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1. Introdu
tionFor many goods, 
onsumers' preferen
es 
hange over time. These 
hanges may be related tolearning how mu
h one needs of the good, where one tries lower qualities at �rst to de
idewhether to upgrade. The 
hanges may also 
ome dire
tly from 
urrent 
onsumption in
reasingone's desire for more, as in the 
ase of addi
tive goods. In this paper we analyze monopolypri
ing under asymmetri
 information when 
onsumers' 
urrent 
onsumption in�uen
es theirfuture enjoyment of the good.There are two 
riti
al features to our analysis:
• Types are determined by past a
tions: more 
onsumption today gives one a larger prob-ability of having a higher valuation for the good in the next period. This is an intensivemargin that presents a trade-o� for the monopolist - with heterogeneous 
onsumers andasymmetri
 information about their valuations, downwards distortion of 
onsumptionusually solves the adverse sele
tion problem, but may now hurt the �rm's future pro�ts.
• Consumers are anonymous: this implies that the monopolist 
an't make 
urrent pri
es
ontingent on the 
onsumption history of a 
ustomer. One might think of the monopolistas engaging in repeated relationships that remain anonymous, perhaps be
ause the �rmdistributes through di�erent retailers or posts pri
es that are available to all 
onsumers.The monopolist must then 
hoose pri
es that balan
e getting low valuation 
onsumers`hooked' while extra
ting surplus from high valuation 
onsumers.Using these elements we �nd the monopolist's optimal steady-state pri
ing s
hedule. Welook at both the 
ase where 
onsumers are myopi
 (they only 
onsider today's utility), and wherethey are perfe
tly forward looking. When types are observable, the monopolist in
reases qualitysubstantially (
ompared to the stati
 �rst best1) at the bottom of the valuation distribution toget 
onsumers `addi
ted'. We �nd that in the 
ase of myopi
 
onsumers, the adverse sele
tionproblem may still distort the quality s
hedule downwards, but not as mu
h as in the stati

ase. In order to enti
e low valuation 
ustomers to begin upgrading, the monopolist may o�ersubstantial dis
ounts, whi
h we de�ne as pri
ing below 
ost. In the 
ase of forward looking
onsumers, we �nd that the adverse sele
tion problem a
tually pushes the quality s
heduleupwards (
ompared to the stati
 �rst best out
ome and the myopi
 solution). This is driven bythe fa
t that low valuation forward looking 
onsumers have a strong preferen
e to 
onsume andrealize type upgrades. In addition, we show that it is pro�table for the monopolist to edu
ate
onsumers and make them forward looking. Note, of 
ourse, that we assume that there is noharmful aspe
t to in
reased 
onsumption for the majority of the paper. When we extend themodel to add a 
ost of too mu
h 
onsumption (as in the 
ase of harmful addi
tion), we �nd that
onsumption is lowered and that the monopolist's in
entives to edu
ate the 
onsumer de
reasewith this 
ost.Examples of produ
ts for whi
h 
urrent 
onsumption a�e
ts future 
onsumption abound. Insoftware, users often begin using a stripped down version of a program (o�ered at a substantial1The stati
 �rst best is de�ned here as marginal (dire
t) utility equal to marginal 
osts for ea
h type.2



dis
ount) before moving on the full version.2 Websites provide basi
 a

ess (usually for free)with advertisements for those only browsing, but o�er a 
han
e to pay for premium 
ontentand redu
ed advertising.3 Video games, parti
ularly Massively Multiplayer Online Role PlayingGames (MMORPG), o�er users free trials and the ability to build their 
hara
ters so as to enjoythe game more, and potentially gain a

ess to new levels. Higher end 
ar manufa
turers oftenhave a low 
ost entry level 
ar to attra
t 
ustomers to the brand and persuade them to �trade up�in the future.4 Similarly, people 
onne
ting to the internet often start with a slow 
onne
tionand then upgrade over time as they start using the internet more and more intensely. And of
ourse, purely addi
tive substan
es su
h as 
a�eine or exer
ise have these properties. Extendingour model (as we do in se
tion 4.2.2) to harmful addi
tive goods adds 
igarettes, drugs, andmany other substan
es to the list.Naturally, we must add a 
aveat to our examples. Previous authors have noted pri
e dis-
rimination in these markets and provided di�erent explanations. The majority of the expla-nations rely on taste heterogeneity. What we provide is another, 
omplementary explanationand a general framework in whi
h to think about pri
ing goods whose 
onsumption a�e
tspreferen
es.In the dynami
 me
hanism design literature, papers generally either address agents whosetypes remain the same over time or agents whose type is redrawn from a random distributionin ea
h period. When types are 
onstant over time, short term 
ontra
ts are in�uen
ed by the�rat
het e�e
t�: agents' 
onsumption be
omes a signal of their type. Freixas, Guesnerie, andTirole (1985), La�ont and Tirole (1988), and Skreta (2006) analyze this problem. We avoid thesignaling problem by assuming that the �rm 
an't make its me
hanism dependent on previous
onsumption. This allows us to fo
us on the intera
tion between 
onsumption and type andmakes the analysis more tra
table. Townsend (1982) models dynami
 
ontra
ts where agents'types are generated by a random pro
ess. His work was extended by Green (1987), Thomasand Worrall (1990), and Atkeson and Lu
as (1992). The re
ent literature on dynami
 optimaltaxation also assumes that individuals' types are randomly re-drawn ea
h period. A review ofthis literature is provided by Ko
herlakota (2005).There are a 
ouple of models that in
orporate a learning by doing e�e
t on types that issimilar to our 
onsumption e�e
t. Baron and Besanko (1984) des
ribe a two period model ofregulation where the �rm's 
hoi
e of R&D in period 1 
an a�e
t its type in period 2. This di�ersfrom our analysis in two ways. First, the �rms' 
hoi
e of R&D doesn't intera
t with the �rm's�rst period type; in our model it is important that 
urrent 
onsumption intera
ts with the
onsumer's valuation of the good. Se
ond, they analyze the 
ase where the regulator 
ommitsto the two period me
hanism (to avoid the rat
het e�e
t) but allows the instruments in period2 to depend on reports of type from both period 1 and period 2. Lewis and Yildirim (2002)analyze a dynami
 model where there is renegotiation ea
h period, types are redrawn randomly2Intuit's program Qui
ken was o�ered as Basi
 Qui
ken ($20) and Qui
ken Deluxe ($60). Wolfram Resear
hsells both Mathemati
a and a student version of it (whi
h has a lesser 
omputational speed and redu
edfun
tionality). For more examples, see Shapiro and Varian (1998).3For example www.salon.
om and www.wallstreetjournal.
om are newspaper websites whi
h o�er di�erentlevels of a

ess at di�erent pri
es.4Keller (2003) 
ites the 
ase of BMW and its 3-series automobiles, as well as Mer
edes and its A-Classvehi
les. 3



ea
h period, and the learning by doing redu
tion of 
osts is random and doesn't intera
t withthe �rm's type. Gärtner (2007) examines a two-period model of learning by doing where �rstperiod types are known and se
ond period types are a fun
tion of �rst period produ
tion andan unobservable 
omponent that a�e
ts the learning 
urve.Lastly, our model has some similarities to the literature on rational addi
tion initiated byBe
ker and Murphy (1988). In our model, 
urrent 
onsumption in
reases future 
onsumption(in expe
tation), so the goods we dis
uss have the property of addi
tion. For most of ourpaper, we look at �bene�
ial� addi
tive goods in the sense that utility is in
reasing in thesto
k5 of previous 
onsumption. In se
tion 4.2.2, we examine how the results 
hange withharmful addi
tions. Our fo
us, nevertheless is quite di�erent from Be
ker and Murphy (1988).We fo
us on monopoly pri
e dis
rimination, while they assume 
onsumers are homogeneousand pri
es are 
ompetitive. There are several follow up papers to Be
ker and Murphy (1988)whi
h look at pri
ing, but only in the 
ase of homogeneous 
onsumers. These in
lude Be
ker,Grossman, and Murphy (1994), Fethke and Jagannathan (1996), Showalter (1999), and Driskilland M
Ca�erty (2001).The paper is organized as follows: Se
tion 2 sets up the model and �nds the steady statedistribution of types. Se
tion 3 looks at the optimal quality s
hedule when 
onsumers aremyopi
. Se
tion 4 examines the solution when 
onsumers are forward looking. Se
tion 5
on
ludes. 2. The ModelConsider a monopolist that sells a produ
t to 
onsumers with utility fun
tion u(x, n) = nx− pwhere x ≥ 0 is the quality of the good, n ∈ [n0, n1] is the valuation of the 
onsumer for theprodu
t and p is the pri
e paid for the quality x.6 The monopolist's 
ost fun
tion is representedby c(x), whi
h is assumed to be in
reasing and 
onvex. We assume that the outside option ofall 
onsumers is equal to zero.The good has addi
tive properties in the sense that the amount x 
onsumed today a�e
tsthe 
onsumer's type n tomorrow. The higher today's 
onsumption, the higher the 
onsumer'sexpe
ted type tomorrow. Hen
e, for the �rm, the density (distribution) fun
tion f(n) (F (n))over types [n0, n1] is endogenous. By 
hanging the quality ve
tor x(.), the �rm 
hanges thedistribution of types.In parti
ular, we assume that 
onsumers live in 
ontinuous time τ and at ea
h instant theyhave a poisson arrival rate δdτ of a taste sho
k that 
an reset their type. For ea
h type n thatisn't a�e
ted by the taste sho
k, there is a probability φ(x(n)) that its type in
reases (a typeupgrade) by dn = α(n)dτ over the next instant. We assume that φ′(x) ≥ 0, i.e. 
onsuming morequality leads to a higher probability of in
reasing one's type. This is the learning-by-
onsumingor addi
tion e�e
t that we des
ribed previously. We also assume that low n types 
an experien
ebigger upgrades than high n types, i.e. α′(n) ≤ 0. Furthermore, low types 
annot overtake5We do not a
tually have a "sto
k" variable, but we loosely interpret one's type as summarizing past
onsumption.6Alternatively, we 
ould interpret x as the quantity pur
hased of the good (with n being an individual'svaluation per unit pur
hased). 4



