately
myopic.

In a further section we show how ..rms can achieve higher payoss by setting prices
stochastically.

JEL Classi..cation: D43, L13, C72.

Keywords: regret, price competition, Bertrand paradox.



1 Introduction

As we ..nd more interest in bounded rationality and as the methodologies for analyzing
abstract decision- or game-theoretic settings have improved, it becomes natural to in-
vestigate how bounded rationality alters rational predictions in more realistic economic
models. For the application we need to ask who is boundedly rational and to what degree
and we need to select how bounded rationality will be modelled. Bounded rationality as
de..ned as behavior that is not rational comes in many faces. It is selected or de..ned
in many dicerent ways: among others by ..tting experimental data, by using axioms, by
limiting strategy spaces in the rational context or by arguing plausibility. In this paper we
do not want to give up the optimization paradigm when we leave the arena of rationality.
We maintain the search for equilibria except that boundedly rational agents will follow
a dicerent objective than a rational one would (by de..nition). Models of bounded ra-
tionality also dizer according to their degree of non rationality. WWe model inexperienced
consumers as boundedly rational while the more experienced ..rms that have more to lose
will be left rational. It is not uncommon to expect bounded rationality only when stakes
are low and learning possibilities are insu€cient.

There are other models in the literature that also consider rational ..rms and boundedly
rational consumers. For instance, Rubinstein (1993) considers consumers with a very
weak form of bounded rationality that have limited memory of previously observed prices.
He shows how this can be utilized in equilibrium by a monopolist to price discriminate
between consumers with dicerent abilities. At the other end, Chintagunta and Rao (1996)
and Hopkins (2003) consider consumers using exogenously speci..ed rules and only look
at ..rm optimization.

We consider the following very simple model of repeated competition in a homogeneous
good oligopoly (in our analysis we limit attention to duopolies and triopolies). Firms
are identical and compete in prices. Marginal costs are constant and strictly positive.
Consumers are identical and in each round have unit demand with willingness to pay
equal to one. Each consumer can only visit a single ..rm in each round, only observes
prices of ..rms he visits and cannot store the good. Firms are in..nitely patient and
are restricted to setting the same price in each round. As there are no costs of visiting
a dicerent ..rm in the next round, any price between marginal cost and the monopoly
price can be sustained in a subgame perfect equilibrium. We investigate which prices are
sustainable in an equilibrium in which ..rms remain rational while consumers minimize



maximum regret for a given discount factor and are hence boundedly rational.

Regret is the dinerence between the payoos you could get under perfect information
and the payoss that you actually get. Minimax regret was ..rst introduced by Wald (1950)
and captures the idea of learning when learning matters in a distribution free approach
- there are no priors. The best outcome for a consumer under perfect information is to
purchase forever at the ..rm ozering the lowest price. What the consumer actually gets is
determined by the given prices in the market and by the sequence of ..rms and purchasing
decisions the consumer makes where payozs are discounted over time. A consumer attains
minimax regret if she chooses the behavior that minimizes over all behavioral rules her
maximum regret over all possible price combinations. Minimax regret has proven a useful
tool for determining behavior in decisions without specifying a prior (see Berry and Frist-
edt, 1985 and Schlag, 2003 among others) and for determining strategies and in games
without specifying beliefs about opponent behavior (see Linhart and Radner, 1989).}

Since ..rms are restricted to charge the same price in each round it is best for any given
consumer to purchase the good if its price is below one. So for consumers we only have to
determine in equibrium which ..rm to visit in the next round given previous experience.
Notice that consumer payoss in each round are contained in the interval [0, 1].

First we consider a duopoly and present three simple rules that consumers could use,
all based on a cutox or reservation price strategy. Each rule prescribes to visit each ..rm
equally likely in the ..rst round. The simplest rule called the simple cutoa rule utilizes
a single round memory and prescribes to go to the same ..rm again if its price is below
a given threshold and to visit the other ..rm otherwise regardless of which ..rms have
been visited in the past. The grim trigger rule is the standard trigger strategy that
relies on slightly more memory in which the “trigger” is pulled if the price is above a
given threshold. We ..nd that the grim trigger rule yields the same expected payoss as
the simple cutoa rule. The censored sampling rule behawves like the simple cutoa rule
whenever only one ..rm has been visited in the past but then visits forever the cheaper of
the two ..rms once both ..rms have been visited.?

We characterize all symmetric equilibria supported by one of these three rules. There
are two types of equilibria. In the ..rst consumers shop in equilibrium forever at the same

!Maxmin has no predictive power for consumer behavior in this setting. The lowest payoa under any
rule is realized when both ..rms charge the monopoly price. Thus any rule maximizes the minimumm

payo®.
2The censored sampling rule can be used to support any price in [c, 1] as asubgame perfect equilibrium.



.rm. Regret that the ..rm not visited might sell the product at price 0 results in an
upper bound 1 — 6 on the equilibrium price. There is also a strictly positive lower bound
on the set of sustainable equilibrium prices driven by reluctancy to switch to the other
..rm when the price ocered is low but above the equilibrium value. In the second type of
equilibrium, consumers shop at both ..rms on the equilibrium path. While under the ..rst
two rules this yields monopoly pricing, marginal cost pricing results under the censored
sampling rule as only the latter prescribes to only purchase at the cheapest ..rm. So we
see that bounded rationality modelled by minimax regret restricts the set of equilibrium
prices. The second exect of bounded rationality is that equilibria need not exist. In order
for one of the above rules to attain minimax regret the discount value of the consumers
cannot be not too large where the bounds are 0.5, 0.5 and 0.62 respectively. A fourth
class of more sophisticated rules called censored reinforcement rules is added. These rules
prescribe stochastic behavior after having visited only one ..rm that charges a high price.
Equilibrium properties similar to those of the censored sampling rule are displayed except
that the upper bound on the maximal discount value now equals 0.83.

Not to shop at the cheapest ..rm when both prices are known is not only nonintuitive,
it also violates minimax regret conditional on this information. Notice that the original
concept of minimax regret is ex-ante so the value of what is achievable is not updated when
the consumer obtains more information. We re..ne minimax regret similar to subgame
perfection to accommodate for time consistency which leads to the de..nition of sequential
minimax regret. We ..nd that there is essentially a unique rule that attains sequential
minimax when § < % This rule is a particular censored reinforcement rule. With this
re..nement only marginal cost pricing can be supported in a symmetric equilibrium. We
also prove that no rule can attain sequential minimax regret when ¢ > %

Marginal cost pricing arises under sequential minimax regret due to the valuable infor-
mation a consumer receives when he ..rst visits a ..rm. The price charged by a ..rm once
will always be charged by this ..rm by assumption. In the rest of the paper we investigate
what happens if the ..rm has the possibility to prevent this inference by charging random
prices. Formally we now allow for ..rms to choose mixed strategies in the game abowe.
A mixed strategy is a price distribution according to which the price is independently
drawn in each round. The most important impact is not on the equilibrium behavior
of ..rms themselves but on consumers who now formulate maximum regret over all price
distributions.

In this new setting we reconsider the above rules for consumer behavior and ..nd



that none of them can attain minimax regret above a discount value of 0.38. To gain
existence of equilibria for higher discount values we borrow two alternative rules from
(Schlag, 2003). Under these rules we now also allow for three ..rms competing. Under
the simple reinforcement rule the consumer visits each ..rm equally likely in the ..rst
round. Thereafter she visits the same ..rm again with probability equal to the payoa she
obtained in the previous round. Otherwise she visits the next ..rm where the order of
visits is chosen randomly before visiting the ..rst ..rm. Under the two state con..dence
rule the consumer attributes two states associated to low and high con..dence to each
.rm. The term con..dence is used as states can be interpreted as beliefs a consumer
could have on whether she has found a ..rm that ozers a low expected price. According
to this rule a consumer visits each ..rm equally likely in the ..rst round and enters the
low con..dence state for the ..rm she visits. Conditional on being in the low state, with
probability equal to the payoa obtained she visits the same ..rm again and enters the high
state. Otherwise she visits a dicerent ..rm and enters its low state. Conditional on being
in the high con..dence state she always visits the same ..rm again and transits between
states as follows. With probability equal to her payoa she remains in the high state while
she drops back down to the low state otherwise.

