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Abstract

For many goods consumers’ preferences change over time. In this paper, we examine a
monopolist’s optimal pricing schedule when current consumption can affect a consumer’s
valuation in the future and valuations are unobservable. We assume that consumers are
anonymous, ¢.e. the monopolist can’t observe a consumer’s past consumption history.
For myopic consumers, the optimal consumption schedule is distorted upwards, involving
substantial discounts for low valuation types. This pushes low types into higher valuations,
from which rents can be extracted. For forward looking consumers, there is a further
upward distortion of consumption; low valuation consumers now have a strong interest in
consumption in order to increase their valuations. Firms will find it profitable to educate
consumers and encourage forward looking behavior, if consumers don’t suffer large negative
effects from consumption.
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1. Introduction

For many goods, consumers’ preferences change over time. These changes may be related to
learning how much one needs of the good, where one tries lower qualities at first to decide
whether to upgrade. The changes may also come directly from current consumption increasing
one’s desire for more, as in the case of addictive goods. In this paper we analyze monopoly
pricing under asymmetric information when consumers’ current consumption influences their
future enjoyment of the good.

There are two critical features to our analysis:

o Types are determined by past actions: more consumption today gives one a larger prob-
ability of having a higher valuation for the good in the next period. This is an intensive
margin that presents a trade-off for the monopolist - with heterogeneous consumers and
asymmetric information about their valuations, downwards distortion of consumption
usually solves the adverse selection problem, but may now hurt the firm’s future profits.

o Consumers are anonymous: this implies that the monopolist can’t make current prices
contingent on the consumption history of a customer. One might think of the monopolist
as engaging in repeated relationships that remain anonymous, perhaps because the firm
distributes through different retailers or posts prices that are available to all consumers.
The monopolist must then choose prices that balance getting low valuation consumers
‘hooked” while extracting surplus from high valuation consumers.

Using these elements we find the monopolist’s optimal steady-state pricing schedule. We
look at both the case where consumers are myopic (they only consider today’s utility), and where
they are perfectly forward looking. When types are observable, the monopolist increases quality
substantially (compared to the static first bestﬂ) at the bottom of the valuation distribution to
get consumers ‘addicted’. We find that in the case of myopic consumers, the adverse selection
problem may still distort the quality schedule downwards, but not as much as in the static
case. In order to entice low valuation customers to begin upgrading, the monopolist may offer
substantial discounts, which we define as pricing below cost. In the case of forward looking
consumers, we find that the adverse selection problem actually pushes the quality schedule
upwards (compared to the static first best outcome and the myopic solution). This is driven by
the fact that low valuation forward looking consumers have a strong preference to consume and
realize type upgrades. In addition, we show that it is profitable for the monopolist to educate
consumers and make them forward looking. Note, of course, that we assume that there is no
harmful aspect to increased consumption for the majority of the paper. When we extend the
model to add a cost of too much consumption (as in the case of harmful addiction), we find that
consumption is lowered and that the monopolist’s incentives to educate the consumer decrease
with this cost.

Examples of products for which current consumption affects future consumption abound. In
software, users often begin using a stripped down version of a program (offered at a substantial

!The static first best is defined here as marginal (direct) utility equal to marginal costs for each type.



discount) before moving on the full version Websites provide basic access (usually for free)
with advertisements for those only browsing, but offer a chance to pay for premium content
and reduced advertising.ﬁ Video games, particularly Massively Multiplayer Online Role Playing
Games (MMORPG), offer users free trials and the ability to build their characters so as to enjoy
the game more, and potentially gain access to new levels. Higher end car manufacturers often
have a low cost entry level car to attract customers to the brand and persuade them to “trade up”
in the futureld Similarly, people connecting to the internet often start with a slow connection
and then upgrade over time as they start using the internet more and more intensely. And of
course, purely addictive substances such as caffeine or exercise have these properties. Extending
our model (as we do in section 4.2.2) to harmful addictive goods adds cigarettes, drugs, and
many other substances to the list.

Naturally, we must add a caveat to our examples. Previous authors have noted price dis-
crimination in these markets and provided different explanations. The majority of the expla-
nations rely on taste heterogeneity. What we provide is another, complementary explanation
and a general framework in which to think about pricing goods whose consumption affects
preferences.

In the dynamic mechanism design literature, papers generally either address agents whose
types remain the same over time or agents whose type is redrawn from a random distribution
in each period. When types are constant over time, short term contracts are influenced by the
“ratchet effect”. agents’ consumption becomes a signal of their type. Freixas, Guesnerie, and
Tirole (1985), Laffont and Tirole (1988), and Skreta (2006) analyze this problem. We avoid the
signaling problem by assuming that the firm can’t make its mechanism dependent on previous
consumption. This allows us to focus on the interaction between consumption and type and
makes the analysis more tractable. Townsend (1982) models dynamic contracts where agents’
types are generated by a random process. His work was extended by Green (1987), Thomas
and Worrall (1990), and Atkeson and Lucas (1992). The recent literature on dynamic optimal
taxation also assumes that individuals’ types are randomly re-drawn each period. A review of
this literature is provided by Kocherlakota (2005).

There are a couple of models that incorporate a learning by doing effect on types that is
similar to our consumption effect. Baron and Besanko (1984) describe a two period model of
regulation where the firm’s choice of R&D in period 1 can affect its type in period 2. This differs
from our analysis in two ways. First, the firms’ choice of R&D doesn’t interact with the firm’s
first period type; in our model it is important that current consumption interacts with the
consumer’s valuation of the good. Second, they analyze the case where the regulator commits
to the two period mechanism (to avoid the ratchet effect) but allows the instruments in period
2 to depend on reports of type from both period 1 and period 2. Lewis and Yildirim (2002)
analyze a dynamic model where there is renegotiation each period, types are redrawn randomly

2Intuit’s program Quicken was offered as Basic Quicken ($20) and Quicken Deluxe ($60). Wolfram Research
sells both Mathematica and a student version of it (which has a lesser computational speed and reduced
functionality). For more examples, see Shapiro and Varian (1998).

3For example www.salon.com and www.wallstreetjournal.com are newspaper websites which offer different
levels of access at different prices.

“Keller (2003) cites the case of BMW and its 3-series automobiles, as well as Mercedes and its A-Class
vehicles.



each period, and the learning by doing reduction of costs is random and doesn’t interact with
the firm’s type. Gértner (2007) examines a two-period model of learning by doing where first
period types are known and second period types are a function of first period production and
an unobservable component that affects the learning curve.

Lastly, our model has some similarities to the literature on rational addiction initiated by
Becker and Murphy (1988). In our model, current consumption increases future consumption
(in expectation), so the goods we discuss have the property of addiction. For most of our
paper, we look at “beneficial” addictive goods in the sense that utility is increasing in the
stockl] of previous consumption. In section 4.2.2, we examine how the results change with
harmful addictions. Our focus, nevertheless is quite different from Becker and Murphy (1988).
We focus on monopoly price discrimination, while they assume consumers are homogeneous
and prices are competitive. There are several follow up papers to Becker and Murphy (1988)
which look at pricing, but only in the case of homogeneous consumers. These include Becker,
Grossman, and Murphy (1994), Fethke and Jagannathan (1996), Showalter (1999), and Driskill
and McCafferty (2001).

The paper is organized as follows: Section 2 sets up the model and finds the steady state
distribution of types. Section 3 looks at the optimal quality schedule when consumers are
myopic. Section 4 examines the solution when consumers are forward looking. Section 5
concludes.

2. The Model

Consider a monopolist that sells a product to consumers with utility function u(z,n) = nz —p
where > 0 is the quality of the good, n € [ng,n;] is the valuation of the consumer for the
product and p is the price paid for the quality 1 The monopolist’s cost function is represented
by ¢(z), which is assumed to be increasing and convex. We assume that the outside option of
all consumers is equal to zero.

The good has addictive properties in the sense that the amount x consumed today affects
the consumer’s type n tomorrow. The higher today’s consumption, the higher the consumer’s
expected type tomorrow. Hence, for the firm, the density (distribution) function f(n) (F'(n))
over types [ng,ni] is endogenous. By changing the quality vector z(.), the firm changes the
distribution of types.