higher types that also experien
e an upgrade, i.e. d(n + α(n)dτ)/dn = 1 + α′(n)dτ ≥ 0.Finally, we assume that there is a �nite upper bound n1 on the taste parameter. This impliesthat α(n1) = 0 and no type 
an end up above n1.In the 
ase where a taste sho
k does o

ur, the 
onsumer swit
hes from his 
urrent type n toa newly drawn type from an exogenously given distribution G(.) over [n0, n1] and 
orrespondingdensity fun
tion g(.). In general, this exogenous distribution may have positive density only ona subset of types [n0, ε], where ε ≤ n1. Below we sometimes fo
us on the 
ase where ε is 
loseto n0. In that 
ase, the sho
k δ leads to a redu
tion in n for most types.We assume that the pri
e-quality s
hedule doesn't depend on a 
onsumer's 
onsumptionhistory. In addition, we assume that the �rm is su�
iently patient and maximizes with respe
tto the steady state distribution. These assumptions are made for tra
tability reasons. Giventhat types are not randomly drawn ea
h period, we would like to avoid the well known �rat
hete�e
t�. The 
omplexity of a dynami
 optimization problem over types and time also disappearswith this formulation. Nevertheless, we also have a 
ompelling motivation for not allowing theme
hanism to be time dependent. The inability to identify past 
onsumers and their pur
hasingpatterns is a large 
on
ern for retailers. Internet retailers have an easier time identifying
onsumers' pur
hases, but attempts to 
ondition pri
es on 
onsumption history have broughtsubstantial 
ontroversy7.To derive the steady state distribution, we �rst 
onsider how the distribution of types F (.)varies over time. The following equation shows this time variation over a short instant dτ . Toderive this, it is 
onvenient to temporarily write the distribution as a fun
tion of both type nand time τ . The amount of 
onsumers below type n at time τ + dτ is given by
F (n, τ + dτ) = δdτG(n) + (1 − δdτ)

(

F (n, τ) −

∫ n

n−α(n′)dτ

φ(x(ν))f(ν, τ)dν

)There is a probability δdτ that a type n gets a taste sho
k and is redrawn from G(.). Hen
eea
h instant there are δdτG(n) `new' types below n. Of the part that is not a�e
ted by thistaste sho
k, only the group who had types larger than n − α(n′)dτ (where n′ is de�ned by
n′ +α(n′)dτ = n) �nd that a type upgrade α(n′)dτ is big enough to move beyond n. A fra
tion
φ(x(ν)) of these types experien
e su
h an upgrade and move above n. The integral subtra
tsexa
tly this group. Hen
e at τ + dτ there are two types of 
onsumers who used to be (at time
τ) below n and are now above it - the group who experien
es a taste sho
k and draws a typelarger than n from G(.), and the types ν ∈ (n − α(n′)dτ, n] who get a type upgrade. Theequation above 
an be rewritten as:

F (n, τ + dτ) − F (n, τ)

dτ
= δ(G(n) − F (n)) −

1

dτ

∫ n

n−α(n′)dτ

φ(x(ν))f(ν, τ)dν +

δ

∫ n

n−α(n′)dτ

φ(x(ν))f(ν, τ)dν7The most famous example is Amazon.
om's attempt at dynami
 pri
ing. When 
onsumers and 
onsumergroups learned that the same good was being o�ered at di�erent pri
es depending on 
onsumption history atAmazon, 
omplaints for
ed Amazon to res
ind the poli
y and o�er rebates to those who had previously beena�e
ted (see �Amazon ba
ks o� on pri
e-testing e�orts�, by Deborah Kong, USA Today, September 29, 2000).5



We take the limit dτ → 0 and �nd (note that the third term on the right hand side 
onvergesto zero as dτ → 0):
dF (n, τ)

dτ
= δ(G(n) − F (n)) − φ(x(n))f(n)α(n)The steady state distribution is 
onstant over time, i.e. dF (n,τ)

dτ
= 0. Thus we �nd that forea
h n it must be the 
ase that:

δ(G(n) − F (n)) = α(n)φ(x(n))f(n) (1)This equation says that in the steady state the net in�ow of people to types below n due toa taste sho
k equals the out�ow of types due to the upgrading e�e
t.3. Myopi
 Consumers3.1. The Stati
 Ben
hmarksIn this se
tion we provide two ben
hmarks. In both, we 
onsider a simpli�ed model, whereboth the �rm and the 
onsumer are myopi
. We de�ne myopi
 as only being 
on
erned about
urrent period (instant) returns. Therefore the �rm takes the distribution of types F (.) asgiven. That is, it does not understand the relation between 
onsumption and types given bythe distribution in equation (1). The myopi
 
onsumer not only doesn't take into a

ountfuture utility, he doesn't link 
urrent 
onsumption to future happiness.The �rm maximizes:
max

x(.),p(.)

∫ n1

n0

[p(n) − c(x(n))]f(n)dnTaking into a

ount that u(n) = nx(n) − p(n), the obje
tive fun
tion of the �rm be
omes:
max

x(.),u(.)

∫ n1

n0

[−u(n) + nx(n) − c(x(n))]f(n)dnIn the stati
 �rst best (SFB) framework, the �rm 
an observe individuals' types. The solu-tion is straightforward; the �rm sets every agent's utility equal to zero (making the parti
ipation
onstraint bind) and sets the quality su
h that n − c′(xSFB(n)) = 0. The quality xSFB(n) isin
reasing in n, as are pri
es.In the stati
 se
ond best (SSB) framework, the �rm 
an't observe the types of 
onsumers.Thus, the monopolist is subje
t to the in
entive 
ompatibility (IC) 
onstraint that ea
h type
n 
hooses the right (x(n), p(n)) 
ombination from the menu (x(.), p(.)) o�ered.8 Denoting thesolution in this 
ase by SSB, standard analysis yields

n− c′(xSSB(n)) =
1 − F (n)

f(n)
(2)provided that xSSB(n) is nonde
reasing in n to guarantee that the solution is in
entive 
om-patible (see Fudenberg and Tirole (1991: 261)). If xSSB is de
reasing in n over some range, the8Using the revelation prin
iple, we 
an indeed fo
us on su
h dire
t revelation me
hanisms.6



solution needs to be "ironed out" using the pro
edure des
ribed in Fudenberg and Tirole (1991:303-306). We do not expli
itly 
hara
terize the solution in this 
ase, but assume throughoutthat dxSSB(n)/dn ≥ 0.Although the �rm disregards how the s
hedule a�e
ts the distribution of types, we haven'tassumed this e�e
t away. In equation (2), it is 
lear that the distribution also a�e
ts the optimals
hedule. In se
tion 3.3, we provide an example that solves for the optimal s
hedule given thedistribution e�e
t.3.2. First Best with a Forward Looking FirmWe now allow the �rm to maximize long run pro�ts and take into a

ount the type upgrad-ing e�e
t. We assume that the instantaneous dis
ount rate is ρ ∈ 〈0, 1〉 and that types areobservable. When the �rm 
ontra
ts with a 
onsumer of type n, its dis
ounted pro�ts are:
π(n) = (p(n) − c(x(n)))dτ + (1 − (ρ+ δ)dτ){(1 − φ(x(n)))π(n) + φ(x(n))π(n+ α(n)dτ)}

+δdτ

∫ n1

n0

π(m)g(m)dmThe �rst term represents the 
urrent pro�ts from a 
onsumer of type n. The se
ond term isthe pro�ts if the 
onsumer doesn't have a taste sho
k - with probability φ(x(n)) he has a tasteupgrade to n+α(n)dτ and otherwise he remains the same type. The third term is the expe
tedvalue of pro�ts if the 
onsumer has a taste sho
k. We note that the probabilities (1− (ρ+δ)dτ)and δdτ 
ome from linearizing e−(ρ+δ)dτ and e−ρdτ − e−(ρ+δ)dτ , respe
tively. Manipulating theexpression and dividing by dτ yields:
(ρ+ δ)π(n) = p(n) − c(x(n)) + φ(x(n))α(n)π′(n) + δ

∫ n1

n0

π(m)g(m)dmwhere we have used the Taylor approximation π(n+α(n)dτ)− π(n) = α(n)dτπ′(n) sin
e dτ issmall. Using this expression we 
an write the dis
ounted total pro�ts by integrating over types:
(ρ+ δ)

∫ n1

n0

π(n)f(n)dn =

∫ n1

n0

{p(n) − c(x(n)) + φ(x(n))α(n)π′(n)

+δ

∫ n1

n0

π(m)g(m)dm}f(n)dnWe 
an simplify the expression by using equation (1) for the steady state distribution of types,substituting for φ(x(n))α(n):
(ρ+ δ)

∫ n1

n0

π(n)f(n)dn =

∫ n1

n0

{p(n) − c(x(n))}f(n) + δ(G(n) − F (n))π′(n)dn

+δ

∫ n1

n0

π(m)g(m)dmAfter integrating by parts, we 
an rewrite in a very straightforward way:
∫ n1

n0

π(n)f(n)dn =
1

ρ

∫ n1

n0

{p(n) − c(x(n))}f(n)dn7



Therefore the dis
ounted total pro�ts is simply the dis
ounted total revenues minus the dis-
ounted total 
osts. This shouldn't be very surprising, given that in the steady state thedistribution of types remains the same at ea
h instant. To eliminate pri
es, on
e again wesubstitute the utility fun
tion, making pro�ts equal to:
1

ρ

∫ n1

n0

{nx(n) − u(n) − c(x(n))}f(n)dnSin
e the �rm knows the type of ea
h agent, it 
an make the parti
ipation 
onstraint bind,setting u(n) = 0 for all n. This makes the maximization problem (taking into a

ount thee�e
t on the steady state distribution of types):
max

x(.),F (.),f(.)