These two rules were discovered by Schlag (2003) as rules for n = 2 that maximize the
upper bound on the discount value required for attaining minimax regret among rules with
a single round and with two rounds of memory. The upper bound values are 0.41 and 0.62
respectively. In the appendix of this paper we derive the upper bounds for each of these
rules when n = 3 and obtain the upper bounds 0.49 and 0.62 respectively. Applying these
results to our particular application we ..nd the following. Under the simple reinforcement
rule only monopoly pricing is sustainable in equilibrium (n = 2, 3). The same result holds
for the two state con..dence rule if n = 2 or if n = 3 and ¢ > 1/2. However, if n = 3
and ¢ < % then we obtain 2c¢ as the unique expected price in a symmetric equilibrium.
Three ..rms, low cost and two rounds of memory are su¢cient to induce some competition
between the ..rms. There is no restraint on how the precise form of the price distribution
as long as its support is contained in [0, 1] and its expected value equals 2c. In particular,
..rms could be charging deterministic prices equal to 2¢ and they could be sometimes
charging prices below marginal cost.

The paper is organized as follows. The main body starts with the setting of deter-
ministic prices and presents the model, equilibrium de..nitions and separate subsections
for the presentation and analysis of each rule. Then the framework with random prices
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is introduced and previous rules are reconsidered before the two new rules from (Schlag,
2003) are presented. The main body ends with a brief conclusion. All calculations and
proofs regarding minimax regret properties are contained in the appendix.

2 The Market

Consider n identical ..rms repeatedly selling a homogenous good to identical consumers.
Firms have no ..xed cost and constant marginal cost ¢ with 0 < ¢ < 1. At the outset each
..rm i has to commit to charging the same (non negative) price in each round. Let p; be
the price charged by ..rm i. Firms aim to maximize long run average payoss.

There is a ..nite number of identical consumers. Our results will not depend on the
speci..c number of consumers. In each round, each consumer demands one unit of this
good for which he is willing to pay at most a price equal to 1. Consumers do not know a
priori any of the prices set by the individual ..rms. In a given round a consumer can only
visit a single ..rm and consumers only observe the price of the ..rm they visit. A consumer
gains utility 1 — p if she purchases the good at price p <1 and gains utility 0 if she does
not buy the good in that round. Behavior of a consumer is determined by a purchasing
rule and a shopping rule. Throughout we consider the purchasing rule under which a
consumer buys the good at price p if and only if p < 1. The shopping rule determines
which ..rm the consumer visits in the next given his previous experience. As a consumer
does not purchase the good above price 1 the payoas of a consumer will be contained in
0, 1].

We point out now (but leave the details until later) that any price in [c, 1] can be sus-
tained in a subgame perfect equilibrium in the traditional setting in which consumers are
rational. However, in this paper consumers are boundedly rational and choose a behavior
that attains minimax regret given the possible market prices using a given discount factor
6 € (0,1). For more on minimax regret see the appendix. An equilibrium is a de..ned as
a price p; for each ..rm ¢ and a shopping rule for each consumer such that consumers use
a rule that minimizes maximum regret and each ..rm 4 has no incentive to unilaterally
deviate from the speci..ed price p;. We will be only interested in symmetric equilibria in
which all ..rms charge the same price and all consumers use the same rule.



3 Equilibrium Analysis

To simplify analysis we consider in this section only a duopoly (so n = 2). More impor-
tantly we refrain from a necessarily very involved general analysis of possible consumer
in equilibrium. We will select a set of rules we informally argue as being simple in terms
of amount of memory involved for the execution and in terms of how observed prices.

3.1 Deterministic Consumer Behavior

We start out by analyzing three rules or classes of rules. The three have in common that
their choice in the ..rst round is symmetric in the sense that each ..rm is visited equally
likely and that they prescribe deterministic behavior thereafter (short: are deterministic
after round one). The ..rst rule builds on a very simple cuto= or reservation price strategy
based only on information gathered in the previous round. The second is the standard
grim trigger strategy. The third rule extends the ..rst to incorporate memory of visits at
both ..rms whenever available. All results on minimax regret behavior of the rules are
stated and proven in the appendix.

We call the following behavior a simple cutoa rule (with cutoz price «). Visit each
..rm equally likely in the ..rst round and in any later round visit the same ..rm again if and
only if the price charged by this ..rm is at most «; « € [0, 1] is exogenously given. Notice
that in the appendix everything is de..ned in terms of payowrs so this rule is described in
terms of a cutoo level y so o =1 — y.

Let us leave the setting of this paper for a moment to consider the more classic setting
where all consumers are rational and where this is common knowledge. Then the simple
cutoa rule can be used to support any price po in [c, 1] for any 6 € (0,1]. A symmetric
Nash equilibrium is given if both ..rms charge the same price p and all consumers (who
are rational) use the simple cutoa rule with cuto= price o = p. One might argue that the
simple cutox rule is the simplest rule that has this property for any given price p in [c, 1].
Notice however that this Nash equilibrium is not subgame perfect.

Now return to the setting of this paper where consumers are not rational and instead
aim to minimize maximum regret. We claim that both ..rms charging the same price p
and all consumers using the simple cutoa rule with cutoa price o = p is an equilibrium
if max {c,6} <p <1-— ¢ and hence § < 1/2. On the equilibrium path we ..nd that each
consumer forever visits only one ..rm. Firms cannot attract more consumers by reducing



their price. Raising own price also has negative consequences as all consumers then shop
at the other ..rm. The fact that consumers attain minimax regret follows from our analysis
in the appendix where we show that consumers attain minimax regret if 6 < a <1 — .
If 6 < 1/2 then it is also an equilibrium when all ..rms charge the monopoly price 1 and
all consumers use the simple cutox rule with a cutoz price a € [6, %} . In this equilibrium
consumers constantly switch back and forth between the two ..rms. But each ..rm does
not have an incentive to charge a dicerent price p’ that would make any consumer repeat
her purchase as p’ < % would be necessary. It follows easily that no symmetric equilibria
can be sustained when consumers use a simple cuto= rule provided that § < 1/2. As the
simple cutoz rule does not attain minimax regret under deterministic prices for any other
cutoa and discount values there are no other symmetric equilibria involving consumers
using this rule.
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Set of prices sustainable in a symmetric equilibrium with a simple cutoa rule when
c <p.

The second rule (or class of rules) we consider is called grim trigger rule (with cuton
price «). As above this rule prescribes to visit each ..rm equally likely in the ..rst round
and to shop again at the same ..rm if the price charged by this ..rmis at most «. Howe\er,
unlike the simple cuto= rule, should the price lie above « then the consumer shops forever
at the other ..rm regardless of what price this ..rm charges. While this rule requires
more memory it turns out that it generates the same expected payozs as the simple
cutoa rule with the same cutoa price a. Consequently, the same characterization of
symmetric equilibria holds as obtained for the simple cutoa rule. The only dicerence
concerns equilibrium consumer behavior under monopoly pricing where now the consumer



forever shops at the second ..rm visited while above the consumer constantly switched back
and forth between the ..rms.

Our third rule is a bit more sophisticated and is called the censored sampling rule (with
cutom price «). It prescribes the following behavior. Visit each ..rm equally likely in ..rst
round. Then visit the same ..rm again as long as the price in the previous round was at
most «, otherwise visit the other ..rm in next round. When each ..rm has been visited
at least once then visit in the next round the ..rm that charged the lowest price when
visited last (visit same again if both charged the same price on the last visit). Notice for
the classic setting in which all consumers are rational that this rule can sustain any price
in [c, 1] as a subgame perfect equilibrium.

Analogous arguments to the ones above now using Proposition 5 in the appendix show
that it is an equilibrium if all ..rms charge price p and if all consumers use the censored

sampling rule with cuto= price a = p provided max{c,l—ié} < p < 1- 46 and hence
§ < 1v5 — 4 (where 15— 2 ~ 0.62). The upper bound 1 — 6 and lower bound -

for the equilibrium price as functions of ¢ when c is su€ciently small are shown in the
..gure below. It is also an equilibrium if all ..rms charge price equal to marginal cost ¢
and if all consumers use the censored sampling rule with cutoa price o provided that
{l—jzé} < a < min {1 — ¢, ¢} which means again that § < <+/5 — 1. Failure of a censored
sampling rule to attain minimax regret for alternative cutoa prices and discount values
implies that no other symmetric equilibrium prices can be sustained with a censored
sampling rule for given 6 and c. In particular, and in contrast to the simple cuto= rule,
the monopoly price cannot be supported with the censored sampling rule.