In particular, we assume that consumers live in continuous time 7 and at each instant they
have a poisson arrival rate dd7 of a taste shock that can reset their type. For each type n that
isn’t affected by the taste shock, there is a probability ¢(z(n)) that its type increases (a type
upgrade) by dn = a(n)dr over the next instant. We assume that ¢'(z) > 0, i.e. consuming more
quality leads to a higher probability of increasing one’s type. This is the learning-by-consuming
or addiction effect that we described previously. We also assume that low n types can experience
bigger upgrades than high n types, i.e. o/(n) < 0. Furthermore, low types cannot overtake

We do not actually have a "stock" variable, but we loosely interpret one’s type as summarizing past
consumption.

6 Alternatively, we could interpret x as the quantity purchased of the good (with n being an individual’s
valuation per unit purchased).



higher types that also experience an upgrade, i.e. d(n + a(n)dr)/dn = 1+ &/(n)dr > 0.
Finally, we assume that there is a finite upper bound n; on the taste parameter. This implies
that a(n1) = 0 and no type can end up above n;.

In the case where a taste shock does occur, the consumer switches from his current type n to
a newly drawn type from an exogenously given distribution G(.) over [ng, n1] and corresponding
density function g(.). In general, this exogenous distribution may have positive density only on
a subset of types [ng, €], where £ < n;. Below we sometimes focus on the case where ¢ is close
to ng. In that case, the shock ¢ leads to a reduction in n for most types.

We assume that the price-quality schedule doesn’t depend on a consumer’s consumption
history. In addition, we assume that the firm is sufficiently patient and maximizes with respect
to the steady state distribution. These assumptions are made for tractability reasons. Given
that types are not randomly drawn each period, we would like to avoid the well known “ratchet
effect”. The complexity of a dynamic optimization problem over types and time also disappears
with this formulation. Nevertheless, we also have a compelling motivation for not allowing the
mechanism to be time dependent. The inability to identify past consumers and their purchasing
patterns is a large concern for retailers. Internet retailers have an easier time identifying
consumers’ purchases, but attempts to condition prices on consumption history have brought
substantial controversyl].

To derive the steady state distribution, we first consider how the distribution of types F'(.)
varies over time. The following equation shows this time variation over a short instant d7. To
derive this, it is convenient to temporarily write the distribution as a function of both type n
and time 7. The amount of consumers below type n at time 7 + d7 is given by

F(n,7 +dr) =6drG(n) + (1 — dd7) <F(n, T) — /T_L . o(z(v)) f(v, T)dV)

There is a probability ddr that a type n gets a taste shock and is redrawn from G(.). Hence
each instant there are ddTG(n) ‘new’ types below n. Of the part that is not affected by this
taste shock, only the group who had types larger than n — a(n’)dr (where n’ is defined by
n’' +a(n)dr = n) find that a type upgrade «(n’)dr is big enough to move beyond n. A fraction
¢(x(v)) of these types experience such an upgrade and move above n. The integral subtracts
exactly this group. Hence at 7 + d7 there are two types of consumers who used to be (at time
7) below n and are now above it - the group who experiences a taste shock and draws a type
larger than n from G(.), and the types v € (n — a(n/)dr,n] who get a type upgrade. The
equation above can be rewritten as:

F(n,7+dr)— F(n,1) 1 /”

— = §(G) — F(n) - Sav)f (v, 7)d +

dr —a(n’)dr

5 / o AT

"The most famous example is Amazon.com’s attempt at dynamic pricing. When consumers and consumer
groups learned that the same good was being offered at different prices depending on consumption history at
Amazon, complaints forced Amazon to rescind the policy and offer rebates to those who had previously been
affected (see “Amazon backs off on price-testing efforts”, by Deborah Kong, USA Today, September 29, 2000).



We take the limit d7 — 0 and find (note that the third term on the right hand side converges
to zero as dr — 0):

dF(n,T)

T = 5(Gln) = F(n) = o(z(m) f(m)a(n)

The steady state distribution is constant over time, i.e. dFC(lZ’T) = 0. Thus we find that for
each n it must be the case that:

0(G(n) = F(n)) = a(n)p(x(n)) f(n) (1)

This equation says that in the steady state the net inflow of people to types below n due to
a taste shock equals the outflow of types due to the upgrading effect.

3. Myopic Consumers

3.1. The Static Benchmarks

In this section we provide two benchmarks. In both, we consider a simplified model, where
both the firm and the consumer are myopic. We define myopic as only being concerned about
current period (instant) returns. Therefore the firm takes the distribution of types F(.) as
given. That is, it does not understand the relation between consumption and types given by
the distribution in equation (). The myopic consumer not only doesn’t take into account
future utility, he doesn’t link current consumption to future happiness.
The firm maximizes: -
mase [ pln) = cla(m)](m)dn
z(),2() Sy

Taking into account that u(n) = nxz(n) — p(n), the objective function of the firm becomes:

max / )+ () — ela(n)] )y

In the static first best (SFB) framework, the firm can observe individuals’ types. The solu-
tion is straightforward; the firm sets every agent’s utility equal to zero (making the participation
constraint bind) and sets the quality such that n — ¢/(z°F2(n)) = 0. The quality z°7B(n) is
increasing in n, as are prices.

In the static second best (SSB) framework, the firm can’t observe the types of consumers.
Thus, the monopolist is subject to the incentive compatibility (IC) constraint that each type
n chooses the right (z(n),p(n)) combination from the menu (z(.), p(.)) offered f Denoting the
solution in this case by SSB, standard analysis yields

_1—=F(n)
[

provided that 299 (n) is nondecreasing in n to guarantee that the solution is incentive com-
patible (see Fudenberg and Tirole (1991: 261)). If 255 is decreasing in n over some range, the

n— C,(ZL’SSB(TL))

(2)

8Using the revelation principle, we can indeed focus on such direct revelation mechanisms.



solution needs to be "ironed out" using the procedure described in Fudenberg and Tirole (1991:
303-306). We do not explicitly characterize the solution in this case, but assume throughout
that do%°B(n)/dn > 0.

Although the firm disregards how the schedule affects the distribution of types, we haven’t
assumed this effect away. In equation (), it is clear that the distribution also affects the optimal
schedule. In section 3.3, we provide an example that solves for the optimal schedule given the
distribution effect.

3.2. First Best with a Forward Looking Firm

We now allow the firm to maximize long run profits and take into account the type upgrad-
ing effect. We assume that the instantaneous discount rate is p € (0,1) and that types are
observable. When the firm contracts with a consumer of type n, its discounted profits are:

m(n) = (p(n) —c(z(n)))dr + (1 = (p+0)dr){(1 — ¢(x(n)))m(n) + ¢(z(n))m(n + a(n)dr)}
+5d7'/ w(m)g(m)dm

0

The first term represents the current profits from a consumer of type n. The second term is
the profits if the consumer doesn’t have a taste shock - with probability ¢(z(n)) he has a taste
upgrade to n+ «a(n)dr and otherwise he remains the same type. The third term is the expected
value of profits if the consumer has a taste shock. We note that the probabilities (1 —(p+0)d7)
and ddr come from linearizing e~ (947 and e=r% — ¢=(P+9)d7 regpectively. Manipulating the
expression and dividing by dr yields:

ni

(p+8)m(n) = p(n) — c(x(n)) + d(z(n))a(n)'(n) + 5/ m(m)g(m)dm

0

where we have used the Taylor approximation 7(n 4+ a(n)dr) — w(n) = a(n)drn’(n) since d7 is
small. Using this expression we can write the discounted total profits by integrating over types:

) [ amsmin = [ (o - et + o(am)an )
+0 [ wtmigtm)dm}f(n)dn

We can simplify the expression by using equation ([l for the steady state distribution of types,
substituting for ¢(z(n))a(n):

<p+®/mwm/ / {p(n) — e(x(m))} f(n) + 8(G(n) — F(n)'(n)dn
/ w(m)g(m)dm

After integrating by parts, we can rewrite in a very straightforward way:

A?ﬂ / (o) — ca(n)} £ (n)dn



Therefore the discounted total profits is simply the discounted total revenues minus the dis-
counted total costs. This shouldn’t be very surprising, given that in the steady state the
distribution of types remains the same at each instant. To eliminate prices, once again we
substitute the utility function, making profits equal to:

1 ni
;/no {nz(n) —u(n) — c(z(n))} f(n)dn

Since the firm knows the type of each agent, it can make the participation constraint bind,
setting u(n) = 0 for all n. This makes the maximization problem (taking into account the
effect on the steady state distribution of types):

max /”1 (nx(n)—c(z(n))) f(n)+A(n)(F'(n)— f(n))+u(n)(a(n)p(z(n)) f(n)—0(G(n)—F(n)))dn

() FC)F ) g

This is an optimal control problem. The state variables are F'(n) and x(n) and the control
variable is f(n). The costate variable for F(n) is A(n), and p(n) is the Lagrange multiplier
associated with the steady state distribution of types constraint. The endpoints of F'(n) are
defined: F(ng) =0 and F'(n;) = 1. The first order conditions (Euler equations) for z, F' and f
can be written as follows.

n—d(xn) = —p(n)d(zm))aln) (3)
X(n) = p(n)s (4)
ne(n) — c@(n) — A(n) + p(n)a(m)p(e(n) = 0 (5)

Instead of setting the marginal profit on type n, n — /(z(n)), equal to zero as in the static
first best, the firm now takes into account the effect that more consumption of quality has on
type upgrading. The second equation gives the differential equation for A(n). Finally, equation
@) equalizes marginal costs and benefits of a small increase in f(n).

The fact that a(n;) = 0 yields that x(n;) coincides with the static first best solution
(ny — d(z(ny)) = 0). In addition, the condition nyx(ny) — c(z(n1)) — A(ny) = 0 holds.

We can prove that the distortion of x(n) is an upwards distortion from the static first best
solution. The main step is to prove that u(n) > 0 or equivalently nz(n) — c¢(xz(n)) — A(n) < 0.
We denote the solution as 2”5 (n), where DFB signifies “dynamic first best”.

Proposition 1 For all n € [ng,n), 2P7P(n) > 258 (n).

Proof We begin by proving that nz(n) — c¢(z(n)) — AM(n) < 0 for all n. Suppose not,
i.e. nx(n)—c(z(n)) —A(n) > 0 for some n. Using equation (Bl), we see from equation (H),
N (n) < 0 and from equation @), n—c'(x(n)) > 0. Therefore the derivative with respect to n of
nz(n)—c(z(n))—A(n), z(n)+(n—c (z))L—N, is positive. Since, nyz(ni)—c(z(n1))—A(ni) =0,
we find a contradiction (it can’t be that nz(n) — ¢(z(n)) — A(n) is positive and increasing for
all n).

Now suppose nz(n) — c(z(n)) — A(n) = 0 for any n € [ng,n;). This implies that u(n) = 0.
Taking the derivative of nz(n)—c(z(n))—A(n) = 0 yields the equation n—c’(z(n)) = ==

W y using



p(n) = 0 and equation (H]). However, since pu(n) = 0, equation ) gives us n — ¢(x(n)) = 0.
This gives us a contradiction.

Therefore, for all n € [ng,n1), nz(n) — c(x(n)) — A(n) < 0 and p(n) > 0. Using this fact
and equation (Bl) proves the proposition. Q.E.D.

This demonstrates that the dynamic first best sells higher qualities to all consumers (except
the highest valuation consumer) than the static first best. This is intuitive since the firm now
takes into account the fact that raising x(n) makes it more likely that type n < n; upgrades to
a higher (and more profitable) type. In addition, the quality schedule is strictly greater than
the static second best schedule for all n except for n;.

If, in this case, a quality level  was reached where any additional quality changes would have
no effect in changing the probability of upgrading (i.e. ¢'(x) =0 for z > 7 and T < P8 (n,)),
the upward distortion of quality would disappear. That is, if z(n) = Z, then for all n > n,
qualities would be equal to those of the static first best.

3.3. Second Best with a Forward Looking Firm

We now assume that the forward looking monopolist doesn’t observe the valuations of the
myopic consumers. The monopolist’s task is to encourage consumption and make consumers
realize these type enhancements in order to extract rents from them while taking into account
incentives for consumers to misstate their type. Incentive Compatibility is given by u/(n) =
z(n). Setting u(ng) = 0, as there is no reason to leave surplus to the lowest type, allows us
to solve u(n) = fnz x(t)dt. The price can then be solved from u(n) = nz(n) — p(n). Using
integration by parts, the optimal control problem for the firm can be written as

max [ fna(n) = e(aln)) ) — (1= F)a(n) +

()OO g
A(n)(F'(n) — f(n)) + p(n)(a(n)(z(n)) f(n) — 6(G(n) — F(n))dn

As above, the endpoints of F(n) are defined: F'(ng) = 0 and F(n;) = 1. The first order
conditions (Euler equations) for =, F' and f can be written as follows.

n—d@m»:=1§%§9—mmmmwum» (6)
X(n) = (n)+ du(n) ™
na(n) + u(mya(n)é(a(n) = ca(n) + Aln) ®)

The first equation equates the margin n — ¢(x(n)) to the informational rent and the type
upgrading margin (which we saw in the dynamic first best). The second equation gives the
differential equation for A\(n). Equation () equalizes marginal costs and benefits of a small
increase in f(n).

The shape of the optimal quality schedule can be compared easily to our benchmarks.
Consider n = ny. Since a(n;) = 0, it must be that n; — ¢(x(ny)) = 0. This proves that
there is a “no distortion at the top” result, where the quality consumed by the highest type
here is equivalent to that consumed by the highest type in the dynamic first best (as well as



the static first best and the static second best). We denote the solution as ™ (n), where M
stands for myopic. As with the SSB case above, for 2 (n) to be incentive compatible, we need
dzM(n)/dn > 0. If the solution generated by the equations above is decreasing in n over some
range, it needs to be “ironed out” to get . We assume that dz™(n)/dn > 0 holds for all n
and below derive conditions under which z* is strictly increasing in n. We now prove that the
myopic quality level is weakly larger than the static second best for all n, and strictly larger
for a non-empty interval.

Proposition 2 Assume that there exists i < ny such that G(n) = 1. Then for all n > n

the quality schedule x™(n) > x9°B(n). Furthermore, there is a non-empty interval where
M (n) > 2958 (n).

Proof This follows from equation () and the following inequality:
na(n) - c(a(n)) — A(n) <0 9)

with strict inequality for some non-empty interval, because this implies that p(n) > 0 with
strict inequality for some non-empty interval. We also note that equation (B) implies that
niz(ny) — c(z(ny)) — A(ny) = 0.

To show that (&) holds, we first prove that the weak inequality holds by contradiction.
Suppose not, i.e. suppose there exists n’ such that n’z(n') — c(z(n')) — A(n/) > 0. Isolate
pu(n') < 0 in equation (B) and substitute it into equation (). This implies that ' (n') < z(n').

Hence we find
d(n'z(n') — c(z(n')) — A(n'))
dn’
where the last inequality follows from n' — ¢/(z(n')) > 0 (see equation ({)) and 2'(n') > 0.
However, nx(n)—c(z(n))—A(n) > 0 and increasing in n contradicts nyx(ny)—c(x(ny))—A(ny) =
0.

> (n' — d(x(n')))2’(n') >0

Next, we prove that the strict inequality (in ({)) holds for some non-empty interval. If it
didn’t, then nz(n) — c¢(z(n)) — A(n) = 0 for all n. This implies that p(n) = 0 for n € (ng, n1).
Taking the derivative of nx(n) —c(x(n)) — A(n) = 0 yields the equation (n—c(z(n)))z'(n) =0,
using u(n) = 0 and equation (). But p(n) = 0 also implies ¢/(z(ng)) < ng. Together with
2'(n) =0 and (x(ny)) = ny > ny this yields a contradiction. Q.E.D.

The monopolist pushes up the qualities consumed relative to the static second best in
order to take advantage of the boost in demand created for its product from high types. This
increase in quality doesn’t affect the whole schedule. At the top, the consumer is kept at the
static efficient point. There is little reason to distort the consumption upwards at the top since
this type is not able to benefit from the upgrading effect.