∫ n1

n0

(nx(n)−c(x(n)))f(n)+λ(n)(F ′(n)−f(n))+µ(n)(α(n)φ(x(n))f(n)−δ(G(n)−F (n)))dnThis is an optimal 
ontrol problem. The state variables are F (n) and x(n) and the 
ontrolvariable is f(n). The 
ostate variable for F (n) is λ(n), and µ(n) is the Lagrange multiplierasso
iated with the steady state distribution of types 
onstraint. The endpoints of F (n) arede�ned: F (n0) = 0 and F (n1) = 1. The �rst order 
onditions (Euler equations) for x, F and f
an be written as follows.
n− c′(x(n)) = −µ(n)φ′(x(n))α(n) (3)

λ′(n) = µ(n)δ (4)
nx(n) − c(x(n)) − λ(n) + µ(n)α(n)φ(x(n)) = 0 (5)Instead of setting the marginal pro�t on type n, n− c′(x(n)), equal to zero as in the stati
�rst best, the �rm now takes into a

ount the e�e
t that more 
onsumption of quality has ontype upgrading. The se
ond equation gives the di�erential equation for λ(n). Finally, equation(5) equalizes marginal 
osts and bene�ts of a small in
rease in f(n).The fa
t that α(n1) = 0 yields that x(n1) 
oin
ides with the stati
 �rst best solution(n1 − c′(x(n1)) = 0). In addition, the 
ondition n1x(n1) − c(x(n1)) − λ(n1) = 0 holds.We 
an prove that the distortion of x(n) is an upwards distortion from the stati
 �rst bestsolution. The main step is to prove that µ(n) ≥ 0 or equivalently nx(n) − c(x(n)) − λ(n) ≤ 0.We denote the solution as xDFB(n), where DFB signi�es �dynami
 �rst best�.Proposition 1 For all n ∈ [n0, n1〉, xDFB(n) > xSFB(n).Proof We begin by proving that nx(n) − c(x(n)) − λ(n) ≤ 0 for all n. Suppose not,i.e. nx(n) − c(x(n)) − λ(n) > 0 for some n. Using equation (5), we see from equation (4),

λ′(n) < 0 and from equation (3), n−c′(x(n)) > 0. Therefore the derivative with respe
t to n of
nx(n)−c(x(n))−λ(n), x(n)+(n−c′(x)) dx

dn
−λ′, is positive. Sin
e, n1x(n1)−c(x(n1))−λ(n1) = 0,we �nd a 
ontradi
tion (it 
an't be that nx(n) − c(x(n)) − λ(n) is positive and in
reasing forall n).Now suppose nx(n) − c(x(n)) − λ(n) = 0 for any n ∈ [n0, n1〉. This implies that µ(n) = 0.Taking the derivative of nx(n)−c(x(n))−λ(n) = 0 yields the equation n−c′(x(n)) = −x(n)

x′(n)
, using8



µ(n) = 0 and equation (4). However, sin
e µ(n) = 0, equation (3) gives us n − c′(x(n)) = 0.This gives us a 
ontradi
tion.Therefore, for all n ∈ [n0, n1〉, nx(n) − c(x(n)) − λ(n) < 0 and µ(n) > 0. Using this fa
tand equation (3) proves the proposition. Q.E.D.This demonstrates that the dynami
 �rst best sells higher qualities to all 
onsumers (ex
eptthe highest valuation 
onsumer) than the stati
 �rst best. This is intuitive sin
e the �rm nowtakes into a

ount the fa
t that raising x(n) makes it more likely that type n < n1 upgrades toa higher (and more pro�table) type. In addition, the quality s
hedule is stri
tly greater thanthe stati
 se
ond best s
hedule for all n ex
ept for n1.If, in this 
ase, a quality level x̄ was rea
hed where any additional quality 
hanges would haveno e�e
t in 
hanging the probability of upgrading (i.e. φ′(x) = 0 for x > x̄ and x̄ < xDFB(n1)),the upward distortion of quality would disappear. That is, if x(n̂) = x̄, then for all n > n̂,qualities would be equal to those of the stati
 �rst best.3.3. Se
ond Best with a Forward Looking FirmWe now assume that the forward looking monopolist doesn't observe the valuations of themyopi
 
onsumers. The monopolist's task is to en
ourage 
onsumption and make 
onsumersrealize these type enhan
ements in order to extra
t rents from them while taking into a

ountin
entives for 
onsumers to misstate their type. In
entive Compatibility is given by u′(n) =
x(n). Setting u(n0) = 0, as there is no reason to leave surplus to the lowest type, allows usto solve u(n) =

∫ n

n0
x(t)dt. The pri
e 
an then be solved from u(n) = nx(n) − p(n). Usingintegration by parts, the optimal 
ontrol problem for the �rm 
an be written as

max
x(.),F (.),f(.)

∫ n1

n0

[nx(n) − c(x(n))]f(n) − (1 − F (n))x(n) +

λ(n)(F ′(n) − f(n)) + µ(n)(α(n)φ(x(n))f(n) − δ(G(n) − F (n))dnAs above, the endpoints of F (n) are de�ned: F (n0) = 0 and F (n1) = 1. The �rst order
onditions (Euler equations) for x, F and f 
an be written as follows.
n− c′(x(n)) =

1 − F (n)

f(n)
− µ(n)α(n)φ′(x(n)) (6)

λ′(n) = x(n) + δµ(n) (7)
nx(n) + µ(n)α(n)φ(x(n)) = c(x(n)) + λ(n) (8)The �rst equation equates the margin n − c′(x(n)) to the informational rent and the typeupgrading margin (whi
h we saw in the dynami
 �rst best). The se
ond equation gives thedi�erential equation for λ(n). Equation (8) equalizes marginal 
osts and bene�ts of a smallin
rease in f(n).The shape of the optimal quality s
hedule 
an be 
ompared easily to our ben
hmarks.Consider n = n1. Sin
e α(n1) = 0, it must be that n1 − c′(x(n1)) = 0. This proves thatthere is a �no distortion at the top� result, where the quality 
onsumed by the highest typehere is equivalent to that 
onsumed by the highest type in the dynami
 �rst best (as well as9



the stati
 �rst best and the stati
 se
ond best). We denote the solution as xM(n), where Mstands for myopi
. As with the SSB 
ase above, for xM(n) to be in
entive 
ompatible, we need
dxM (n)/dn ≥ 0. If the solution generated by the equations above is de
reasing in n over somerange, it needs to be �ironed out� to get xM . We assume that dxM(n)/dn ≥ 0 holds for all nand below derive 
onditions under whi
h xM is stri
tly in
reasing in n. We now prove that themyopi
 quality level is weakly larger than the stati
 se
ond best for all n, and stri
tly largerfor a non-empty interval.Proposition 2 Assume that there exists ñ < n1 su
h that G(ñ) = 1. Then for all n ≥ ñthe quality s
hedule xM (n) ≥ xSSB(n). Furthermore, there is a non-empty interval where
xM (n) > xSSB(n).Proof This follows from equation (6) and the following inequality:

nx(n) − c(x(n)) − λ(n) ≤ 0 (9)with stri
t inequality for some non-empty interval, be
ause this implies that µ(n) ≥ 0 withstri
t inequality for some non-empty interval. We also note that equation (8) implies that
n1x(n1) − c(x(n1)) − λ(n1) = 0.To show that (9) holds, we �rst prove that the weak inequality holds by 
ontradi
tion.Suppose not, i.e. suppose there exists n′ su
h that n′x(n′) − c(x(n′)) − λ(n′) > 0. Isolate
µ(n′) < 0 in equation (8) and substitute it into equation (7). This implies that λ′(n′) < x(n′).Hen
e we �nd

d(n′x(n′) − c(x(n′)) − λ(n′))

dn′
> (n′ − c′(x(n′)))x′(n′) ≥ 0where the last inequality follows from n′ − c′(x(n′)) ≥ 0 (see equation (6)) and x′(n′) ≥ 0.However, nx(n)−c(x(n))−λ(n) > 0 and in
reasing in n 
ontradi
ts n1x(n1)−c(x(n1))−λ(n1) =