0.81
0.61
od TT—

0.2t

00 0.1 0.2 0.3 0.4 0.5 0.6

Prices strictly above marginal cost sustainable in a symmetric equilibrium under
censored sampling lie between two solid lines. Adding sequential minimax regret
predicts prices on dotted line when strictly abowve c.
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Marginal cost pricing sustainable in a symmetric equilibrium under censored sampling
lie within solid lines. Respective region using sequential minimax regret lie to the
upper left of dotted lines.

In the minimax regret approach expected regret is calculated ex-ante, i.e. before
visiting the ..rst ..rm. Consumers need not minimize maximum regret conditional on
having visited some ..rms and hence knowing some prices. For instance, once a consumer
has visited both ..rms then regret from the perspective of that round is minimized if
and only if the consumer only shops at a cheapest ..rm from then on. Yet neither the
simple cutox nor the grim trigger rule have this property. We say that a rule attains
sequential minimax regret if maximum regret is minimized after any history similar to the
way subgame perfection re..nes Nash equilibrium. The formal de..nition is provided in
the appendix.

At this point of our analysis we use this re..nement to select among the rules that are
deterministic after round one (such as the three rules de..ned above). In the appendix
we show that a rule that attains sequential minimax regret among the rules that are
deterministic after round one exists if and only if 6 < 1/2 and that the censored sampling
rule with cuto= price ;—:g is essentially the unique rule with this property.® This re..nement
of consumer behavior hence selects the symmetric equilibrium with equilibrium price
p = max {c, %;} when 6 < 1/2 and yields no equilibrium when 6 > é For illustration we
include the equilibrium price ;—jg attained for succiently small cost c in the ..gure above
as a dotted line.

3The only degrees of freedom are how to behave when observing exactly the cutoa price and how to
behave when both ..rms are observed to have set the same price.
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3.2 Stochastic Consumer Behavior

In this section we extend our analysis to rules that are no longer deterministic after
round one. First we consider a speci..c rule called the censored reinforcement rule with
cutoa price « that prescribes the following behavior. Choose each ..rm equally likely in
the ..rst round. Whenever the same ..rm has been visited in each previous round then
visit the same ..rm again if the price p is at most « and visit the same ..rm again with
probability equal to 11—j§ if p > «, otherwise visit the other ..rm. Once each ..rm has been
visited at least once then shop as prescribed by a censored sampling rule. Ignoring integer
constraints we can also interpret the probability 11_—’5 of visiting the same ..rm again when
p > « as visiting the ..rm visited in round one also in the next %T%g = ;—:5 rounds
and then visiting the other ..rm.

Equilibria with prices strictly above marginal costs can only be sustained if the equi-
librium price equals the cutoa price. Otherwise the consumer eventually has observed
both prices and shops forever at the cheapest ..rm. As ..rms are in..nitely patient this
then induces marginal cost pricing. Building on Proposition 6 in the appendix and using
the same arguments as for the previous rules the following result is easily obtained. If
c<p<l-—éandeither 6 <lorp> f(§):= A10)+(26-5),/200) and§ < 2v/2-2

(—2+\/2(1—5)) (5—1+\/2(1—5))
(where 22 — 2~ 0.83) then an equilibrium is given by all ..rms charging price p and all
consumers using the censored reinforcement rule with cutoa price p. Competitive pricing

can be supported in equilibrium by setting cuto= price « equal to 0 if 6 < 1/2 and by
setting a = f (6) if £ (8) < cand 1/2 < 6 < 2/2 —2. No other symmetric equilibria exist
when § < 2v/2 — 2. Our lack of knowledge of minimax regret behavior for § > 22 — 2
prevents us to make any statements about what happens for outside this range of discount
factors.

Notice that the equilibria found are very similar to those found under the censored
sampling rule except that (i) the maximal feasible discount factor is now larger (0.83
verses 0.62) and (ii) for given discount factor below 0.62 the set of equilibrium prices is
now larger as the constraint on the cuto= level from below is weaker, in particular when
6 < 1/2 then there is no lower bound on the cuto= price.

10
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Upper and lower bound on equilibrium price sustainable under censored reinforce-
ment.

Consider now sequential minimax regret behavior without restricting attention to de-
terministic rules as we did above. In the appendix we show for 6 < 1/2 that the censored
reinforcement rule with cutoz price a = 0 is essentially the unique rule that attains se-
guential minimax regret. Behavior of this rule after seeing only the price of a single ..rm
is reminiscent of reinforcement as the same ..rm is visited again with probability equal
to own payoz in that round. With this rule marginal cost pricing is the only sustainable
equilibrium price. Unfortunately, as shown in the appendix, no rule attains sequential
minimax regret when § > 1.

3.3 Summary

We present four classes of rules that can be argued to be increasingly complex in terms
of assumptions on memory and abilities to randomize. All four rules can be used to
sustain any equilibrium price in [c, 1] for any ¢ in the traditional setting with rational
consumers. The latter two are also able to support any such price with a subgame perfect
equilibrium. In our approach with boundedly rational consumers the set of equilibrium
prices sustainable are very much restricted. The simpler rules can only attain minimax
regret if 6 is not too large. None of the rules can sustain prices above marginal cost
that lie above 1 — 6 when § < 0.828. This result is due to the following. All rules
only support equilibria in which prices lie above marginal cost in which in equilibrium
consumers purchase forever at the ..rst ..rm they visit. In the situation in which one
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..rm charges 0 and the other price p then their regret equals %p. This regret may not be
larger than the maximal regret attainable which equals %(1 —6) when 6§ < 0.828. So
ip<2(l-¢sop<1—6.

Re..ning minimax regret by a adding time consistency condition yields extremely com-
petitive behavior as it selects only marginal cost pricing. The drawback of this approach
is that equilibria do not exist when & > 3.

An alternative method for selecting equilibria is to consider for each class of rules the
cutoa level that attains minimax regret for the largest range of discount values. The mo-
tivation is that boundedly rational consumers have no preferences among rules that attain
minimax regret for a given discount factor and can use such a rule in more situations.
With this re..nement we present the selected cuto® level, resulting equilibrium price p and
range of discount values:

Simple cutoa and grim trigger rule: a = % andp=1for§<i
Simple cutoa and grim trigger rule: « =p==1forc<landé§ <1

2 2
Censored sampling rule: o =4 —1\/5and p = max{ 4 — %\/5} for6 <1v5-1,

Censored reinforcement rule: o= 3 — 2v/2 and p = max {c, 3— 2\/5} for§ <2v2-2.

4 Random Pricing

In this section we investigate what happens when ..rms choose noisy prices or at least if
consumers “fear” that prices may be random. More formally, at the beginning each ..rm ¢
independently chooses a price distribution P,. In each round the price p; charged by ..rm
1 is then drawn according to P,. Consumers calculate maximal regret over the set of all
stationary price distributions.

As above ..rms charge prices below 1 in equilibrium as consumers will otherwise not
purchase the good. Contrary to abowe, possibly ..rms occasionally charge prices below
marginal cost as short run negative pro..ts are of no concern to them. Thus P, € A0, 1].
Firms remain in..nitely patient and hence only care about long run pro..ts.

We point out in the appendix that rules that attain sequential regret do not exist in
this scenario. As prices may be random no history gives su€cient information to rule out
any decision problem. This is advantageous for ..rms as above we show that sequential
regret under deterministic pricing yields marginal cost pricing.

12



4.1 Previous Rules

Consider again the simple cuto= rule with cuto= level «. Proposition 3 in the appendix
shows that it attains minimax regret (under random prices) ifand only if 6 <1—a <1/3.
Thus all ..rms charging the same price p (with probability 1) and all consumers use the
simple cuto= rule with cutor level oo = p is an equilibrium if max{2/3,¢} <p <1-96
(so § < 1). Monopoly pricing is sustainable if « = 2/3 < ¢ and § < 1/3. Notice that the
reservation price type of rule precludes any symmetric equilibrium to exist in which ..rms
truly randomize.

o < é IS necessary in an equilibrium involving the simple cuto= rule as consumers
calculate regret anticipating that prices could be random even though in equilibrium
prices are set deterministically. Schlag (2003) shows that this upper bound on 6 cannot
be improved upon when considering only rules that rely only on events that occurred in
the previous round.