This intuition allows us to explore the schedule further. Imagine that for large enough
consumption x > Z, there was no effect in changing the probability of upgrading, i.e. ¢'(z) = 0.
Also suppose that M (ng) < Z < 2 (n1), meaning that for types above some cutoff 7, there is
no longer a marginal upgrading effect. Then for all n > f, 2 (n) = 2598(n) (this can be seen
from equation (@l)). That is, when there is no marginal upgrading effect, the upwards distortion
on consumption is not optimal for the monopolist.

10



The advantage of the assumption in the above proposition on the cutoff i (where for all
n > n we have G(n) = 1) is that it yields a very useful simplification. In particular, for n > 7,
the hazard rate = f()" ) equals o) and we can directly characterize the quality schedule.
We use this property once again in the following lemma to show that the quality schedule is

strictly increasing.

Lemma 1 Assume that there exists i < ny such that G(n) = 1. Then ¢"(.) < 0 implies that
dzM(n)/dn > 0 for all n > 7.

—F(n)
fn)

Proof Substituting for and p(n) in equation (@) and using the implicit function

theorem we find that
dQ;M(n) 1—%4‘%()\/—1’)

dn &+ off %Z‘W()\ —nx +c(z)) + %(n —d(z))

We prove that this expression is positive. First, note that the numerator is positive as o/(.) <
0,¢'(.) > 0 and N (n) — x(n) = du(n) which is non-negative by equations (8) and (). Next,
turn to the denominator:

oz_qb’ ¢// ¢ ¢/2

C// + 5 ¢2

p(n)a(n)o(z(n)) +

Re-writing:

L s umatn) + Lumam) (@) + L - ¢(z)

We can combine terms to get:

C//+a

C// + -
Which is then:

¢4 28 u(nyan) > 0

which is positive given that ¢’ > 0 and ¢” < 0. Q.E.D.
Finally, consider the following example to compare the myopic outcome with the schedules

derived before.

Example 1 Consider the case where [ng,n,] = [10,11] and G (n) = n — 10. Further assume
that o (n) = 0.1 (11 —n), ¢ (z) =z, § =1 and c(x) = 322, The static second best solution is
given by the differential equation for F(n) (where F(ng) =0) and the solution for x(n):

n—10— F (n)
f) = Srii= e
s(n) = n F(n)—n+10

F(n)—n+10+0.1(11—n) (F—1)

11
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Figure 1: Quality x(n) (left) and price p(n) (right) as a function of the
consumer’s type n.

In figure O the dotted curve gives the solution to x°°. We also plot the static first best
solution 7B, which is strictly larger than x°°8, except at the top of the valuation distribution.

For zPFB (n), we use the necessary conditions:
p(n) = =05t
A(n) = (2 (n))?
Thus we find

N (n) =z (n)a' (n)

Combining this with equation (9) we find the following differential equations for x (n) and F (n):

! =1 (1
e (n) = oy (1~ )
n—10—F(n
f(n)= a(n)x(rf))
With boundary condition x (ny) = ny and initial condition F (ng) = 0. The solution of this
differential equation, xPFP (n), is the solid line in figure [
For 2™ (n), we use the necessary conditions (substituting for p(n)):
f(n) = 02?1110—_759(;(2)
0="2F0 4 (2 (n) —n)— (N (n) — 2 (n))0.1(11 — n)

_1_z(n n A(n)
X (n) = 201(1—n) — 01(1=n) T 0di-nyam) ¥ (n)
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together with the boundary equations x (n1) = ny, A (n) = 3(n1)? and initial condition F (ng) =
0. The solution to this system of differential equations, x™ (n), is given by the dashed line in
figure . The figure illustrates that x™ (n) > 2958 (n), with a strict inequality for an interval.

The prices are easy to solve for. Since the individual rationality constraint binds for the first
best cases, p°F'B(n) = nz®FB(n) and pPFB(n) = naPTB(n). In the second best cases, we use the
incentive compatibility condition u(n) = f:o x(t)dt to find p°°B(n) = nz¥58(n) — f:o 5B (t)dt
and pM(n) = nz*(n) — f:o aM(t)dt. As shown in figure [, the ordering of the prices is the
same as the ordering of the quantities.

3.4. Discounts and prices below cost

A natural question arises when the monopolist increases quality for low types to encourage
upgrading: what do prices look like? Do we observe the phenomena of discounting? Discounts
(or introductory offers) often arise in the literature on experience goodsﬁ; however the main
explanation given for the use of discounts is the presence of quality uncertainty by consumers.
Low prices encourage experimentation and can boost future demand for the firm. Our explana-
tion, that low prices promote type upgrading, encompasses this story and allows for addiction
effects as well.

The brief answer to our question is that prices can be very low in our model, and in what
follows we describe an example where prices can actually be below cost for low types The
monopolist sells at a loss in order to create higher types to extract rents from.

Assume the function ¢(z) takes the form:

Oifx <z

¢(I):{¢ifxzf

where 7 is the quality level at which upgrading begins. Hence we assume that a consumer who
consumes low quality doesn’t get a taste for what the high end good could yield. Therefore,
such consumption of low quality does not generate an upgrade. An internet user with a poor
connection, for example, may never experience the convenience of downloading music and will
not be tempted to upgrade her connection.
Furthermore, let the exogenous distribution G(n) be a uniform distribution on [ng, ny,], i.e.
1,2

G(n) = 2= and the cost function be quadratic, c¢(z) = sz°. The following assumption
nig—no 2

reduces the number of cases that we need to consider below.
g —c(z) =0

This equation implies Z = 2n4,.

This equation says that if the firm decides to sell Z to types n < ny,, it sells at a price below
costs. Since the maximum one could charge type ny, would be ny,Z (due to the participation
constraint), any price below that would lose the firm money. The firm breaks even by extracting

9For example, see Shapiro (1983), Schlee (2001), and Gabszewicz, Pepall, and Thisse (1992). Price discrim-
ination in these models is intertemporal. Our model has both static (i.e. within period) and intertemporal
price discrimination.

10 Although figure [ displays that prices are actually lower in the static second best case than the myopic case,
it is straightforward to prove that prices can’t be below cost in the static second best case.
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Profits

Figure 2: Profits as a function of O‘qu for the case without (dash) and with
(solid) upgrading.

all of type ny4’s surplus, and therefore would lose money if it encouraged lower types to consume
Z and upgrade. This leaves the firm with two options: sell qualities below Z to all consumers
and have no upgrades, or to sell high quality goods and encourage upgrades. The second
option, which by construction involves prices below costs, will be more profitable for certain
parameters.

First, we examine the case where the firm sells qualities below z and no upgrading occurs.
The optimal quality schedule is given by:

n— daln) = L=G0)
(x(n)) =~

Since z(n) < z for all n € [ng, ny,), there will not be any upgrading. With the functions that
we chose and assuming in addition that 2ny > n,,, we find that:

z(n) = 2n—ny,

p(n) = nz(n) —/nzz(t)dt

0

nig
profit = / [p(n) — c(z(n))]g(n)dn = (4nk — 2ngnag + nfg)/6
no
Second, we look at a quality schedule where upgrading occurs. The schedule we choose may
not be the optimum, but since we prove that it can yield higher profits than the case without
upgrading, the optimum (for those parameters) must involve upgrading. Moreover, since any
case with upgrading involves pricing below cost, deep discounts will be a part of the optimal
solution (for those parameters).
Suppose all types in the interval [ng, ny,] are sold z. It follows that p(n) = nez for these
types, otherwise type ng would not buy. Since ngZ — ¢(Z) < 0 the firm makes a loss on these

14



consumers. And since z(n) cannot fall (by incentive compatibility) and there is no reason to
sell qualities in excess of Z, we find z(n) =  for all n € [ng, 7] where 7 is defined by

1—F(n
n—dI) = —F—— ()
f(n)
Thus, the quality schedule for types in the interval 7, n4] is given by n— ¢ (x) = 1}](‘1()"). We

assume that a(n) = a - (n; — n) and show how F(n) and n are determined in the appendix.
To types n > n the firm sells

z(n) = (1+ O%b)n - %gbnl
From this we can calculate the profits for n > n in the standard way.