0. Next, we prove that the stri
t inequality (in (9)) holds for some non-empty interval. If itdidn't, then nx(n) − c(x(n)) − λ(n) = 0 for all n. This implies that µ(n) = 0 for n ∈ 〈n0, n1〉.Taking the derivative of nx(n)− c(x(n))−λ(n) = 0 yields the equation (n− c′(x(n)))x′(n) = 0,using µ(n) = 0 and equation (7). But µ(n) = 0 also implies c′(x(n0)) < n0. Together with
x′(n) = 0 and c′(x(n1)) = n1 > n0 this yields a 
ontradi
tion. Q.E.D.The monopolist pushes up the qualities 
onsumed relative to the stati
 se
ond best inorder to take advantage of the boost in demand 
reated for its produ
t from high types. Thisin
rease in quality doesn't a�e
t the whole s
hedule. At the top, the 
onsumer is kept at thestati
 e�
ient point. There is little reason to distort the 
onsumption upwards at the top sin
ethis type is not able to bene�t from the upgrading e�e
t.This intuition allows us to explore the s
hedule further. Imagine that for large enough
onsumption x > x̄, there was no e�e
t in 
hanging the probability of upgrading, i.e. φ′(x) = 0.Also suppose that xM(n0) < x̄ < xM(n1), meaning that for types above some 
uto� n̂, there isno longer a marginal upgrading e�e
t. Then for all n > n̂, xM (n) = xSSB(n) (this 
an be seenfrom equation (6)). That is, when there is no marginal upgrading e�e
t, the upwards distortionon 
onsumption is not optimal for the monopolist.10



The advantage of the assumption in the above proposition on the 
uto� ñ (where for all
n ≥ ñ we have G(n) = 1) is that it yields a very useful simpli�
ation. In parti
ular, for n ≥ ñ,the hazard rate 1−F (n)

f(n)
equals α(n)φ(x(n))

δ
and we 
an dire
tly 
hara
terize the quality s
hedule.We use this property on
e again in the following lemma to show that the quality s
hedule isstri
tly in
reasing.Lemma 1 Assume that there exists ñ < n1 su
h that G(ñ) = 1. Then φ′′(.) ≤ 0 implies that

dxM (n)/dn > 0 for all n ≥ ñ.Proof Substituting for 1−F (n)
f(n)

and µ(n) in equation (6) and using the impli
it fun
tiontheorem we �nd that
dxM(n)

dn
=

1 − α′φ

δ
+ φ′

φ
(λ′ − x)

c′′ + αφ′

δ
− φ′′φ−φ′2

φ2 (λ− nx+ c(x)) + φ′

φ
(n− c′(x))We prove that this expression is positive. First, note that the numerator is positive as α′(.) ≤

0, φ′(.) ≥ 0 and λ′(n) − x(n) = δµ(n) whi
h is non-negative by equations (8) and (9). Next,turn to the denominator:
c′′ +

αφ′

δ
−
φ′′φ− φ′2

φ2
µ(n)α(n)φ(x(n)) +

φ′

φ
(n− c′(x))Re-writing:

c′′ +
αφ′

δ
− φ′′µ(n)α(n) +

φ′

φ
µ(n)α(n)φ′(x(n)) +

φ′

φ
(n− c′(x))We 
an 
ombine terms to get:

c′′ +
αφ′

δ
− φ′′µ(n)α(n) +

φ′

φ
(
α(n)φ(x(n))

δ
)Whi
h is then:

c′′ +
2αφ′

δ
− φ′′µ(n)α(n) > 0whi
h is positive given that c′′ ≥ 0 and φ′′ ≤ 0. Q.E.D.Finally, 
onsider the following example to 
ompare the myopi
 out
ome with the s
hedulesderived before.Example 1 Consider the 
ase where [n0, n1] = [10, 11] and G (n) = n − 10. Further assumethat α (n) = 0.1 (11 − n), φ (x) = x, δ = 1 and c (x) = 1

2
x2. The stati
 se
ond best solution isgiven by the di�erential equation for F (n) (where F (n0) = 0) and the solution for x(n):

f (n) =
n− 10 − F (n)

0.1 (11 − n)x (n)

x (n) = n
F (n) − n+ 10

F (n) − n + 10 + 0.1 (11 − n) (F − 1)11
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Figure 1: Quality x(n) (left) and pri
e p(n) (right) as a fun
tion of the
onsumer's type n.In �gure 1 the dotted 
urve gives the solution to xSSB. We also plot the stati
 �rst bestsolution xSFB, whi
h is stri
tly larger than xSSB, ex
ept at the top of the valuation distribution.For xDFB (n), we use the ne
essary 
onditions:
µ (n) = x(n)−n

α(n)

λ (n) = 1
2
(x (n))2Thus we �nd

λ′ (n) = x (n) x′ (n)Combining this with equation (9) we �nd the following di�erential equations for x (n) and F (n):
x′ (n) = 1

α(n)

(

1 − n
x(n)

)

f (n) = n−10−F (n)
α(n)x(n)With boundary 
ondition x (n1) = n1 and initial 
ondition F (n0) = 0. The solution of thisdi�erential equation, xDFB (n), is the solid line in �gure 1.For xM(n), we use the ne
essary 
onditions (substituting for µ (n)):

f (n) = n−10−F (n)
0.1(11−n)x(n)

0 = 1−F (n)
f(n)

+ (x (n) − n) − (λ′ (n) − x (n)) 0.1 (11 − n)

λ′ (n) = 1
2

x(n)
0.1(11−n)

− n
0.1(11−n)

+ λ(n)
0.1(11−n)x(n)

− x (n)12



together with the boundary equations x (n1) = n1, λ (n1) = 1
2
(n1)

2 and initial 
ondition F (n0) =
0. The solution to this system of di�erential equations, xM (n), is given by the dashed line in�gure 1. The �gure illustrates that xM (n) ≥ xSSB (n), with a stri
t inequality for an interval.The pri
es are easy to solve for. Sin
e the individual rationality 
onstraint binds for the �rstbest 
ases, pSFB(n) = nxSFB(n) and pDFB(n) = nxDFB(n). In the se
ond best 
ases, we use thein
entive 
ompatibility 
ondition u(n) =

∫ n

n0
x(t)dt to �nd pSSB(n) = nxSSB(n) −

∫ n

n0
xSSB(t)dtand pM(n) = nxM(n) −

∫ n

n0
xM(t)dt. As shown in �gure 1, the ordering of the pri
es is thesame as the ordering of the quantities.3.4. Dis
ounts and pri
es below 
ostA natural question arises when the monopolist in
reases quality for low types to en
ourageupgrading: what do pri
es look like? Do we observe the phenomena of dis
ounting? Dis
ounts(or introdu
tory o�ers) often arise in the literature on experien
e goods9; however the mainexplanation given for the use of dis
ounts is the presen
e of quality un
ertainty by 
onsumers.Low pri
es en
ourage experimentation and 
an boost future demand for the �rm. Our explana-tion, that low pri
es promote type upgrading, en
ompasses this story and allows for addi
tione�e
ts as well.The brief answer to our question is that pri
es 
an be very low in our model, and in whatfollows we des
ribe an example where pri
es 
an a
tually be below 
ost for low types.10 Themonopolist sells at a loss in order to 
reate higher types to extra
t rents from.Assume the fun
tion φ(x) takes the form:

φ(x) =

{
0 if x < x̄
φ if x ≥ x̄where x̄ is the quality level at whi
h upgrading begins. Hen
e we assume that a 
onsumer who
onsumes low quality doesn't get a taste for what the high end good 
ould yield. Therefore,su
h 
onsumption of low quality does not generate an upgrade. An internet user with a poor
onne
tion, for example, may never experien
e the 
onvenien
e of downloading musi
 and willnot be tempted to upgrade her 
onne
tion.Furthermore, let the exogenous distribution G(n) be a uniform distribution on [n0, n1g], i.e.

G(n) = n−n0

n1g−n0
, and the 
ost fun
tion be quadrati
, c(x) = 1

2
x2. The following assumptionredu
es the number of 
ases that we need to 
onsider below.

n1gx̄− c(x̄) = 0This equation implies x̄ = 2n1g.This equation says that if the �rm de
ides to sell x̄ to types n < n1g, it sells at a pri
e below
osts. Sin
e the maximum one 
ould 
harge type n1g would be n1gx̄ (due to the parti
ipation
onstraint), any pri
e below that would lose the �rm money. The �rm breaks even by extra
ting9For example, see Shapiro (1983), S
hlee (2001), and Gabszewi
z, Pepall, and Thisse (1992). Pri
e dis
rim-ination in these models is intertemporal. Our model has both stati
 (i.e. within period) and intertemporalpri
e dis
rimination.10Although �gure 1 displays that pri
es are a
tually lower in the stati
 se
ond best 
ase than the myopi
 
ase,it is straightforward to prove that pri
es 
an't be below 
ost in the stati
 se
ond best 
ase.13
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Figure 2: Pro�ts as a fun
tion of αφ