Grim trigger allows for a wider range of cutoa prices. Following our results in the

appendix, any price such that (1f5)2 < p < 1—¢6 (which implies 6 < 0.318) can be
supported when consumers use the grim trigger rule with cutoz level o = p.

In comparison to the simple cutoa rule, the upper bound on delta is slightly lower
but the range of equilibrium prices has increased substantially. The ..gure below shows

equilibrium prices sustainable for su€ciently small marginal cost c.

—

0.6}

0.41

0.2t

0o 005 01 015 02 025 03

Upper and lower bound on sustainable equilibrium prices under suc€ciently small
marginal cost ¢ for the grim trigger rule (solid line). Price lie above dotted line under
the simple cuto= rule.

Under either censored sampling or censored reinforcement we ..nd that 6 < £ —2./5

(where £ — 1./5 ~ 0.38) is necessary to attain minimax regret. Following our reasoning
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above, price setting will be deterministic in any equilibrium supported by one of these
two rules. We refrain from a necessarily involved complete characterization as the upper
bound of 0.38 on the discount factor seems extremely restrictive and does not improve
substantially on the upper bound on 6 under the simple cuto® rule.

To summarize, we ..nd that the previous rules that were designed to deal with deter-
ministic prices can only be used for limited ranges of discount factors. In an environment
with random prices consumers receive much less information when observing a single or
even a ..nite number of prices charged by the same ..rm. It is then intuitive that their use
of cutox prices does not do well at aggregating information and is hence less adapted for
learning when payoas are random.

4.2 Linear Rules

We now present two rules that both exhibit random behavior after round one where ran-
domizations (formally the probability of choosing an action) is linear in payogs received.
In this analysis we also allow for more than two ..rms.

4.2.1 Simple Reinforcement

Consider the following rule that combines minimal use of memory as demonstrated by the
simple cuto®= rule with payor reinforcing behavior as exhibited by the censored reinforce-
ment rule. The rule is called the simple reinforcement rule and prescribes the following
behavior. Initially, randomly assign indices to the n ..rms. In the ..rst round visit each
..rm equally likely. From round two on visit the same ..rm again with probability equal
to 1 —p where p is the price charged by this ..rm in the previous round. With probability
p Visit the ..rm with the next higher index (modulo n). Let ¢; be the long run average
visits at .rm <. Then

1

Di Zkzlp_lk k
L if p, =0
qi = — bi =
# {k: pr =0}

g = 0ifp; >0 :mlgn{pk}

where long run average payowss of ..rm i equal ¢; (p; — ¢). When all expected prices are
equal then each ..rm is visited equally likely. Firms that are cheaper on average are visited
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more likely. The most expensive ..rm obtains customers even in the long run as long as
no other ..rm charges a (deterministic) price equal to the lower end of the price interval.

Consider an equilibrium. Let R, denote the long run average payo= of ..rm i in an
equilibrium. As p;, > ¢ > 0 in equilibrium we ..nd

p1—c
Rl — —
L+ p1 Yk p_lk
where .
d 1+c¢ ZZZQ a

dp1 (1+p ZZZQP_—lk)Q
Given %Rl > 0 if p; < 1 we obtain the following result.
Proposition 1 There exists &, € (0, 1) where 6, = v2—1 ~ 0.41 and 85 = %\/4\@ —3-
—; ~ (.49 such that if 6 < §,, then ..rm ¢ choosing a mixed price according to distribution
P; € A0, 1] for each i and consumers using the simple reinforcement rule is an equilibrium
if and only if each ..rm sets price 1, i.e. P;(1) =1 for all i.

The above result is disappointing in two respects. (1) Equilibria do not exist for
discount values above % as the simple reinforcement rule has a restricted range of discount
values under which it attains minimax when n = 2, 3. For n = 2 we know that this is due
to the simple memory of this rule. (Schlag, 2003) shows that there is no rule with a single
round memory that can attain minimax regret for 6 > 6,. (2) Only monopoly pricing
arises when equilibria exist. There is too little learning keep ensure that ..rms actually
compete. Notice that in equilibrium consumers alternate in each round between the two
..rms.

4.2.2 Two State Con..dence

In the following we consider a rule that has two rounds of memory. This rule is the so-
called two state con..dence rule. For each ..rm that the consumer visits there are two states
which can be interpreted as con..dence lewvels low and high. High con..dence intuitively
refers to the fact that the consumer quali..es this ..rm as one that ozers low prices on
average. The rule prescribes the following behavior. As above, initially assign indices
at random to the n ..rms. In the ..rst round visit each ..rm equally and enter the low
con..dence state of the respective ..rm. In any later round, after previously being in the
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low con..dence state of a ..rm, with probability equal to the payoa 1 — p received in the
previous round visit the same ..rm again and transit to the high state. Otherwise, i.e.
with probability p, visit the ..rm with the next higher index (modulo »n) and enter its
low con..dence state. Thus you never are in the low con..dence state of the same ..rm in
two consecutive rounds. In any later round, after previously being in the high con..dence
state of a ..rm, visit the same ..rm again in the next round. Remain in the high state with
probability 1 — p and transit to the low con..dence state of the same ..rm with probability
P.
Given g; denotes long run average number of visits to ..rm ; we obtain

1 . .
4 = = i mkln{pk}>0,
i 2j=1F

J

1 ]
4% = - ifp, =0,
#{k:pk:()}
g = Oifﬁi>0:mkin{ﬁk}.

Assume in equilibrium that p; = p for i > 2. Then

1 _ P> _
R =———(p—c) == — (p; — ¢
and ) )
d R pzﬁ +2(n—1)pic—(n—1)pj
-l =
dp (p*+ (n—1)p})*

n—2

and n > 3. As we again are only able to verify the minimax properties of the abowve rule
for n < 3 we can only present a result for these values of n.*

where =R, >0 if n = 2 and where p° + 2 (n — 1)pc — (n — 1) p* = 0 holds if p= 2ot

Proposition 2 Assume n € {2,3} and § < 1v5 — % (= 0.62). Firm i choosing a

distribution P € A [0, 1] with expected price p for all < and consumers using the two state
con..dence rule is a symmetric equilibrium if and only if

__{ lifn=2o0r[n=3andc> 1]
P \4cifn:3andc<711

“1t is easily argued that both the simple reinforcement rule and the two state con..dence rule attain
minimax regret if ¢ is su€ciently small. However, as we have no explicit proof of the analytical value of
this bound such a result is of little added value.
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5 Conclusion

This paper contains a simple model to investigate equilibria with dicerent degrees of
rationality on either side of the market. While consumers are boundedly rational, we want
to emphasize that their behavior is not assumed exogenously. Instead they still solve an
optimization problem albeit not the one associated to rational agents. Equilibria as in
the approach of (Linhart and Radner, 1988) are investigated. We re..ne minimax regret
to ensure time consistent behavior. This eliminates nonintuitive behavior as displayed by
the simple cutoa rule and by the grim trigger rule arising when the consumer knows the
prices of both ..rms. The re..nement is however too strong when prices are random and
future research may ..nd other means to select behavior.

Rules found in (Schlag, 2003) attain minimax regret under deterministic prices. How-
ever these rules have been developed for the random payoz scenario. Others are more
appealing when payogs are deterministic. So we derive alternative rules that attain min-
imax regret under deterministic payoas and put this material in the appendix. Despite
the length of the paper, we ..nd that this material should not be extracted as it is part of
the optimization in the equilibrium.

Conditions to obtain minimax regret are intricate. WWe avoid presenting an even longer
paper by only considering a duopoly for the case where prices are deterministic. More
general results for the case of random prices are not available and under current under-
standing of this area of research are extremely di¢cult to obtain.

Despite the di¢culty of ..nding rules that attain minimax regret we believe that the
rules presented are plausible for consumers for two reasons. (i) They are natural can-
didates even if their nice properties were not known. (ii) They are applicable to very
general settings and do not have to be reoptimized each time a new situation is faced.
They apply to any decision problem in which payoas are known to be contained in a
bounded connected interval. This interval is then linearly rescaled to become [0,1]. One
might therefore argue informally that nice properties of a minimax regret rule are actually
easier to discover than alternative properties of more specialized rules.