Now we can analyze whether it is optimal for the firm to sell Z to the low types at a loss such
that the upgrading can take effect. We consider the parameters ny = 1,n,, = 2, and n; = 10.
Profits in the no-upgrading solution (when x(n) < z for all n) are then equal to 2/3. Selling =
to low types leads to profits as depicted in figure 2l Clearly for ag/0 high enough, it is optimal
for the firm to sell to low types at a loss. This is intuitive: the stronger the upgrading effect
(because ag/0 is high) the more profitable the strategy that induces upgrading.

4. Results on Forward Looking Consumers

4.1. Continuous Types

In this section, we assume that consumers understand perfectly the type upgrading process and
take it into account when making consumption decisions. To characterize incentive compatibil-
ity in this case, we first derive the expected discounted value of a type n consumer. Denoting
this value by V(n), we can write

V(n) = (nz(n) —p(n))dr + (1= (p+6)dr)((1 = ¢(x(n))V(n) +

ni
o(x(n))V(n+ a(n)dr)) + (5d7’/ V(m)g(m)dm
ng
Hence the expected discounted value of being of type n consists of three parts. First, the
consumer receives the instant utility na(n) —p(n) over the short ‘period’ dr. Second, with some
probability the consumer experiences no taste shock and gets a type upgrade of a(n)dr with
probability ¢(z(n)), or continues with payoff V' (n) with probability 1 — ¢(x(n)). Third, if the
consumer experiences the taste shock, the payoff is the expectation of the continuation value
V(m), where m is distributed according to the exogenously given density function g(m). Using
the standard techniques of deriving a Bellman equation we get the following equation for V(n):

ni

(p+0)V(n) = nz(n) — p(n) + a(n)é(z(n))V'(n) + 5/ V(m)g(m)dm (10)

no

Rewriting to isolate the price p(n):

ni

p(n) =nz(n) — (p+ )V (n) + a(n)p(z(n))V'(n) + 5/ V(m)g(m)dm (11)

no
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We will use this to eliminate prices from the objective function of the firm. Integrating over
types (and using equation ({l) and integration by parts) yields:

| v = [ o) - pv ) s

0 no

Expected discounted profits for the firm can then be written as:

ni ni
| rsmin = | (nan) = cla) - V) 5n)dn (12)
no o

In the first best solution, the firm maximizes profits subject to the equation representing the
steady state distribution of types and the participation constraint. Since types are observable,
the firm can set V(n) = 0 for all n. This then makes the problem equivalent to the dynamic
first best problem when agents are myopic. The solution therefore is the dynamic first best
quality schedule, 25 (n). We formalize this in a proposition:

Proposition 3 The first best solution with forward looking consumers is equivalent to the first
best solution with myopic consumers, xP?7B(n).

Clearly, the key to this proof is that the outside option is the same (and equal to zero) for
both myopic and forward looking consumers.

We now examine the second best solution.

To derive incentive compatibility we take one step back and write:

ni

(p+0)V(n) = max{nz(n) — p(i) + a(n)¢(z(n))V'(n) + 5/ V(m)g(m)dm} — (13)

no

Using the envelope theorem we find the incentive compatibility condition:
(p+ 6)V'(n) = z(n) + o/ (n)(x(n))V'(n) + a(n)(x(n))V"(n) (14)

It is straightforward to see that the solution to the first best problem doesn’t hold here.
Suppose V(n) = 0 for the whole interval [ng,n;]. This violates the incentive compatibility
constraint since it produces the equation 0 = z(n) for all n. Since the monopolist could make
positive profits by selling small amounts of the good, it can’t be that z(n) = 0 everywhere.

The following result gives us insight into the value function.

Proposition 4 For functions V (.) that are twice differentiable we find that V'(n) > 0.

The proof is in the appendix.
Substituting the fact that V(n) = V(ng) + fTZ) V'(n)dn into the firm’s objective function
given by equation ([Z) and integrating by parts gives the firm’s maximization problem:

ny

m(%F(.)If’I}?))’(V(.)’W(.) —V(ng) + /no [nz(n) —c(z(n)]f(n) — p(1 — F(n))v(n) +

A(n)(F'(n) — f(n)) + p(n)(a(n)é(z(n) f(n) — 6(G(n) — F(n)) +1(n)(v'(n) — w(n))
+&(n)[(p + 6 — o/ (n)p(a(

S
s
5
|
s
2
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where v(n) = V'(n),w(n) = v'(n) = V"(n), ¥(.) is the costate variable associated with v(n),
and £(.) is a Lagrange multiplier. The firm is constrained by the steady state distribution of
types equation and incentive compatibility. It is clear from the problem itself that the value
function for the lowest type will be set equal to zero (the participation constraint binds and
V(no) = 0). In this case, there are five optimality conditions. We list them all in the appendix,
and only focus on the one with respect to z(n) here:

(n—d(x(n)))f(n) = —p(n)a(n)d' (x(n)) f(n) +£(n)(1+d (n)¢ (x(n))v(n) + a(n)aﬁ’(x(n))wgn);
15
The right hand side, which is the wedge between this solution and the static first best one,
consists of two terms. The first is the type upgrading effect, which takes the same form as in
the myopic case. The second is the distortion due to asymmetric information and the need for
incentive compatibility. We now examine this second term. In the following proposition we
prove that the term without the multiplier,

d (_dV/dx) _ d(n+ a(n)¢'(x)V'(n))
dn \ dV/dp dn

=1+ d/(n)¢/(z(n))v(n) + a(n)¢'(z(n))w(n)
is positive.

Proposition 5 Assume that ¢"(.) < 0. Then

L+ a'(n)¢'(z(n))V'(n) + a(n)¢'(z(n))V"(n) > 0. (16)
Proof
Substituting for V”(n) from equation ([l), we write this inequality as

() ¢lx) ~

This inequality holds, since V’'(n) > 0 and ¢(z) > ¢'(x)x. To see the last inequality we use the
following Taylor series

5(0) = () + 9 (2)(0 — ) + 30"(O)(0 — o)’
for some ¢ € [0, z]. This can be rewritten as

¢(x) = 6(0) + ¢ (x)x — ¢"(¢)a? > ¢/ (x)x
Q.E.D.

In the appendix we prove that the multiplier £(n) must be non-positive (see corollary B).
Looking at equation (), using Proposition B and £(n) < 0, we can then conclude that the
contribution of incentive compatibility is to increase the quality schedule, rather than reduce
it (as it does in the myopic case and the static second best).
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This reversal is explained by the difference between myopic and forward looking consumers.
To dissuade high types from masquerading as low types in the case with myopic consumers
(and in the static case as well), the quality schedule is generally distorted downwards, since
high types have a strong preference for quality over low types. Here however, low types have a
strong preference for quality as well, since they benefit both from the quality now and the type
upgrades in the future.

Nevertheless, the “no distortion at the top” result present in the previous models continues
to hold here. In equation (&), a(n;) = 0 eliminates the first term of the right hand side.
We also prove in the appendix that £(n;) = 0. This eliminates the second term on the right
hand side of equation ([H), showing that quality is set such that the marginal cost equals the
valuation for the top type, without any distortion.

We now prove an intriguing result: the firm is better off if the consumer becomes forward
looking instead of myopic. In reality, we see firms recognizing this effect: firms selling running
shoes have web sites with information about running, where one can keep a running diary and
have access to other training aids. Car makers encourage test drives of their luxury models and
hype their features. When the consumer can realize the gains of upgrading, the firm has less
need to push higher quality onto low types at low prices and can make a larger proﬁt

Proposition 6 Total profits are larger when consumers are forward looking.

The proof is in the appendix. Clearly this result depends on the assumption that consumers
can only benefit from type upgrades. Since their preferences are more aligned with those of
the firm, the firm is better off 11 In the myopic case, the firm has to offer incentives to get
consumers to purchase more and upgrade, whereas forward looking consumers do not need to
be convinced of the future benefits.

This raises two important questions. First, how does the myopic schedule compare to the
forward looking schedule given this difference in the cost of the firm in providing incentives
to upgrade? Second, does this result change when there are negative effects of addiction? We
address these questions, using a two type version of the model in the next subsection. Using
two types allows us to get closed form results that permit interesting comparative statics.