δ
for the 
ase without (dash) and with(solid) upgrading.all of type n1g's surplus, and therefore would lose money if it en
ouraged lower types to 
onsume

x̄ and upgrade. This leaves the �rm with two options: sell qualities below x̄ to all 
onsumersand have no upgrades, or to sell high quality goods and en
ourage upgrades. The se
ondoption, whi
h by 
onstru
tion involves pri
es below 
osts, will be more pro�table for 
ertainparameters.First, we examine the 
ase where the �rm sells qualities below x̄ and no upgrading o

urs.The optimal quality s
hedule is given by:
n− c′(x(n)) =

1 −G(n)

g(n)Sin
e x(n) < x̄ for all n ∈ [n0, n1g), there will not be any upgrading. With the fun
tions thatwe 
hose and assuming in addition that 2n0 ≥ n1g, we �nd that:
x(n) = 2n− n1g

p(n) = nx(n) −

∫ n

n0

x(t)dtpro�t =

∫ n1g

n0

[p(n) − c(x(n))]g(n)dn = (4n2
0 − 2n0n1g + n2

1g)/6Se
ond, we look at a quality s
hedule where upgrading o

urs. The s
hedule we 
hoose maynot be the optimum, but sin
e we prove that it 
an yield higher pro�ts than the 
ase withoutupgrading, the optimum (for those parameters) must involve upgrading. Moreover, sin
e any
ase with upgrading involves pri
ing below 
ost, deep dis
ounts will be a part of the optimalsolution (for those parameters).Suppose all types in the interval [n0, n1g] are sold x̄. It follows that p(n) = n0x̄ for thesetypes, otherwise type n0 would not buy. Sin
e n0x̄ − c(x̄) < 0 the �rm makes a loss on these14




onsumers. And sin
e x(n) 
annot fall (by in
entive 
ompatibility) and there is no reason tosell qualities in ex
ess of x̄, we �nd x(n) = x̄ for all n ∈ [n0, n̄] where n̄ is de�ned by
n̄− c′(x̄) =

1 − F (n̄)

f(n̄)Thus, the quality s
hedule for types in the interval [n̄, n1] is given by n−c′(x) = 1−F (n)
f(n)

. Weassume that α(n) = α · (n1 − n) and show how F (n) and n̄ are determined in the appendix.To types n > n̄ the �rm sells
x(n) = (1 +

αφ

δ
)n−

αφ

δ
n1From this we 
an 
al
ulate the pro�ts for n > n̄ in the standard way.Now we 
an analyze whether it is optimal for the �rm to sell x̄ to the low types at a loss su
hthat the upgrading 
an take e�e
t. We 
onsider the parameters n0 = 1, n1g = 2, and n1 = 10.Pro�ts in the no-upgrading solution (when x(n) < x̄ for all n) are then equal to 2/3. Selling x̄to low types leads to pro�ts as depi
ted in �gure 2. Clearly for αφ/δ high enough, it is optimalfor the �rm to sell to low types at a loss. This is intuitive: the stronger the upgrading e�e
t(be
ause αφ/δ is high) the more pro�table the strategy that indu
es upgrading.4. Results on Forward Looking Consumers4.1. Continuous TypesIn this se
tion, we assume that 
onsumers understand perfe
tly the type upgrading pro
ess andtake it into a

ount when making 
onsumption de
isions. To 
hara
terize in
entive 
ompatibil-ity in this 
ase, we �rst derive the expe
ted dis
ounted value of a type n 
onsumer. Denotingthis value by V (n), we 
an write

V (n) = (nx(n) − p(n))dτ + (1 − (ρ+ δ)dτ)((1 − φ(x(n)))V (n) +

φ(x(n))V (n+ α(n)dτ)) + δdτ

∫ n1

n0

V (m)g(m)dmHen
e the expe
ted dis
ounted value of being of type n 
onsists of three parts. First, the
onsumer re
eives the instant utility nx(n)−p(n) over the short `period' dτ. Se
ond, with someprobability the 
onsumer experien
es no taste sho
k and gets a type upgrade of α(n)dτ withprobability φ(x(n)), or 
ontinues with payo� V (n) with probability 1 − φ(x(n)). Third, if the
onsumer experien
es the taste sho
k, the payo� is the expe
tation of the 
ontinuation value
V (m), where m is distributed a

ording to the exogenously given density fun
tion g(m). Usingthe standard te
hniques of deriving a Bellman equation we get the following equation for V (n):

(ρ+ δ)V (n) = nx(n) − p(n) + α(n)φ(x(n))V ′(n) + δ

∫ n1

n0

V (m)g(m)dm (10)Rewriting to isolate the pri
e p(n):
p(n) = nx(n) − (ρ+ δ)V (n) + α(n)φ(x(n))V ′(n) + δ

∫ n1

n0

V (m)g(m)dm (11)15



We will use this to eliminate pri
es from the obje
tive fun
tion of the �rm. Integrating overtypes (and using equation (1) and integration by parts) yields:
∫ n1

n0

p(n)f(n)dn =

∫ n1

n0

(nx(n) − ρV (n))f(n)dnExpe
ted dis
ounted pro�ts for the �rm 
an then be written as:
∫ n1

n0

π(n)f(n)dn =
1

ρ

∫ n1

n0

(nx(n) − c(x(n)) − ρV (n))f(n)dn (12)In the �rst best solution, the �rm maximizes pro�ts subje
t to the equation representing thesteady state distribution of types and the parti
ipation 
onstraint. Sin
e types are observable,the �rm 
an set V (n) = 0 for all n. This then makes the problem equivalent to the dynami
�rst best problem when agents are myopi
. The solution therefore is the dynami
 �rst bestquality s
hedule, xDFB(n). We formalize this in a proposition:Proposition 3 The �rst best solution with forward looking 
onsumers is equivalent to the �rstbest solution with myopi
 
onsumers, xDFB(n).Clearly, the key to this proof is that the outside option is the same (and equal to zero) forboth myopi
 and forward looking 
onsumers.We now examine the se
ond best solution.To derive in
entive 
ompatibility we take one step ba
k and write:
(ρ+ δ)V (n) = max

ñ
{nx(ñ) − p(ñ) + α(n)φ(x(ñ))V ′(n) + δ

∫ n1

n0

V (m)g(m)dm} (13)Using the envelope theorem we �nd the in
entive 
ompatibility 
ondition:
(ρ+ δ)V ′(n) = x(n) + α′(n)φ(x(n))V ′(n) + α(n)φ(x(n))V ′′(n) (14)It is straightforward to see that the solution to the �rst best problem doesn't hold here.Suppose V (n) = 0 for the whole interval [n0, n1]. This violates the in
entive 
ompatibility
onstraint sin
e it produ
es the equation 0 = x(n) for all n. Sin
e the monopolist 
ould makepositive pro�ts by selling small amounts of the good, it 
an't be that x(n) = 0 everywhere.The following result gives us insight into the value fun
tion.Proposition 4 For fun
tions V (.) that are twi
e di�erentiable we �nd that V ′(n) ≥ 0.The proof is in the appendix.Substituting the fa
t that V (n) = V (n0) +

∫ n

n0
V ′(n)dn into the �rm's obje
tive fun
tiongiven by equation (12) and integrating by parts gives the �rm's maximization problem:

max
x(.),F (.),f(.),ν(.),ω(.)

−V (n0) +

∫ n1

n0

[nx(n) − c(x(n))]f(n) − ρ(1 − F (n))ν(n) +

λ(n)(F ′(n) − f(n)) + µ(n)(α(n)φ(x(n))f(n) − δ(G(n) − F (n)) + ψ(n)(ν ′(n) − ω(n))

+ξ(n)[(ρ+ δ − α′(n)φ(x(n))ν(n) − x(n) − α(n)φ(x(n))ω(n)]dn16



where ν(n) = V ′(n), ω(n) = ν ′(n) = V ′′(n), ψ(.) is the 
ostate variable asso
iated with ν(n),and ξ(.) is a Lagrange multiplier. The �rm is 
onstrained by the steady state distribution oftypes equation and in
entive 
ompatibility. It is 
lear from the problem itself that the valuefun
tion for the lowest type will be set equal to zero (the parti
ipation 
onstraint binds and
V (n0) = 0). In this 
ase, there are �ve optimality 
onditions. We list them all in the appendix,and only fo
us on the one with respe
t to x(n) here:
(n− c′(x(n)))f(n) = −µ(n)α(n)φ′(x(n))f(n)+ ξ(n)(1+α′(n)φ′(x(n))ν(n)+α(n)φ′(x(n))ω(n))(15)The right hand side, whi
h is the wedge between this solution and the stati
 �rst best one,
onsists of two terms. The �rst is the type upgrading e�e
t, whi
h takes the same form as inthe myopi
 
ase. The se
ond is the distortion due to asymmetri
 information and the need forin
entive 
ompatibility. We now examine this se
ond term. In the following proposition weprove that the term without the multiplier,

d

dn

(

−
dV/dx

dV/dp

)

=
d(n+ α(n)φ′(x)V ′(n))

dn
= 1 + α′(n)φ′(x(n))ν(n) + α(n)φ′(x(n))ω(n)is positive.Proposition 5 Assume that φ′′(.) ≤ 0. Then

1 + α′(n)φ′(x(n))V ′(n) + α(n)φ′(x(n))V ′′(n) ≥ 0. (16)ProofSubstituting for V ′′(n) from equation (14), we write this inequality as
1 −

φ′(x)x

φ(x)
+ V ′(n)(ρ+ δ)

φ′(x)

φ(x)
≥ 0This inequality holds, sin
e V ′(n) ≥ 0 and φ(x) ≥ φ′(x)x. To see the last inequality we use thefollowing Taylor series