Our market model is very simple and easily criticized. One concern could be that prices
set by ..rms are ..xed forever. For the setting of the ..rst part of the paper where random
prices are not allowed this is not implausible. We can easily imagine external restrictions
that keep a ..rm from changing its prices each day. Moreover, it is easily shown that
a single unilateral deviation by some ..rm in a later round will not be pro..table when
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starting in an equilibrium. An interested reader will see that this holds for any of the rules
presented. Of course for the setting that allows for random prices it is more natural to also
investigate non stationary pricing which we plan on doing. Here we view our modelling at
least as an important ..rst step. A less persuasive argument in favor of stationary prices
is that this is also the approach underlying a logit equilibrium (e.g. see Anderson et al.
2000).

The speci..c form of competition taking place in our market model was chosen to
allow for use of existing results on minimax regret behavior. The more classic model with
sequential search before making a single purchase has a dicerent payoa structure. This
is left for future research as it requires initially an extensive analysis of behavioral rules.
In our market model the rational predictions of market prices are extremely weak. In
contrast we ..nd that simple rules put both upper and lower bounds on sustainable prices.
There may be other rules that can support all prices in [c, 1] . We do not follow this line of
research because we are interested in simple rules. Thus we were very careful in selecting
the rules in this paper.

One of the most interesting predictions of our model is that fear of stochastic pricing
combined with intermediate degree of myopia can make a consumer choose to only react
weakly to changes in prices which in turn enables ..rms to charge higher prices. In our
simple model these prices are in fact maximal unless there are three instead of two ..rms
and costs are small.
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A Choosing a Rule

A.1 Minimax Regret

In the following we show how to select behavior using minimax regret. D = (P)., is
called a decision problem if P; is a probability measures on [0, 1] for i = 1,..,n where 7;
denotes the expected payox= realized by P,. D is deterministic when P; (z;) = 1 for some
z; € [0,1] for all 4. Let A[0,1]" denote the set of decision problems and let [0, 1]" denote
the subset of deterministic decision problems in which each action yields a deterministic
payoz. Consider an individual repeatedly and independently facing the same decision
problem. A behavior rule is a function f : U2, ({1,..,n} x [0,1)" — A{1,..,n} that
determines for any history of actions and payoss received which action to choose in next
round where A {1,..,n} is the set of probability distributions over the set of actions. Let
F denote the set of behavioral rules. We say that a behavioral rule f is deterministic
after round 1 if f (({1,..,n} x [0,1))*) — {1,.,n} when & > 1.

Assume that the individual discounts future payoas with discount factor 6 € (0,1) so
she evaluates the stream of payoas (z)5, by calculating (1 — §) X522, 6 ‘). Any given
rule f generates against any given decision problem D expected discounted payogs

w(D.f)=(1-8) 38 S o (D, f)me (D)
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where p§k> (D, f) is the probability of choosing action ¢ in round k. We assume that
the individual aims to maximize expected payoss if it knew which decision problem it
is facing. Thus, if faced with D then she would choose in each round an action from
arg max,—1,_., {m (D)} . However we assume that the individual does not know which de-
cision problem from A [0, 1] she is facing. Moreover we do not consider a prior over deci-
sion problems. Instead we assume that she chooses the rule that minimizes the maximum
expected dicerence between what she could get and what she does get. Formally, we say
that the behavioral rule f attains minimax regret (Wald, 1950, Berry and Fristedt, 1985) if
f € argmingeFsuppeap 7 (D, f) where r (D, f) = maxi1,.n 7 (D) — 7 (D, f) denotes
the expected regret when choosing rule f against decision problem D. In parts of our
analysis we only restrict attention to deterministic decision problems and then say that f
attains minimax regret under deterministic payoss if f € argmin sz sup pepg yn 7 (D, f).
We also sometimes restrict attention to a subset of rules such as those that are deter-
ministic after round 1 and then add a sub..x and say “attains minimax regret among the
rules that are deterministic after round 1.”

In the following sections we investigate minimax properties of speci..c rules. The ..rst
three rules are deterministic after round 1. Unless otherwise speci..ed we limit attention
to the case of two actions.

A.2 Simple Cutoz Rules

The ..rst rule we call the simple cutoa rule (with cutoa level y) speci..es to choose each
action equally likely in the ..rst round and from then on to choose the same action again
if and only if the payox received is at least y where y € [0, 1] is exogenously given. This
rule requires no memory from earlier rounds. If payozs are deterministic then

%(71'1 + o) if min {m, 72} >y
= Am (=) mtom) ifm 2y > m
| 4(m+m) ify > max {m,m}

SO SUDP,, rycjo] T = MAX {% (1-y),1(1-9), —;y} where the three terms coincide to the
three cases in the formula of 7® abowe. Proposition 6 below shows that the value of
minimax regret equals 1 (1 —¢) for § < 2¢/2 —2 ~ 0.83. Hence, given § < 22 — 2
the simple cutoa rule attains minimax regret under deterministic payozs if and only if
6 <y<1-—6s006<1/2where the highest value 6 = 1/2 is achieved when y = 1/2.
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When 6 > % then it follows immediately that the simple cuto= rule with cutoz level

-; is the unique rule that attains minimax regret under deterministic payoas among the

simple cuto= rules. The maximal regret for this rule is shown in the following ..gure.

0.81

0.6t

0.21

Comparing the maximal regret of this rule to that found in Proposition 6 shows that
there is no simple cuto= rule that attains minimax regret when 6 > £.

Now assume instead that payozs are random. It is can be argued (for more details see
Schlag, 2003) that it is su€cient consider only decision problems in which P, (1) = ¢1 =
1—-Pi(y—e¢)and Py (y) = g2 = 1 — P> (0) which yields regret that in the limit as ¢ tends
to 0 tends to

1 14626
21 +6—6(q+ q2)

7 (q1, G2) (+1=—q)y —ay) -

Schlag (2003, see also Proposition 10) shows that the value of minimax regret equals
1(1-¢)foralls < 3v5-2. As7(1,0) = & (1 — ) we investigate when (1,0) € argmax 7.
A necessary condition is that ddzf(l,o) >0 > %?(1,0) which is easily shown to be
equivalent to § < y < 1/3. Verifyingforé < y < 1/3 that %f < 0 and that %f (,0) >0
completes the proof of the following result.

Proposition 3 Assume n = 2. The simple cutoa rule with cutoz level y (i) attains
minimax regret under deterministic payoss if and only if § <y < 1—6 (so § < 1) and
(i1) attains minimax regret under random payoss if 6 <y < 713 but not for any other values
of y and § if § <1V5 — 1 (x0.62).
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A.3 Grim Trigger Rules

Next consider the grim trigger rule with cutoa y that prescribes the following behavior.
Choose each action equally likely in the ..rst round. After having always chosen the same
action, choose the same action again if the last payoa was at least as large as y. Choose
the other action and never switch back if the ..rst chosen action yielded a payo= below .
Note that this rule requires memory of whether a dicerent action has been chosen in the
past.

If payors are deterministic then we obtain the same expression for the expected payoxs
7® as under the simple cutosa rule. Hence the necessary and su¢cient conditions on y and
6 for attaining minimax regret under deterministic payosrs are the same as those for the
simple cuto= rule.

Now assume that payoss are random. Let z; be the payo= to choosing action i after
choosing action 7 in all previous rounds. Let ¢; be the probability that action i yields
a payoa above y. Then z; = (1 — 6) m; + ¢;6x; + (1 — ¢;) 6m3_;. Let z; be the payoa to
choosing action 4 in round one then

2 = (1 — 5) T + qidx; + (1 — qi) O3
= (1 — 5) ™ + qiél_—éq ((1 —5) ™ + (1 — qi)(SWg,i) + (1 — qi) 571’34

(1—=06)m;+ (1 —q;) om3
1—0g;

As i = L1 (z; + ) and assuming m; > 7, we obtain

B 1 ((1=8m+(1—q)émy (1—08)my+ (1 —qo)bmy
r o= T —= +
2 1-6q 1 —6qo
(1 —28g; + 6% (q1 — q2) + 52%@2)
(1 —6q1) (1 —égq)

= (
= =(m —7
9 1 2
which attains its supremum at

(1 —26q1 + 8% (q1 — @) + 8°q1a2)
(1 —6q1) (1 —6g)

We now need to ..nd conditions under which 7 is maximized when ¢; = 1 and ¢2 = 0.

Note that &7 (1, 0) = $A=HEB0E > ) if and only if y < 522 and 747 (1,0) =

—4(1-6)(y—06)<0ifandonlyify > 6Where%§%2 > § implies § < 1— /% + &/93+

(g, ) == (@ + 1 —q)y— wy)

o=
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1 ~ -y L_ L—
PEY vy 0.3177. Few additional steps show that il < 0 and that dqlr(ql,O) >0

holds when y < %‘;3—2 We summarize.