4.2. Comparative Statics in the two type model

Consider a model with two types {n;, n,} where n; < nj. The dynamics are assumed to be as
follows. With probability dd7, a taste shock hits at each moment in time and converts a type
ny, into a type n;. With probability ¢(x;)dr, a type n; receives a type upgrade and becomes a
type n,. We assume that ¢(0),¢'(.) > 0 and ¢”(.) <0.

1 This might suggest that consumers have the incentive to pretend to be myopic. In a previous version of the
paper, we discuss an example which shows that there is a tradeoff for consumers (i.e. their incentives are not
unambiguous). Two effects are present. Since the lowest type has larger rents (to be extracted) when forward
looking, it is advantageous to pretend to be myopic. On the other hand, the interests of the monopolist and
the forward looking agent may be aligned more than that of the monopolist and the myopic agent in the sense
that both prefer upgrades. Hence, pretending to be myopic may lead to less upgrades and a disappearance of
surplus (for both the monopolist and the agent).

12In section 4.2.2, we demonstrate that this result may not be true when an addiction is harmful.
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We write the steady state equation by first defining 6(7) as the proportion of type n;
consumers at time 7. This implies:

O(t +dr) =ddr(1 —0(7)) + (1 — p(x;)dT)0(T)

Re-arranging and letting dr — 0 gives us:

o
= 5o "

All of the qualitative results for the previous model have analogues in this model 1

4.2.1. Comparing Myopic and Forward Looking Consumers

In order to facilitate the comparison between myopic consumers and forward looking consumers,
we define A € [0, 1] as the degree to which consumers understand the upgrade ¢(z). Setting
A = 0 corresponds to a situation where consumers are myopic in the sense that they do not
understand that they can upgrade type (but still value the future). Consumers who are fully
forward looking understand that they will upgrade with probability ¢(z); this corresponds to
a value A = 1.

The value function for a low type consumer can be written as:
V() = (may — pr)dr + (1 — pdr) (1 — A¢(z)dr)V () + Ap(x;)dTV (ny))
Taking d7 — 0 and rearranging:
pV () = mxy — pr+ Ad()(V(nn) — V()
Similarly, for the high type, the value function takes the form:
pV (nn) = npxn — pr + 6(V () — V(ng))
Solving for V' (n,;), V(ny), we get:

Vi) = — (mx —pr + (naZh — pn))
p+ Ad(x) — 25550 p+o
1 )
174 — _ 7 _
(1) p+6— pi%g&i) (nnzn —pn+ ot Agb(xl)(nm m))

13Specifically, the results are (i) zPFB > 27FB | (ii) the first best is the same in the myopic and forward

looking cases, (iii) 2798 < aM < 2PFB if ¢/ < 0. Proofs have been omitted for brevity and are available upon

request.
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We can now write the constraints for the second best problem as follows:

A
IR, mx —p + gb(xl)(nhl’h —pn) 20
+0
)
: ot ————— (i — 1) >
IRy, npTy — Ph + Py Aqﬁ(ml)(nm p) >0
p+o Ag(z1)
IC, — — >
1 p+5+A¢(ml)(nm P+ PR (npxn —pr)) >
p+o A¢(xn)
P10+ Ad(zn) (nxy, — pr + P (npxn — pn))
p+ Ao(x)
iC npxy — pp + ——— (g — >
" /J+A¢(l’l)+5( hEh /J+A¢($z)( = py) 2
+ A
4 G (npx; — pr +

p+ Ao(w) + PE TR

1C}, can be simplified to:
ICy : npxp — P > Ty — Py

which is the same as the incentive compatibility constraint for high types when consumers are
myopic. We can further simplify the problem by rewriting I R, as:

p+ Ag(x))

5 (npxn —pp) >0

T, —pr+
Now, comparing I R; and I Ry, if in the optimum n,z, — p, > 0, then I R; implies that [ R, is
satisfied. In IRy, either njx; — p; or nyx, — pp, must be positive (or both). From IC) we know
that at least njx, — pp must be positive Therefore, we need no longer consider I Ry,. Second,
it can’t be that both constraints don’t bind, because the monopolist could raise both p; and
p; by ¢, satisfy the incentive constraints and increase profits. Therefore I R; must bind. Using
this, we find properties of the solution:

Proposition 7 The solution x}, x} satisfies the following properties:
i) 1C}, binds and IC; does not bind,
ii) no distortion at the top: ny — ' (z}) =0,
i4i) more forward looking behavior means higher x; and higher pj: % > 0 and % >0 and
i) the effect on p; is ambiguous:

dp, _ (p+0)(nn —m)
dA  (p+ 0+ Ag(xr))

dxy

T dA

(p+0+A(p— ')

2 (¢(xl>xl

14Suppose not, then IC} implies
0 > npxp — Py = npx; — P > T — Py

contradicting that either n;x; — p; or npxy — pr, must be positive.
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The proof is in the appendix. The structure of the solution is similar to the continuous
model: IR, and IC}, are binding and there is no distortion at the top.

We are now able to compare the myopic and forward looking solutions. As consumers
better understand (higher A) the upgrading mechanism (to a type ny, that enjoys a strictly
positive surplus: npz, — p, > 0), they are willing to consume more to try to become a high
type. Moreover, they are also willing to pay more for the product. This is in line with the
intuition that the forward looking low valuation types now value consumption more and have
their incentives closer aligned with the monopolist.

Finally, the reason why the effect of A on pj, is ambiguous becomes clear when considering
the high type’s incentive compatibility constraint. To the extent that A raises p;, p, can increase
as well without inducing the high type to switch to the low type’s option. However, A raises x;
as well, which makes mimicking the low type more attractive. Hence p, needs to fall to prevent
that.

4.2.2., Harmful Addiction

In this section, we examine the impact on the monopolist’s decision when consumers are neg-
atively impacted by being addicted and consuming large amounts[d We model this in the
simplest way possible, setting the cost of addiction as a fixed disutility D per period for the
high typeld We also define B as the present discounted value of lifetime utility when not using
the product. This makes the outside option of the consumer a parameter.

The expressions for V}, V}, now become:

1 Ag(xy)
vV, = - (nlxl —p+ (nhil?h —Pn— D))
p+ Ao(x) — 22250 p+0
1 1)
Vi = (nwzn —pn — D+ ———7— (i — pr))
p+5—p‘i§+{% p+ Ad(x)

To define the individual rationality constraint for the high type, we need to know what
happens if the high type quits using the product forever. Once consumption stops, the person
stays as a high type for a while, until he transitiond into not being an addict and not using
the product.

P‘/:;Zit =-D+ 5(3 - VZLit)
Hence, the individual rationality constraint for the high type can be written as

-D+6B

v
" p+o

v

15As we note in the literature review, this section brings us closer to the rational addiction model. The
negative impact is not modelled as the effect of a stock variable, but the benefit from this is that we are able to
discuss price discrimination among consumers who are heterogeneous in their valuations. We are also able to
talk about how consumers’ own understanding of their ability to become a higher type (more addicted) affects
the solution.

161f we had allowed D to vary with the consumption z, this would effectively reduce ny, a comparative static
that we can analyze using the results of the previous section.