φ(0) = φ(x) + φ′(x)(0 − x) +
1

2
φ′′(ζ)(0 − x)2for some ζ ∈ [0, x]. This 
an be rewritten as

φ(x) = φ(0) + φ′(x)x− φ′′(ζ)x2 ≥ φ′(x)x Q.E.D.In the appendix we prove that the multiplier ξ(n) must be non-positive (see 
orollary 2).Looking at equation (15), using Proposition 5 and ξ(n) ≤ 0, we 
an then 
on
lude that the
ontribution of in
entive 
ompatibility is to in
rease the quality s
hedule, rather than redu
eit (as it does in the myopi
 
ase and the stati
 se
ond best).17



This reversal is explained by the di�eren
e between myopi
 and forward looking 
onsumers.To dissuade high types from masquerading as low types in the 
ase with myopi
 
onsumers(and in the stati
 
ase as well), the quality s
hedule is generally distorted downwards, sin
ehigh types have a strong preferen
e for quality over low types. Here however, low types have astrong preferen
e for quality as well, sin
e they bene�t both from the quality now and the typeupgrades in the future.Nevertheless, the �no distortion at the top� result present in the previous models 
ontinuesto hold here. In equation (15), α(n1) = 0 eliminates the �rst term of the right hand side.We also prove in the appendix that ξ(n1) = 0. This eliminates the se
ond term on the righthand side of equation (15), showing that quality is set su
h that the marginal 
ost equals thevaluation for the top type, without any distortion.We now prove an intriguing result: the �rm is better o� if the 
onsumer be
omes forwardlooking instead of myopi
. In reality, we see �rms re
ognizing this e�e
t: �rms selling runningshoes have web sites with information about running, where one 
an keep a running diary andhave a

ess to other training aids. Car makers en
ourage test drives of their luxury models andhype their features. When the 
onsumer 
an realize the gains of upgrading, the �rm has lessneed to push higher quality onto low types at low pri
es and 
an make a larger pro�t.11Proposition 6 Total pro�ts are larger when 
onsumers are forward looking.The proof is in the appendix. Clearly this result depends on the assumption that 
onsumers
an only bene�t from type upgrades. Sin
e their preferen
es are more aligned with those ofthe �rm, the �rm is better o�.12 In the myopi
 
ase, the �rm has to o�er in
entives to get
onsumers to pur
hase more and upgrade, whereas forward looking 
onsumers do not need tobe 
onvin
ed of the future bene�ts.This raises two important questions. First, how does the myopi
 s
hedule 
ompare to theforward looking s
hedule given this di�eren
e in the 
ost of the �rm in providing in
entivesto upgrade? Se
ond, does this result 
hange when there are negative e�e
ts of addi
tion? Weaddress these questions, using a two type version of the model in the next subse
tion. Usingtwo types allows us to get 
losed form results that permit interesting 
omparative stati
s.4.2. Comparative Stati
s in the two type modelConsider a model with two types {nl, nh} where nl < nh. The dynami
s are assumed to be asfollows. With probability δdτ , a taste sho
k hits at ea
h moment in time and 
onverts a type
nh into a type nl. With probability φ(xl)dτ , a type nl re
eives a type upgrade and be
omes atype nh. We assume that φ(0), φ′(.) ≥ 0 and φ′′(.) ≤ 0.11This might suggest that 
onsumers have the in
entive to pretend to be myopi
. In a previous version of thepaper, we dis
uss an example whi
h shows that there is a tradeo� for 
onsumers (i.e. their in
entives are notunambiguous). Two e�e
ts are present. Sin
e the lowest type has larger rents (to be extra
ted) when forwardlooking, it is advantageous to pretend to be myopi
. On the other hand, the interests of the monopolist andthe forward looking agent may be aligned more than that of the monopolist and the myopi
 agent in the sensethat both prefer upgrades. Hen
e, pretending to be myopi
 may lead to less upgrades and a disappearan
e ofsurplus (for both the monopolist and the agent).12In se
tion 4.2.2, we demonstrate that this result may not be true when an addi
tion is harmful.18



We write the steady state equation by �rst de�ning θ(τ) as the proportion of type nl
onsumers at time τ . This implies:
θ(τ + dτ) = δdτ(1 − θ(τ)) + (1 − φ(xl)dτ)θ(τ)Re-arranging and letting dτ → 0 gives us:

θ =
δ

δ + φ(xl)
(17)All of the qualitative results for the previous model have analogues in this model.134.2.1. Comparing Myopi
 and Forward Looking ConsumersIn order to fa
ilitate the 
omparison between myopi
 
onsumers and forward looking 
onsumers,we de�ne ∆ ∈ [0, 1] as the degree to whi
h 
onsumers understand the upgrade φ(x). Setting

∆ = 0 
orresponds to a situation where 
onsumers are myopi
 in the sense that they do notunderstand that they 
an upgrade type (but still value the future). Consumers who are fullyforward looking understand that they will upgrade with probability φ(x); this 
orresponds toa value ∆ = 1.The value fun
tion for a low type 
onsumer 
an be written as:
V (nl) = (nlxl − pl)dτ + (1 − ρdτ)((1 − ∆φ(xl)dτ)V (nl) + ∆φ(xl)dτV (nh))Taking dτ → 0 and rearranging:

ρV (nl) = nlxl − pl + ∆φ(xl)(V (nh) − V (nl))Similarly, for the high type, the value fun
tion takes the form:
ρV (nh) = nhxh − ph + δ(V (nl) − V (nh))Solving for V (nl), V (nh), we get:

V (nl) =
1

ρ+ ∆φ(xl) −
δ∆φ(xl)

ρ+δ

(nlxl − pl +
∆φ(xl)

ρ+ δ
(nhxh − ph))

V (nh) =
1

ρ+ δ − δ∆φ(xl)
ρ+∆φ(xl)

(nhxh − ph +
δ

ρ+ ∆φ(xl)
(nlxl − pl))13Spe
i�
ally, the results are (i) xDFB

l
> xSFB

l
, (ii) the �rst best is the same in the myopi
 and forwardlooking 
ases, (iii) xSSB

l
< xM

l
< xDFB

l
if φ′′ < 0. Proofs have been omitted for brevity and are available uponrequest.
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We 
an now write the 
onstraints for the se
ond best problem as follows:
IRl : nlxl − pl +

∆φ(xl)

ρ+ δ
(nhxh − ph) ≥ 0

IRh : nhxh − ph +
δ

ρ+ ∆φ(xl)
(nlxl − pl) ≥ 0

ICl :
ρ+ δ

ρ+ δ + ∆φ(xl)
(nlxl − pl +

∆φ(xl)

ρ+ δ
(nhxh − ph)) ≥

ρ+ δ

ρ+ δ + ∆φ(xh)
(nlxh − ph +

∆φ(xh)

ρ+ δ
(nhxh − ph))

ICh :
ρ+ ∆φ(xl)

ρ+ ∆φ(xl) + δ
(nhxh − ph +

δ

ρ+ ∆φ(xl)
(nlxl − pl)) ≥

ρ+ ∆φ(xl)

ρ+ ∆φ(xl) + δ
(nhxl − pl +

δ

ρ+ ∆φ(xl)
(nlxl − pl))

ICh 
an be simpli�ed to:
IC ′

h : nhxh − ph ≥ nhxl − plwhi
h is the same as the in
entive 
ompatibility 
onstraint for high types when 
onsumers aremyopi
. We 
an further simplify the problem by rewriting IRh as:
nlxl − pl +

ρ+ ∆φ(xl)

δ
(nhxh − ph) ≥ 0Now, 
omparing IRl and IRh, if in the optimum nhxh − ph > 0, then IRl implies that IRh issatis�ed. In IRh, either nlxl − pl or nhxh − ph must be positive (or both). From IC ′

h we knowthat at least nhxh −ph must be positive.14 Therefore, we need no longer 
onsider IRh. Se
ond,it 
an't be that both 
onstraints don't bind, be
ause the monopolist 
ould raise both ph and
pl by ε, satisfy the in
entive 
onstraints and in
rease pro�ts. Therefore IRl must bind. Usingthis, we �nd properties of the solution:Proposition 7 The solution x∗l , x∗h satis�es the following properties:i) IC ′

h binds and ICl does not bind,ii) no distortion at the top: nh − c′(x∗h) = 0,iii) more forward looking behavior means higher x∗l and higher p∗l : dx∗

l

d∆
> 0 and dp∗l

d∆
> 0 andiv) the e�e
t on p∗h is ambiguous:

dp∗h
d∆

=
(ρ+ δ)(nh − nl)

(ρ+ δ + ∆φ(xl))2
(φ(xl)xl −

dxl

d∆
(ρ+ δ + ∆(φ− φ′xl))).14Suppose not, then IC′

h
implies

0 > nhxh − ph ≥ nhxl − pl > nlxl − pl
ontradi
ting that either nlxl − pl or nhxh − ph must be positive.20



The proof is in the appendix. The stru
ture of the solution is similar to the 
ontinuousmodel: IRl and ICh are binding and there is no distortion at the top.We are now able to 
ompare the myopi
 and forward looking solutions. As 
onsumersbetter understand (higher ∆) the upgrading me
hanism (to a type nh that enjoys a stri
tlypositive surplus: nhxh − ph > 0), they are willing to 
onsume more to try to be
ome a hightype. Moreover, they are also willing to pay more for the produ
t. This is in line with theintuition that the forward looking low valuation types now value 
onsumption more and havetheir in
entives 
loser aligned with the monopolist.Finally, the reason why the e�e
t of ∆ on ph is ambiguous be
omes 
lear when 
onsideringthe high type's in
entive 
ompatibility 
onstraint. To the extent that ∆ raises pl, ph 
an in
reaseas well without indu
ing the high type to swit
h to the low type's option. However, ∆ raises xlas well, whi
h makes mimi
king the low type more attra
tive. Hen
e ph needs to fall to preventthat.4.2.2. Harmful Addi
tionIn this se
tion, we examine the impa
t on the monopolist's de
ision when 
onsumers are neg-atively impa
ted by being addi
ted and 
onsuming large amounts.15 We model this in thesimplest way possible, setting the 
ost of addi
tion as a �xed disutility D per period for thehigh type.16 We also de�ne B as the present dis
ounted value of lifetime utility when not usingthe produ
t. This makes the outside option of the 
onsumer a parameter.The expressions for Vl, Vh now be
ome:
Vl =

1

ρ+ ∆φ(xl) −
δ∆φ(xl)

ρ+δ

(nlxl − pl +
∆φ(xl)

ρ+ δ
(nhxh − ph −D))

Vh =
1

ρ+ δ − δ∆φ(xl)
ρ+∆φ(xl)

(nhxh − ph −D +
δ

ρ+ ∆φ(xl)
(nlxl − pl))To de�ne the individual rationality 
onstraint for the high type, we need to know whathappens if the high type quits using the produ
t forever. On
e 
onsumption stops, the personstays as a high type for a while, until he transitions17 into not being an addi
t and not usingthe produ
t.