Proposition 4 Assume n = 2. (i) The grim trigger rule with cutoa level y attains min-
imax regret under deterministic payoss if and only if 6§ <y <1 —6 (so 6 < 3). (i)
The grim trigger rule with cutoa level y attains minimax regret under random payogs if
s§<y< %3-‘? (so 6 < 0.318) but not for any other values y and § if § < 1/5 — 3.

Notice that in order to attain minimax regret under random payogs the grim trigger
rule requires slightly lower discount values than the simple cuto= rule. However there are
many more feasible cutoa levels for given ¢ under the grim trigger rule. This plays a role
for our analysis of price setting behavior of ..rms.

A.4 Censored Sampling Rules

Next consider slightly more sophisticated behavior that generalizes the simple cuto= rule.
This rule we call the censored sampling rule with censor cutoa y. Choose each action
equally likely in the ..rst round. Then choose same action again as long as payo@ in
previous round is at least y, otherwise choose other action in next round. Once each
action has been chosen at least once, choose in next round the action that yielded the
highest payoa when tried last (choose same again if both achieved same payo=). This
rule requires memory of the last payor obtained by each action previously chosen. When
y = 1 and payowzs are deterministic and below 1 then ..rst each action is chosen only once
and then the action that attained a higher payo= is chosen forever.
Assume payoss are deterministic. Then

%(71’1 +7T2) if min{m,ﬂg} >y
70 = %7?1—1—%((1—5)#2—1—67?1) if 11 >y > mo
l %(1 —52) (11 4 m9) + 62 max {mq, m} if y > max {m, 7o}

SOSUD,, ryefo] T = Max {% (1-y),1(1-06),3 (1 — 62) y} where the three terms coincide
to the three cases in the formula of 7¢ above. As we know that minimax regret value equals
1(1—-6)foré < 2v/2—2 and that this rule chooses a best response when {r;, w5} = {0,1}
we obtain that this rule attains minimax regret under deterministic payoss if 6 < é 5—%

1
and6§y§1—+6.
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If we limit our selection to censored sampling rules then -;(1 —y) = %(1 — 62) y is
solved by y = sL=. So if 6§ > 11/5 — 4 then the censored sampling rule with cutos =
is the unique rule that attains minimax regret under deterministic payoas among the
censored sampling rules. Maximum regret of this rule equals %% In particular, our
results above show that setting y = 1, which seems a natural behavior for large 6, does
not yield minimax regret under deterministic payors for any value of §. The value of

minimax regret among the censored sampling rules is shown in the following ..gure.

1-
0.8
0.6 1
0.4

0.2

Consider now random payoms. Consider a decision problem in which only payoss in
{0,1} are realized. Then the censored sampling rule behaves like the grim trigger rule
independent of any speci..cation of cuto= levels. Entering ¢ = m and ¢2 = w2 in the
expression for » found in Section A.3 and then looking at d%rlr (1,0) it is easily veri..ed
that the censored sampling rule does not attain minimax regret under random payoss if
3 - 1/5 < 6 <451 We refrain from a complete analysis of this rule as it is intricate
and will not add succiently to the results of this paper.

Proposition 5 Assume n = 2. (i) The censored sampling rule with cutoa level y attains
minimax regret under deterministic payoas if and only if § <y < 3= (s0 § < $v/5 —1).
(i) There is no censored sampling rule that attains minimax regret under random payogs
if4 —1./5 <6 <15 — 1 (where 4 — 1,/5 ~ 0.38).

A.5 Censored Reinforcement Rules

Our next rule is even more sophisticated as unlike the previously de..ned rules it is no
longer deterministic after round 1. Let us call this rule the censored reinforcement rule
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with cutoo level y. Accordingly, choose each action equally likely in the ..rst round.
Choose the same action again if last payor z is at least y or with probability z/y if x < y
and switch to other action with probability 1 — % if x < y. Notice that this rule requires
the same memory requirements as the censored sampling rule. The special case where
y = 1 has a nice interpretation and will play an important role in a later section. Under
this rule, as long as the other action has not been chosen, one might say that payoxas
reinforce choice of the same action as the same action is chosen again with probability
equal to the payox obtained.
Assuming deterministic payoss it is easily veri..ed that

L () + my) if min{m, m} >y

2
Ky 1 1 (175)71’24*(17%?')571'1 -
571+ 35 o2 if 11 >y > mo

Y 2_ T T2\ 7T — 2 .
T — % (1—=0)(my — ) (Hé)u(y_?&irll;(/;_é;; W if y >y >y
If 71 > my > y then r = 1 (m — ) which is maximally £ (1 —y). If 7y > y >
m then r = Ly(1 — ) Z=L with supremum equal to max {1 (1 —68),4(1-y)}. Fi-
nally, if y > m > my then r = r(my,m) = £(1 - 5) (my — my) Emim Rt b
for which it is easily veri..ed that ¢r (m1,m) < 0, that r (m,0) is concave and that

=Ly (y,0) = £=2. Hence, max {r:y >m > my} _r(y,O) =3(1-8)yifé < §and
max {7 : y>7r1>7T2}—%1— 2—\/ (1-90))y G SR VA Ce) |f6>5wherethemax-

1) 21 6)
imum is attained at 7, = 5= (2 —/2(1—=6))y and 3 = 0.
Given the above we can derive the conditions for when r is maximized at m; = 1
and m = 0. If 6 < = then we needy > 6. 1f & > 1 then we need y > ¢ and

2
2— 2(1-96

o] [

5 1+3£21 9 L1 6)s08<y< 57/2(1-3)
8y/2(1-6) (27 2(175))(571+\/M)

which implies y < 1 and § < 22 — 2.
When § > 2v/2 — 2 then

supr = max{%(l—é) ;(1— (2 \/7>y5—1+\/2(1—5)¥

{ 5\/2(1—(5) )

\_/

—4(1—6) + 2(1- 5)
—4(1-6)*+ 3—36+62) 2(1 —

- 20-9)

which is attained if y = Y 5(3” 2;+2> T : y*. So the censored reinforcement

rule with cutoa lewvel y* attains minimax regret under deterministic payoas among the
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censored reinforcement rules. Below we graph the minimax regret value attainable among
the censored reinforcement rules and include the value attained among the simple cutoa
(thin line) and among the censored sampling rules. The relationships apparent from the
graph are easily also veri..ed formally.

0.5
0.4

0.3t

0.2t

0.1}

The ..gure below shows the upper and lower bound for the cuto= level y of the censored
reinforcement rule in order to attain the maximal regret graphed as a thick line in the
..gure above. Upper and lower bound coincide when § > 2/2 — 2 as the cutoa level y is
uniquely determined in this range. Notice that in contrast to the previous rules analyzed
there is no constraint on y from above when § < -;

0.81

0.6}

0.41

0.21

When payoss are random then we know less except for what we can derive (analogous
to the analysis of censored sampling rules) from the fact that censored reinforcement rules
and the grim trigger rules behave identically when payoss are contained in {0,1}.
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Proposition 6 Assume n = 2. (i) The censored reinforcement rule with cutoo level

- - - - - - - - 1
y attains minimax regret under deterministic payoas if ¢ < y and either 6 < 5 or

§y/2(1-9) and § < 2v/2 — 2 (~ 0.83). In particular, the censored

(o-/15) (3-1/375)
reinforcement rule with cutoa level 2\/_— 2 attains minimax regret under deterministic
payoss for all 6 < 22— 2. (i) If 6 > 2/2 — 2 then the censored reinforcement rule with
cutoa level y* attains minimax regret under deterministic payoas among the censored re-

y <

inforcement rules and achieves a strictly lower value of maximal regret than any simple
cutoa or censored sampling rule. (iii) There is no censored reinforcement rule that attains

minimax regret under random payoss if £ — 15 < 6 < 21/5—1 (where 2 — 1,/5 ~ 0.38).

The next ..gures show the probabilities of choosing the ..rst chosen action again as
a function of the previous payo= x for the three rules above using the cutors that yield
minimax regret under deterministic payogs for the highest discount values: for the simple
cutom rule with cutom level y = 4, for the censored sampling rule with cutoz level y =
1/5 1 (thick line) and for the censored reinforcement rule with cutos level y = 2v/2— 2.
These rules attain minimax regret under deterministic payoss for discount values below
1,15 — 1 ~0.62 and 2v/2 — 2 ~ 0.83 respectively.