1"We assume the transition probability from going cold turkey to not using the product is the same as
transitioning from being a high type to low type for notational convenience. In practice, they can surely differ.
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Together with V; > B, we get the following two IR constraints:

p+A¢ pAP Ag

1 — — > —)B+D——

(IRx) 5 (nnen —pu) + (g —p) > (p+ Py 5) + P

Ag pAP Ag

IR — — > —)B+D——

(IR) p+5(nhifh pr) + (ur —p) > (p+ p+5) + P

Note that IC for the high type is not affected:

NpTp — Pr — D Z NpT; — P — D (18)

Using the same methods as in the previous section, we can prove (i) that I R; and IC}, impl
that IRy, doesn’t bind, (ii) IR, and IC), do bind, and (iii) at the optimum, /C; doesn’t bind.
With IC), and I R; binding, prices are:

1
o= npxp — Py g ((p+0)(np — ny)xy + Aé(x;) D) — pB (19)
po= ma+ Ocd (1) ((np, =)z — D) — pB (20)

P + 1) + ¢c¢(l’l)

The optimization problem can be written as:

: o(x) p+(1—A)
M gy Cmm — elen) F dla)man = elza))) = (m = )T Sy s TR
A¢(l’l)
BT (21
Once again, z, is the efficient one. The first order condition for x; can be written as
0y — ) + =2 — elan) — () = (22)
5+¢ n; c |\ (5+¢)2 NnpTh clxy, nx; cxy —
nh_nlp+5(1—A) 5¢/;pl B A¢/ p+5 /
0+¢ p+io+Ag (¢+5+¢ ¢xlp+5+A¢) D(p+5+A¢)2¢(xl>A

We summarize the properties of the solution as follows:

Proposition 8 The solution x;™,x;" satisfies the following properties:

i) I1Cy, binds and IC; does not bind,

ii) no distortion at the top: ny — (x}*) =0,

iii) when addiction is costlier, consumption for the low type decreases: d;cg <0

iv) when addiction is costlier and (n, — ny)x;* — D > 0, p* decreases (% < 0), otherwise
the effect is ambiguous

v) the effect of D on pi* is ambiguous

vi) an increase in the benefits to quitting, B, doesn’t change x*, but decreases both p* and

k%
Pn

8 These proofs are available upon request.
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We do not prove these results here, as they are found in a similar way to Proposition 7.

Costly addiction lowers the quality that low types consume. High types still consume
the same quality, as they are not affected on the margin. The price changes depend on the
parameters, and can’t be signed.

We can also examine how profits for the monopolist change as consumers become more
forward looking in this environment. We know:

dn_ O dmy | Or om,  on _ on
dA  Ox; OA Oz, OA  OA  OA

from the envelope theorem. Therefore,

dn ¢(p+9)
an ~ =l = D) gy

Clearly, when D = 0, we get the same result as before, that when consumers are more
forward looking, profits increase. However, D adds a countervailing effect and could reverse
this.

5. Conclusion

This paper develops a framework for analyzing dynamic adverse selection problems where types
may change over time depending on the schedule the principal offers. The key element used in
order to attain tractability is that agents are anonymous, which is often the case. We apply the
model to monopoly pricing, analyzing price discrimination for goods where current consumption
affects future valuations. We find that the monopolist will increase quality for low types to
encourage type upgrading. It may offer substantial discounts at a loss in order to reinforce this
effect. For forward looking consumers, the adverse selection effect distorts quality upwards in
contrast to the traditional static (and myopic) case. Moreover, the monopolist has incentives
to make consumers forward looking as long as the good is not harmful, so that it need not
sacrifice rents to encourage upgrading.

The methodology we develop here could be useful for other dynamic mechanism design
problems where learning by doing plays an important role. Some natural extensions of the
model include the regulation of a firm where marginal costs decrease with know-how and pre-
vious production or repeated auctions where consumers learn their demand for the good (as in
electricity sales).

6. Appendix

6.1. Solving for F(n) and 7 in pricing below cost example

To determine F'(n) we assume that a(n) = a- (n; —n) for some scalar o > 0. Substituting this
into our steady state equation, we find



For n > ny,, G(n) = 1. Using F'(n;) = 1 we find that
F(n)=1- C(%(?(nl — n))o%5 for n > ny,

for some constant C' > 0 to be determined below.
For n < ny,, G(n) = =% yielding

nig—ng’

ad ad S 1—9
=1 —ng) —(n—ng)+ 5 (N1 —n)?(ng —n ad

(% = 1)(n1g — no)

The constant C' is found by the continuity of F(.) at n = ny,. It turns out that

(

)
)1_“_¢ ("1 - no)l_“%’ - (nl - nlg)l_“%’

—1 Nig — No

C:

~[3|~2

Since T = 2n;, we can now solve for n > n;,. We know that for n > ny, it is the case that

%n()n) = 2(n; —n). Thus we find

%‘bnl + 2ny4

n =
1+ 22

6.2. Proof of Proposition @ (V'(n) > 0)

Consider two types n’ > n where n’ can mimic n. We see that

ni

(p+0)V(n) = n'z(n) —p(n) + a(n)é(x(n))V'(n) + 5/ Vi(m)g(m)dm

no
ni

(p+6)V(n) = na(n) —p(n) + aln)é(x(n)V'(n) + 5/ V(m)g(m)dm

no

Subtract these two equations and consider the case where n’ = n; (and thus a(n;) = 0):

(p+0)(V(n) = V(n) = (m — n)z(n) — ¢(x(n))V'(n)a(n)

If there exists n such that V’(n) < 0 then this equation implies that V' (n,) > V(n). Hence
there must exist n” € (n,n;) such that V'(n”) > 0. Since V'(n) < 0 and V'(n”) > 0 it must be
the case that over some range V" (.) > 0. In particular, there must exist 7 such that V'(n) <0
and V”(n) > 0. However, this contradicts equation (). Hence V'(n) > 0 for all n € [ng, ny].

Q.E.D.

6.3. Characterization of the Forward Looking solution

We first prove a corollary to proposition Mk

Corollary 1 For functions V(.) that are twice differentiable we find that there exists ¢ > 0
such that V'(n) > c.
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Proof: Consider the differential equation (which follows from ([I4))

V' (n) = B(n)V'(n) = —y(n)
where
p+6—d(n)o(x(n))
a(n)e(z(n)

]
)
Y S e ) B

>0

The solution can then be written as

V’(n) = (C _ / fy(t)e— ffio ﬁ(s)dsdt) €f7?0 B(t)dt
no

Next note that a(n;) = 0 implies that V'(ny) = p+6_a,9€$;;(x(m)) > 0. Because y(n) > 0, if
V’(n) would become non-positive, it would happen at ny, but it does not. As V’'(n) is strictly
positive for nq, it is strictly positive for all n. The other terms are all nonzero and finite and
hence we find V’(n) > ¢ for some ¢ > 0. (Note, however, that it does not follow that V'(n) is

decreasing in n). Q.E.D.

The other necessary conditions for the solution to the forward looking case (besides equation
(@) in the text) are:

X(n) = pu(n)+ p(n) (23)
0 = na(n) - c(e(n)) = A(n) + p(n)a(n)é(z(n)) (24)
W(n) = —p(l— F(n)) +&m)(p+ 6 — o' (n)é(a(n))) (25)
- (26)

1 §
(n) + &(n)a(n)o(x(n))

Solving the fifth equation for £(n) = —¢(n)/(a(n)¢(x(n))) and plugging that into the fourth
equation gives us a differential equation for 1)(n). Now we prove that the solution must have
the constraint V’'(n) > ¢ binding only on an interval that begins at ny (or may only bind at
no) This allows us to conclude that ¢)(n) > 0 for all n.

o
<

Proposition 9 The term (n) > 0 for all n.

Proof I. There is no solution where ©(ng) = 1)(ny) = 0 and V'(n) > ¢ for all n
Proof by contradiction: assume ¥ (ng) = 1(ny) = 0 and V'(n) > ¢ for all n. Then:
m s pto—a’d(@) 4. n pté—a’d@) 4o

W(n) = (K +/ p(1— F(S))ef"o ad(@) ds)e” Jno & a8

n

9This proof uses the necessary conditions that (i) ¥(ng) = 0 if V'(ng) > ¢, and ¥(ng) > 0 if V'(ng) = ¢ and
(ii) ¥(n1) = 0if V'(n1) > ¢, and ¥(n1) < 0 if V'(ng) = ¢. A derivation of these conditions can be found in
Kamien and Schwartz (1991).
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where K is the constant from integration. From ¢ (n;) = 0, we have K = 0 and ¢(n) > 0
for all n.

o n fs p+6fa'd>(w)du o X X

From v (ng) = 0, we have fnol p(1 — F(s))eno =3~ “ds = 0. Since the integral must be
positive, this is a contradiction.

I1. It can’t be the case that ¢(n;) <0 and V'(ny) = c.