ρV h
quit = −D + δ(B − V h

quit)Hen
e, the individual rationality 
onstraint for the high type 
an be written as
Vh ≥

−D + δB

ρ+ δ15As we note in the literature review, this se
tion brings us 
loser to the rational addi
tion model. Thenegative impa
t is not modelled as the e�e
t of a sto
k variable, but the bene�t from this is that we are able todis
uss pri
e dis
rimination among 
onsumers who are heterogeneous in their valuations. We are also able totalk about how 
onsumers' own understanding of their ability to be
ome a higher type (more addi
ted) a�e
tsthe solution.16If we had allowed D to vary with the 
onsumption x, this would e�e
tively redu
e nh, a 
omparative stati
that we 
an analyze using the results of the previous se
tion.17We assume the transition probability from going 
old turkey to not using the produ
t is the same astransitioning from being a high type to low type for notational 
onvenien
e. In pra
ti
e, they 
an surely di�er.21



Together with Vl ≥ B, we get the following two IR 
onstraints:
(IRh)

ρ+ ∆φ

δ
(nhxh − ph) + (nlxl − pl) ≥ (ρ+

ρ∆φ

ρ+ δ
)B +D

∆φ

ρ+ δ

(IRl)
∆φ

ρ+ δ
(nhxh − ph) + (nlxl − pl) ≥ (ρ+

ρ∆φ

ρ+ δ
)B +D

∆φ

ρ+ δNote that IC for the high type is not a�e
ted:
nhxh − ph −D ≥ nhxl − pl −D (18)Using the same methods as in the previous se
tion, we 
an prove (i) that IRl and ICh implythat IRh doesn't bind, (ii) IRl and ICh do bind, and (iii) at the optimum, ICl doesn't bind.18With ICh and IRl binding, pri
es are:

ph = nhxh −
1

ρ+ δ + φcφ(xl)
((ρ+ δ)(nh − nl)xl + ∆φ(xl)D) − ρB (19)

pl = nlxl +
φcφ(xl)

ρ+ δ + φcφ(xl)
((nh − nl)xl −D) − ρB (20)The optimization problem 
an be written as:

max
xh,xl

1

δ + φ(xl)
(δ(nlxl − c(xl)) + φ(xl)(nhxh − c(xh))) − (nh − nl)xl

φ(xl)

δ + φ(xl)

ρ+ (1 − ∆)δ

ρ+ δ + ∆φ(xl)

− D
∆φ(xl)

ρ+ δ + ∆φ(xl)
− ρB (21)On
e again, xh is the e�
ient one. The �rst order 
ondition for xl 
an be written as

δ

δ + φ
(nl − c′(xl)) +

δφ′

(δ + φ)2
(nhxh − c(xh) − (nlxl − c(xl))) = (22)

nh − nl

δ + φ

ρ+ δ(1 − ∆)

ρ+ δ + ∆φ
(φ+

δφ′xl

δ + φ
− φxl

∆φ′

ρ+ δ + ∆φ
) +D

ρ+ δ

(ρ+ δ + ∆φ)2
φ′(xl)∆We summarize the properties of the solution as follows:Proposition 8 The solution x∗∗l , x∗∗h satis�es the following properties:i) ICh binds and ICl does not bind,ii) no distortion at the top: nh − c′(x∗∗h ) = 0,iii) when addi
tion is 
ostlier, 
onsumption for the low type de
reases: dx∗∗

l

dD
< 0iv) when addi
tion is 
ostlier and (nh − nl)x

∗∗

l −D > 0, p∗∗l de
reases (dp∗∗l

dD
< 0), otherwisethe e�e
t is ambiguousv) the e�e
t of D on p∗∗h is ambiguousvi) an in
rease in the bene�ts to quitting, B, doesn't 
hange x∗∗l , but de
reases both p∗∗l and

p∗∗h18These proofs are available upon request. 22



We do not prove these results here, as they are found in a similar way to Proposition 7.Costly addi
tion lowers the quality that low types 
onsume. High types still 
onsumethe same quality, as they are not a�e
ted on the margin. The pri
e 
hanges depend on theparameters, and 
an't be signed.We 
an also examine how pro�ts for the monopolist 
hange as 
onsumers be
ome moreforward looking in this environment. We know:
dπ

d∆
=
∂π

∂xl

∂xl

∂∆
+

∂π

∂xh

∂xh

∂∆
+
∂π

∂∆
=
∂π

∂∆from the envelope theorem. Therefore,
dπ

d∆
= ((nh − nl)xl −D)

φ(ρ+ δ)

(ρ+ δ + ∆φ)2Clearly, when D = 0, we get the same result as before, that when 
onsumers are moreforward looking, pro�ts in
rease. However, D adds a 
ountervailing e�e
t and 
ould reversethis. 5. Con
lusionThis paper develops a framework for analyzing dynami
 adverse sele
tion problems where typesmay 
hange over time depending on the s
hedule the prin
ipal o�ers. The key element used inorder to attain tra
tability is that agents are anonymous, whi
h is often the 
ase. We apply themodel to monopoly pri
ing, analyzing pri
e dis
rimination for goods where 
urrent 
onsumptiona�e
ts future valuations. We �nd that the monopolist will in
rease quality for low types toen
ourage type upgrading. It may o�er substantial dis
ounts at a loss in order to reinfor
e thise�e
t. For forward looking 
onsumers, the adverse sele
tion e�e
t distorts quality upwards in
ontrast to the traditional stati
 (and myopi
) 
ase. Moreover, the monopolist has in
entivesto make 
onsumers forward looking as long as the good is not harmful, so that it need notsa
ri�
e rents to en
ourage upgrading.The methodology we develop here 
ould be useful for other dynami
 me
hanism designproblems where learning by doing plays an important role. Some natural extensions of themodel in
lude the regulation of a �rm where marginal 
osts de
rease with know-how and pre-vious produ
tion or repeated au
tions where 
onsumers learn their demand for the good (as inele
tri
ity sales). 6. Appendix6.1. Solving for F(n) and n̄ in pri
ing below 
ost exampleTo determine F (n) we assume that α(n) = α · (n1 −n) for some s
alar α > 0. Substituting thisinto our steady state equation, we �nd
F ′(n) =

δ

φα(n1 − n)
(G(n) − F (n))23



For n > n1g, G(n) = 1. Using F (n1) = 1 we �nd that
F (n) = 1 − C(

αφ

δ
(n1 − n))

δ
αφ for n > n1gfor some 
onstant C > 0 to be determined below.For n < n1g, G(n) = n−n0

n1g−n0
, yielding

F (n) =
αφ

δ
(n1 − n0) − (n− n0) + αφ

δ
(n1 − n)

δ
αφ (n1 − n0)

1− δ
αφ

(αφ

δ
− 1)(n1g − n0)

for n ≤ n1gThe 
onstant C is found by the 
ontinuity of F (.) at n = n1g. It turns out that
C =

(αφ

δ
)1− δ

αφ

αφ

δ
− 1

(n1 − n0)
1− δ

αφ − (n1 − n1g)
1− δ

αφ

n1g − n0Sin
e x̄ = 2n1g we 
an now solve for n̄ > n1g. We know that for n > n1g it is the 
ase that
1−F (n)

f(n)
= αφ

δ
(n1 − n). Thus we �nd

n̄ =
αφ

δ
n1 + 2n1g

1 + αφ

δ6.2. Proof of Proposition 4 (V ′(n) ≥ 0)Consider two types n′ > n where n′ 
an mimi
 n. We see that
(ρ+ δ)V (n′) ≥ n′x(n) − p(n) + α(n′)φ(x(n))V ′(n′) + δ