3 Y —_— it
0.8 0. 0.4
0. 0. 0.8
0.4 0.4 0.2
0 0. 0
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A.6 Sequential Minimax Regret

The decision maker obtains valuable information after his ..rst choice when payors are
deterministic. This information changes the set of possible decision problems he could be
facing. In the following we search for behavior under which after each possible history the
decision maker chooses a rule that minimizes maximal regret given his current information.
For instance, after the decision maker has chosen each action at least once he will minimize
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his maximal regret given this history by choosing forever an action that yielded the highest
payoa. The simple cutoa rule with cuto= level % does not have this property but never-
the-less minimizes maximum regret from the ex-ante perspective before making the ..rst
choice if 6 < % The reason being that for this range of discount values the maximal regret
attainable against any decision problem is not changed if learning is improved once both
actions have been chosen (which can take ewect earliest in round 3).

In the following we will search for a rule that similar to subgame perfection attains min-
imax regret conditional on any history. Later we only consider deterministic payoss and
two actions only. In this case there are three dicerent types of histories, namely before the
..rst choice, after only haven chosen action ¢ and ..nally after having chosen both actions.
We say that a rule attains sequential minimax regret (under deterministic payoss) if condi-
tional on any such history it attains minimax regret under deterministic payozs. More for-
mally, & is called a consistent history if h € U°_, ({(i,m (D)),i =1,..,n})"™ for some de-
terministic decision problem D. So a history in which the same action yielded two dicerent
payoas would not be consistent and is ruled out as such a history could not be generated by
a deterministic decision problem. Let D (h) be the set of deterministic decision problems
that can generate the consistent history h. Then f attains minimax regret conditional
on the consistent history h if f € argmin sersuppepp) (maxy, ™ (D) — 7 (D, f|h))
where 7 (D, f|h) is the expected present value of discounted future payoss yielded by rule
f in decision problem D conditional on past history h. So formally f attains sequential
minimax regret under deterministic payoss if f attains minimax regret conditional on any
consistent history h.

We proceed with our analysis analogously to the backwards induction algorithm. After
both actions have been chosen at least once regret is minimized by choosing forever the
action that attained the higher payoa. The value of regret is not infuenced by what the
rule prescribes if both actions are known to yield the same payo=.

Now assume that action i has been chosen in the ..rst round. Let A\ be the probability
of choosing action 7 in round two under a rule that attains sequential minimax regret.
Stationarity of the problem implies that we can assume that ) is the probability of choosing
action 7 whenever only action 7 has been chosen in the past. Let v be the expected payor
then

v=A((1=08)m +6v)+(1—=X)((1 —06)me +6max{mi,m2})
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1 1
- 1—6)\>\(1_5>7T1+ 1_6)\(1—)\) (1 =6)my + dmax {m,m})
If 71 > m then
. ! (1-6)(1-Nm
= — < _ o _ _ _
rT=mT—vSm 1—6)\)\(1 6) m 1—6/\(1 ) 67, o
and if m; < 4 then
1 1 (1=HAX(me—m) _(1—=868A(1—m)
= — _ o . _ <
remrr Al T Moy (= ) m —ox = 106

Consequently minimax regret is attained if and only if A solves (1 —A)m; = A (1 —m;) S0
A=my.

Finally consider behavior in round 1. It is easily argued that the rule must prescribe to
choose each action equally likely in the ..rst round. Thus, any rule that attains sequential
minimax regret behaves like the censored reinforcement rule with cutoo level 1 apart
from possibly dicerent behavior when it is known that both actions yield the same payo=.
Recall from our analysis in Section A.5 that the censored reinforcement rule with cutoo
level 1 attains minimax regret under deterministic payoss if and only if § < 1/2. We
summarize.

Proposition 7 Assume n = 2. (i) If § < 1/2 then a rule attains sequential minimax
regret if and only if it behaves like the censored reinforcement rule with cutoa level 1
except for when both actions are known to achieve the same payo=. (ii) There is no rule
that attains sequential minimax regret for some 6 > %

Next we search for a rule that attains sequential minimax regret among the rules that
are deterministic after round 1. So we must reconsider behavior after only action i has
been chosen in the previous rounds where we assume w.l.0.g. that i = 1. The maximal
regret when not switching equals 1 — 7; while the regret to switching equals

max{my, w2} — ((1 — 8) m2 + d max {m1, m2}) = (1 — 6) (max {m, 72} —m2) < (1 —0)m

so minimax regret behavior prescribes to switch if 1 — 71 > (1 —§) 7 which holds if
and only if 7 < L. Notice that behavior when m = L= does not infuence the value
of maximal regret. Note that the censored sampling rule with cutoa level 1= has the
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desired behavior. Given our previous results in Proposition 5 this rule attains minimax
regret under deterministic payoss if and only if

l—5= 1 1
(5§min{ T }:min{l—é,—}

which holds if and only if § < 1/2. Analogous to the case discussed above this yields a
complete characterization of sequential minimax regret behavior among the rules that are
deterministic after round 1.

Proposition 8 Assume n = 2. (i) If § < 1/2 then a rule attains sequential minimax
regret among the rules that are deterministic after round 1 if and only if it behaves like
the censored sampling rule with cutoz level 1/ (2 — 6) except after observing only action
i that achieved a payoa 1/ (2 — ¢) and when both actions are known to achieve the same
payoa. (ii) There is no rule that attains sequential minimax regret among the rules that
are deterministic after round 1 for some 6 > 4.

It is interesting that (but not immediately apparent why) we obtain the same critical
discount value in both propositions above.

Abowve we consider deterministic payozs. In the following we briety argue why there is
no rule that attains sequential minimax regret under random payoas when n = 2. Let D,
be the set of decision problems in which no action yields a deterministic payoa. Notice
that the de..nition of minimax regret or sequential minimax regret does not change if
we limit attention to decision problems in D,. Notice also that for any ..nite number
of observations there is no decision problem D € D\ where the decision maker knows
for sure that he is not facing D. Using our nomenclature above, all decision problems
are consistent with any decision problem D in D\. So the problem of ..nding a rule that
attains minimax regret conditional on history A is equivalent to ..nding a minimax regret
rule at the beginning of the game. We know from Schlag (2003) that any rule that attains
minimax regret chooses each action equally likely in the ..rst round. Consequently, a
rule that attains sequential minimax regret under random payoas chooses each action
with probability% in each round. Clearly this rule does not attain minimax regret under
random payoas and hence there is no rule that attains sequential minimax regret under
random payoss.
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A.7 The Simple Reinforcement Rule

In the next two sections in which we no longer limit attention to two actions only we
investigate two speci..c rules that involve only transition probabilities that are linear
in payors. The rule considered in this section relies on the same minimal single round
memory as the simple cuto= rule. Itis called the simple reinforcement rule and prescribes
the following behavior. Assign indices at random to the n actions. In the ..rst round
choose each action equally likely. From round two on choose the same action again
with probability equal to x where x is the payo= received in the previous round. With
probability 1 — = switch to the action with the next higher index (modulo n).

Notice that the expected payo= of this rule in a general decision problem D is the
same as in the deterministic decision problem Dq in which P;(w; (D), Dy) = 1 for all
1. Consequently regret only depends on the expected payo= of each action and hence
minimax regret under deterministic payogs yields the same conditions as minimax regret
under random payoss.

Assume that action ¢ yields an expected payoa of w;. Let w; be the future dis-
counted value from choosing action ¢ in round one. Then w;, = (1 —98)m; + mdw; +
(1 —7;) dw(i+1) modn @nd it is straightforward to verify that

nti— —1 k—1)mod n i—1) mod n
St &* (Hﬁ-:z- ) (1- 7Tj)> Tkmodn Hg‘:(k)—&-l)modn (1—omy)

;i =(1—96
wi=(1-9) IR e g

Clearly 7—11 S w; is then the future discounted value of using the simple reinforcement
rule.

If 71 =1and m; =0fori>2thenw; =1 and w; = & fori >2s0 £ 570 w; =
5 (1 —6")sor =1 — 755 (1—6"). In particular, n = 2 yields r = $(1 - 6) and

n = 3 yields é (2 —6— 62). While we allow for general »n in our description of behavior
the complexity of the analysis only allows us to state a result when n < 3.