Proof by contradiction: suppose 1(n;) < 0. Using equation (Z6) and the fact that a(n,) =
0, £(ny) — oo. But if £(ny) — oo, then equation ([H) indicates that x(n;) — —oo, which
cannot be optimal.

ITI. It can’t be the case that V'(n) = ¢ for an interior interval [n,, n;] where n, > ny.

If this was the case, V'(n,) = ¢ and it must be that V" (n, — ) < 0 where ¢ is small. From
the incentive compatibility equation ([[4), however, V"(n, —¢) < 0 implies V'(n, — ¢) < ¢,
which is a contradiction.

IV. The only case remaining is where ¢ (ng) > 0 and V'(ng) = c. Q.E.D.

The proposition then implies that £(n) < 0 for all n. In the next corollary we prove that

Corollary 2 The term £(n) <0 for alln and £(n,) = 0.

Proof Rewriting equation (28) and taking the derivative with respect to n gives us ¢’'(n) =

=& (n)a(n)d(z(n)) — £(n)o/(n)d(z(n)) — {(n)a(n)¢'(z(n))z'(n). Evaluating at n = n; and
comparing to equation (ZH) evaluated at the same point proves that £(n;) = 0. Q.E.D.

6.4. Proof of Proposition

We denoted the solution when the consumer is myopic (and the firm forward looking) by
(@M (), pM()). Let (z(.),p"(.)) denote the solution with forward looking consumers (and
forward looking firms). We are going to prove that profits from the F' case are larger than
profits from the M case. We do this in two parts:

I. Downward Deviations (a type n doesn’t want to pretend to be a lower type)

We start by fixing the solution to the M case (z*(.),p"(.)) and showing that a schedule
with slightly higher prices (z*(.),p(.) + ¢) satisfies the constraints of the F' case.

From the value function for a forward looking customer:

(p-+ 8V (1) = () = (1) + () (1)) V' () + 5 | "V (m)g(m)dm

/
0

=0
It therefore follows that V' (ng) > 0 and there exists an € > 0 such that the pricing schedule
pM + ¢ still satisfies the IR constraint.

Next, consider the IC constraint. We first argue that a type n who is offered the menu
(xM(n), p™(n) + ¢) will not choose (x(n’), pM (n’) + €) for some n’ < n. It is straightforward
to see that

nz'(n) — pM(n) > na™(n’) — pM(n’) Vn' <n

implies that (using the fact that dz*(n)/dn > 0):
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na (n) — pM(n) — e + a(n)d(z(n))V'(n) + 5/"1 V(m)g(m)dm >

no

ny
na™ (n') — p™(n') — e + a(n)p(x(n')V'(n) + 5/ V(m)g(m)dm ¥n' < n
no
IT. Upward Deviations (if an n type pretends to be a higher type, the monopolist
makes larger profits)
Here we prove that the firm can only profit from a customer overstating his type, ¢.e. if
a type n chooses (z™(n'), pM(n) + €) rather than (2™ (n),p™(n) + €), where n < n’ the firm
makes larger profits. Hence the profits in the F' case are at least ¢ > 0 higher than in the M
case.

Proposition 10 7'(n) > 0.

Proof Suppose it is not true, i.e. there exists 1 such that 7/(72) < 0. Then one of two cases
must occur:

either (I) 7'(n) < 0 for all n € [7, ny] or (II) there exists n' € (7, ny] such that 7'(n') > 0.

We argue that neither of these two cases can happen.

First, consider case (I). In this case, the profits of the firm are higher if all types n > n
are offered p(n),xz(n) since in that case profits are constant per type (for n > 7n) and hence
7'(n) = 0 for all n € [R,ny] which implies higher profits than the original menu (p(n), z(n))
which featured 7'(n) < 0.

Second, consider case (II). Since 7'(n) < 0 < 7'(n’) there exist values for n such that
7'(n) < 0 and 7”(n) > 0. Consider two values n* < n** which are close together and satisfy
©'(n*) < 0 = 7'(n**). As the two points are close together, one option for the firm is to offer
p(n*), z(n*) to type n** as well, but presumably the firm can do better. Thus we have

ni

(p+ 8)n(n™*) = pn®) — cla(n®)) + 6 / r(m)g(m)dm >

no

ni

p(n") = c(x(n®)) + ¢(x(n"))a(n®)r'(n*) + 5/ m(m)g(m)dm = (p+ d)m(n")

no
However, this contradicts 7'(n*) < 0 as 7(n**) > 7(n*).
Thus it must be the case that 7'(n) > 0. Q.E.D.

6.5. Proof of Proposition [7

We first assume that (I R;) and (I/C}) bind while (/C)) is not binding. At the end of the proof
below we verify that in our solution (I(}) is indeed not binding. Solving the firm’s optimization
problem with p; solved from I R; we get:

1 0 Ad(z) Ad(x1)
P, T ) "y () ) gy e )
s.t. [C;L : (p + 0 i A¢($l) )(nhxh - ph) Z (nh - nl)xl

p+90
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Assigning a Lagrange multiplier of py, to IC}, the first order condition with respect to py, is:

pAQ(71) B Mh(P +0+ A¢($l)) —0
(p+0)(0+ Ap(x1)) p+o
Hence p = (p+6+A£é£%)+A¢(xl)). The first order condition with respect to z;, can be written as
A¢(xl) /
e ol VR O —0
G+ Aoy )
This gives efficiency for the high type, or n, = (x).
The first order condition for x; can be written as
0 (n—c’(x))—l—Ly(nx —c(zp) — (may — c(xy))) — (27)
S+ o 1 ! G +0)p hTh h 12 !
ny, —n p+6(1—A) 0¢'x; A¢
+ - =0
5+ ¢ p+5+A¢O¢ 5+ o ¢ﬂp+5+A¢)

The first line of this equation can be seen as the marginal benefit of raising z; and the second
line as the marginal cost. For existence of an interior optimum we need to assume the first
order condition is decreasing in x;. Therefore, when trying to find %, we can use the implicit
function theorem and sign the derivative with respect to z;. We will now demonstrate that A
reduces the second line and hence the marginal cost. This implies that higher A leads to higher
Xy.

The sign of d(marginal cost)/dA is given by the sign of

_5(p+5+A¢)+A(p+(1—A)é)(¢+ Yol _ e A¢ )
(p+0 + Ag)? S+¢ p+do+Ad
P (1—-A)o , p+90
p+5+A¢¢”¢@+5+A@2
A sufficient condition for this to be negative is that
(5¢/5L’l A(ﬂ
— > 0 28
I S L P (28)

which can be rewritten as

0¢'x; n ¢
5+¢  p+0+Ad
Concavity of ¢ and ¢(0), ¢’ > 0 implies that ¢ > ¢'x;. Hence this inequality is satisfied.
The effect of A on p; is given by

dp A¢

E = |n; + m(nh — nl) + (nh — nl):vl

(p+0+A¢—¢'Ax)) >0 (29)

A¢'(/J + 5) d$l

St A AR N >0
(p+0+Ag)2| dA

(p+0)¢
+(nh—n1)xlm

A similar expression can be derived for dpy,/dA and is given in the proposition.
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Finally, we need to verify that in our solution (/C}) is indeed not binding, as we claim. Note
that because of IR, (binding), IC) is satisfied if

Ap(zp)
p+0

Ty — Ph + (npxn —pr) <0

Using IRy, this can be written as

Cb(l'h)

My — Pr < o(z1) (nxy — pr)
Solving I R; and IC}, for prices yields

p+o
_ _ — 30
Pn npTh ,0+5+A¢(atl)(nh nz)iﬂl ( )

A(ﬁ(ﬂ?l)
= — 1
Ay s vl GO (31)

Using this, we can rewrite the inequality as

Th > Ty
p+o+Ap(xn)  p+0+ Ad(x)

which is true if and only if x, > z; (note that the fraction is strictly increasing in x because
¢(x) > ¢'(x)x). Finally, we show that equation (Z7) implies that it is optimal to reduce x;
evaluated at z; = zj. A sufficient condition for this is

¢'(xn)

/

_ _FT\h) _ 0

n —c(x) + 5+ o(zn) (nnxy — may) <

or equivalently ¢'(xp)xy < d + ¢(zy) which is indeed satisfied. Q.E.D.
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