Proposition 9 Consider either deterministic or random payoas. (i) If n = 2 then the
simple reinforcement rule attains minimax regret if 6 < V2-1 (~0.41).> Maximal regret
equals % (1 —20). (i) If n = 3 then the simple reinforcement rule attains minimax regret
if 6 <11/4v3 -3~ (= 049). Maximal regret equals % (2 — § — 6?).

SMoreover, Schlag (2003) shows that there the is no rule with single round memory that attains
minimax regret under random payoss for § > /2 — 1.
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Proof. The proof for n = 2 is contained in (Schlag, 2003). Consider n = 3. It is easily
veri..ed for the simple reinforcement rule that

%(71+7T2+7T3)+ (-§71+%7T2+§7T3—7T17T2—7T17T3—7T27T3)5
+L(1—(1-3m) (1 —3m2) (1 —3m3))6°
1+(1—7T1—7T2—7T3)(5+<1 —7T1—71'2—7T3+7T17T2+7T17T3+7T27T3)(52)’

r:m—(

that r = 5(1—6)(2+6) if m = 1and m = w3 = 0, that z&=r < 0 and that m = 0
implies #37“ <0.1f6 < %\/4\@ -3- % ~ 0.49098 then we also obtain that 7, = 73 =0

wl—

implies - > 0. Consequently, § < 31/4v/3 — 3— 5 implies that r is maximized if 71 = 1
and 73 =m3 = 0.

Similarly it follows immediately that the single reinforcement rule is a best response
under the prior that puts equal weight on {D;,i = 1, .., 3} where D; is the decision problem
in which P; (1) =1 and P; (1) = 0 for j # 1.

The fact that the simple reinforcement rule is a best response against this prior and
that this prior maximizes regret of the rule when § < %\/4\/3 — 3 — £ implies that f
attains minimax regret (Schlag, 2003). H

When we use this rule in the main section we will need to know how this rule performs
in the long run. Let ¢; be the average number of rounds in which action i is chosen in the
long run so ¢ = mq; + (1 — W(i_l)modn) ¢i—1 and hence

1 i
¢ = — if max{m,} <1
(1—Wi)2k:1ﬁ k {me)
L if 1
i = T =
¢ #k =1}
¢ = 0if7'('i<1:m’?X{7Tk} .

A.8 The Two State Con..dence Rule

Next consider the following rule we call the two state con..dence rule. This rule requires
two rounds of memory. For each action there are two states which can be interpreted
as con..dence lewvels low and high. As above, assign indices at random to the n actions
and choose each action equally likely in the ..rst round. Enter the low con..dence state
of the respective action. After being in the low con..dence state of a given action, with
probability equal to the payox x received in the previous round choose the same action
again and transit to the high state. Otherwise, i.e. with probability 1 — z, choose the
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action with the next higher index (modulo n) and enter its low con..dence state. Thus
you never are in the low con..dence state of the same action is in two consecutive rounds.
After being in the high con..dence state of a given action, choose the same action again
in the next round. Remain in the high state with probability = and transit to the low
con..dence state of the same action with probability 1 — x.

Let /; and h; be the values of being in the low and high states respectively of action i
fori =1,..,n. Then

I, = (1 — 5) m; + m;oh; + (1 — 71'1') 6l(i+1)modn
h; = (1—5)7T¢+7T¢5hi+(1—7ri)5li
SO

(1—5)7Ti+(5(1—ﬂi)li
1 —m

hi =
and hence I; = a; + bil(i+1)modn Where

. (1—5)71‘1'
N 1 —7Ti6—7'('i62 +7T%62

B §(1 —m; — bmi + 6?)
- 1—7Ti6—7TZ'62+7T%(S2 '

and b;

a;

Given the above it is easy to verify that

(nti—1)modn k—1
k=i ag I1;=; b;

‘ 1— 15y by

Notice that r = maxm; — < >, I;, e.g. if n =2 then

(1 + 6 — 20m — 28%m, + 25%%) (71 — 7o)
FAl—m) +621-m)’+1 -8 1+6(2—m —m))

if m1 > mo.

ol =

r =

For long run behavior let ¢} and ¢ be the average number of rounds in which the low
and high state respectively of action i are visited. Then ¢! + ¢ is the average number of
rounds in which action i is chosen. So ¢} = (1 — ;) ¢ + (1 — 1) modn) q{ and
¢ = (qf + qih) which is has the unique solution

i—1)modn

! 1

q9; = ™
(1 - ﬂ—i) j=1 (1_1”)2

T

and ¢ = — -
(1 =) J=1 (1-m;)

and hence

1
1

4 = —~ .
(1-m)°Sie 75

Again we are only able to present results for n < 3.

33



Proposition 10 Consider either deterministic or random payoas and n € {2,3}. The
two state con..dence rule attains minimax regret for any 6 < -;\/3— é (=~ 0.62).

Proof. The proof for n = 2 is contained in (Schlag, 2003). Consider n = 3. It is clear
that the two state con..dence rule is a best response against the prior shown in the proof
of the above proposition. All that needs to be shown is that 7; = 1 and 7o = 73 =0
maximizes regret of this rule when § < % 5— % Here the proof is a bit more messy than
in the case of the simple reinforcement rule. The analysis is straightforward when the
steps below are followed.

Above we already showed how to calculate . The ..rst part of the proof is to show
that %7’ < 0 and hence that r is maximized by setting 75 = 0.

dir can be written as —ySa? where
3

T 1+(1—27T2—7T1)5+(7T%—|—27T%—37T1+37T17T2+1—371’2) 52
+ (1 — T — 72) (—277'1 + 377'17'('2 — 7T2) 63 + 37T17T2 (1 - 7T1) (1 — 7T2> 54

and

8 = 1+(1—27r1—7r2)(5—|—(1—37T1+7T%—37r2+7rg—7T§+37T17r2+27rl7r3)62

{ —m + 73 — 27y + 73 — W3 + 6w Ty — 2775 \ 5
2 2 2 J
\ —2mime + T W5 + 2Mams + Woms — AMMoms
2 2 22 2 2,2
/ 3m e — 2 Mo — 2Ty + Wy + T Mg — WMy \ 5

\ +7r27r§ — W%ﬂ'g + 2wf7r27r3 + 27‘(‘17‘(‘%7‘(‘3 — dr1moTs

v > 0 follows from the fact that ==y <0 and vy > 0 if 7, = 1.

Since (3 is concave in w3 it is su€cient to verify 5 > 0 for 73 = 0 and m3 = 1. For
m3 € {0,1} itis easily veri..ed that -&=-£-3 > 0 and that =&=3 < 0 holds for 7, = 1 which
means that =2-3 < 0 for all 7,. Moreover it can be shown that 3 > 0 holds if 7, = 1

dma

which means that 3 > 0 for all 5. Here we need that 6 < _;\/3_% holds in order to prove

the statements regarding 75 = 0.
Thus ?“37” < 0 so r is maximized by setting 73 = 0.
Next we show that r is maximized by setting 72 = 0.
Given w3 = 0 we ..nd that dlmr can be written as —ow where w > 0 and

o=1+(1 —m) 6+(1 — 3m 4 7] — w%) (52—1—(%% — 21y — Ty 4 2myme + myr%) 834 mms (1 —mp) 6
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where o is concave in m, and m, € {0,1} implies %a <0and o > 0 if 7y = 1. Thus

-4 < 0 and r is maximized when 7, = 0.

dm2

Finally we show that =& > 0. Given 7, = w3 = 0 we ..nd that =& = 11?/3 where

po= 2+2(2-3m)6+ (6—18m +10m3) &+ 2(1 — m) (2 — 10m + 373) &°

+ (2= 187y + 3277 — 1873 + 3n) 6 + 7y (—6 + 19m; — 1877 +677) 6° + 37% (1 —71)7 65

It can be veri..ed that . is concave in m; as (ddTl)‘gM <0 and (d%fu >0ifm =1

Moreover ;1 > 0 holds for =y = 0 and also holds for =; = 1 provided 6 < 0.7. Thus
?‘ilr > 0 and r is maximized when 7, = 1 and 7y = w3 = 0.

Since the two state con..dence rule is a best response to uniform prior over decision

problems in which one action yields 1 and the other two yield 0 (see proof of Proposition

9) we obtain that it attains minimax regret. B
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