∫ n1

n0

V (m)g(m)dm

(ρ+ δ)V (n) = nx(n) − p(n) + α(n)φ(x(n))V ′(n) + δ

∫ n1

n0

V (m)g(m)dmSubtra
t these two equations and 
onsider the 
ase where n′ = n1 (and thus α(n1) = 0):
(ρ+ δ)(V (n1) − V (n)) ≥ (n1 − n)x(n) − φ(x(n))V ′(n)α(n)If there exists n su
h that V ′(n) < 0 then this equation implies that V (n1) > V (n). Hen
ethere must exist n′′ ∈ 〈n, n1〉 su
h that V ′(n′′) > 0. Sin
e V ′(n) < 0 and V ′(n′′) > 0 it must bethe 
ase that over some range V ′′(.) > 0. In parti
ular, there must exist ñ su
h that V ′(ñ) < 0and V ′′(ñ) > 0. However, this 
ontradi
ts equation (14). Hen
e V ′(n) ≥ 0 for all n ∈ [n0, n1].Q.E.D.6.3. Chara
terization of the Forward Looking solutionWe �rst prove a 
orollary to proposition 4:Corollary 1 For fun
tions V (.) that are twi
e di�erentiable we �nd that there exists c > 0su
h that V ′(n) ≥ c. 24



Proof: Consider the di�erential equation (whi
h follows from (14))
V ′′(n) − β(n)V ′(n) = −γ(n)where

β(n) =
ρ+ δ − α′(n)φ(x(n))

α(n)φ(x(n))
> 0

γ(n) =
x(n)

α(n)φ(x(n))
> 0The solution 
an then be written as

V ′(n) =

(

C −

∫ n

n0

γ(t)e
−

R t
n0

β(s)ds
dt

)

e
R n

n0
β(t)dtNext note that α(n1) = 0 implies that V ′(n1) = x(n1)

ρ+δ−α′(n1)φ(x(n1))
> 0. Be
ause γ(n) > 0, if

V ′(n) would be
ome non-positive, it would happen at n1, but it does not. As V ′(n) is stri
tlypositive for n1, it is stri
tly positive for all n. The other terms are all nonzero and �nite andhen
e we �nd V ′(n) ≥ c for some c > 0. (Note, however, that it does not follow that V ′(n) isde
reasing in n). Q.E.D.The other ne
essary 
onditions for the solution to the forward looking 
ase (besides equation(15) in the text) are:
λ′(n) = ρν(n) + µ(n)δ (23)

0 = nx(n) − c(x(n)) − λ(n) + µ(n)α(n)φ(x(n)) (24)
ψ′(n) = −ρ(1 − F (n)) + ξ(n)(ρ+ δ − α′(n)φ(x(n))) (25)

0 = ψ(n) + ξ(n)α(n)φ(x(n)) (26)Solving the �fth equation for ξ(n) = −ψ(n)/(α(n)φ(x(n))) and plugging that into the fourthequation gives us a di�erential equation for ψ(n). Now we prove that the solution must havethe 
onstraint V ′(n) ≥ c binding only on an interval that begins at n0 (or may only bind at
n0).19 This allows us to 
on
lude that ψ(n) ≥ 0 for all n.Proposition 9 The term ψ(n) ≥ 0 for all n.Proof I. There is no solution where ψ(n0) = ψ(n1) = 0 and V ′(n) > c for all nProof by 
ontradi
tion: assume ψ(n0) = ψ(n1) = 0 and V ′(n) > c for all n. Then:

ψ(n) = (K +

∫ n1

n

ρ(1 − F (s))e
R s

n0

ρ+δ−α′φ(x)
αφ(x)

du
ds)e

−

R n

n0

ρ+δ−α′φ(x)
αφ(x)

ds19This proof uses the ne
essary 
onditions that (i) ψ(n0) = 0 if V ′(n0) > c, and ψ(n0) ≥ 0 if V ′(n0) = c and(ii) ψ(n1) = 0 if V ′(n1) > c, and ψ(n1) ≤ 0 if V ′(n0) = c. A derivation of these 
onditions 
an be found inKamien and S
hwartz (1991). 25



where K is the 
onstant from integration. From ψ(n1) = 0, we have K = 0 and ψ(n) ≥ 0for all n.From ψ(n0) = 0, we have ∫ n1

n0
ρ(1 − F (s))e

R s

n0

ρ+δ−α′φ(x)
αφ(x)

du
ds = 0. Sin
e the integral must bepositive, this is a 
ontradi
tion.II. It 
an't be the 
ase that ψ(n1) < 0 and V ′(n1) = c.Proof by 
ontradi
tion: suppose ψ(n1) < 0 . Using equation (26) and the fa
t that α(n1) =

0, ξ(n1) → ∞. But if ξ(n1) → ∞, then equation (15) indi
ates that x(n1) → −∞, whi
h
annot be optimal.III. It 
an't be the 
ase that V ′(n) = c for an interior interval [na, nb] where na > n0.If this was the 
ase, V ′(na) = c and it must be that V ′′(na − ε) < 0 where ε is small. Fromthe in
entive 
ompatibility equation (14), however, V ′′(na − ε) < 0 implies V ′(na − ε) < c,whi
h is a 
ontradi
tion.IV. The only 
ase remaining is where ψ(n0) > 0 and V ′(n0) = c. Q.E.D.The proposition then implies that ξ(n) ≤ 0 for all n. In the next 
orollary we prove that
ξ(n1) = 0.Corollary 2 The term ξ(n) ≤ 0 for all n and ξ(n1) = 0.Proof Rewriting equation (26) and taking the derivative with respe
t to n gives us ψ′(n) =
−ξ′(n)α(n)φ(x(n)) − ξ(n)α′(n)φ(x(n)) − ξ(n)α(n)φ′(x(n))x′(n). Evaluating at n = n1 and
omparing to equation (25) evaluated at the same point proves that ξ(n1) = 0. Q.E.D.6.4. Proof of Proposition 6We denoted the solution when the 
onsumer is myopi
 (and the �rm forward looking) by
(xM (.), pM(.)). Let (xF (.), pF (.)) denote the solution with forward looking 
onsumers (andforward looking �rms). We are going to prove that pro�ts from the F 
ase are larger thanpro�ts from the M 
ase. We do this in two parts:I. Downward Deviations (a type n doesn't want to pretend to be a lower type)We start by �xing the solution to the M 
ase (xM (.), pM(.)) and showing that a s
hedulewith slightly higher pri
es (xM (.), pM(.) + ε) satis�es the 
onstraints of the F 
ase.From the value fun
tion for a forward looking 
ustomer:

(ρ+ δ)V (n0) = n0x
M(n0) − pM(n0)

︸ ︷︷ ︸

=0

+ α(n0)φ(xM (n0))V
′(n0) + δ

∫ n1

n0

V (m)g(m)dmIt therefore follows that V (n0) > 0 and there exists an ε > 0 su
h that the pri
ing s
hedule
pM + ε still satis�es the IR 
onstraint.Next, 
onsider the IC 
onstraint. We �rst argue that a type n who is o�ered the menu
(xM (n), pM(n) + ε) will not 
hoose (xM(n′), pM(n′) + ε) for some n′ < n. It is straightforwardto see that

nxM (n) − pM(n) ≥ nxM(n′) − pM(n′) ∀n′ < nimplies that (using the fa
t that dxM(n)/dn ≥ 0):26



nxM (n) − pM(n) − ε+ α(n)φ(x(n))V ′(n) + δ

∫ n1

n0

V (m)g(m)dm ≥

nxM (n′) − pM(n′) − ε+ α(n)φ(x(n′))V ′(n) + δ

∫ n1

n0

V (m)g(m)dm ∀n′ < nII. Upward Deviations (if an n type pretends to be a higher type, the monopolistmakes larger pro�ts)Here we prove that the �rm 
an only pro�t from a 
ustomer overstating his type, i.e. ifa type n 
hooses (xM (n′), pM(n′) + ε) rather than (xM (n), pM(n) + ε), where n < n′ the �rmmakes larger pro�ts. Hen
e the pro�ts in the F 
ase are at least ε > 0 higher than in the M
ase.Proposition 10 π′(n) ≥ 0.Proof Suppose it is not true, i.e. there exists ñ su
h that π′(ñ) < 0. Then one of two 
asesmust o

ur:either (I) π′(n) ≤ 0 for all n ∈ [ñ, n1] or (II) there exists n′ ∈ 〈ñ, n1] su
h that π′(n′) > 0.We argue that neither of these two 
ases 
an happen.First, 
onsider 
ase (I). In this 
ase, the pro�ts of the �rm are higher if all types n ≥ ñare o�ered p(ñ), x(ñ) sin
e in that 
ase pro�ts are 
onstant per type (for n ≥ ñ) and hen
e
π′(n) = 0 for all n ∈ [ñ, n1] whi
h implies higher pro�ts than the original menu (p(n), x(n))whi
h featured π′(n) < 0.Se
ond, 
onsider 
ase (II). Sin
e π′(ñ) < 0 < π′(n′) there exist values for n su
h that
π′(n) ≤ 0 and π′′(n) > 0. Consider two values n∗ < n∗∗ whi
h are 
lose together and satisfy
π′(n∗) < 0 = π′(n∗∗). As the two points are 
lose together, one option for the �rm is to o�er
p(n∗), x(n∗) to type n∗∗ as well, but presumably the �rm 
an do better. Thus we have

(ρ+ δ)π(n∗∗) ≥ p(n∗) − c(x(n∗)) + δ

∫ n1

n0

π(m)g(m)dm >

p(n∗) − c(x(n∗)) + φ(x(n∗))α(n∗)π′(n∗) + δ

∫ n1

n0

π(m)g(m)dm = (ρ+ δ)π(n∗)However, this 
ontradi
ts π′(n∗) < 0 as π(n∗∗) > π(n∗).Thus it must be the 
ase that π′(n) ≥ 0. Q.E.D.6.5. Proof of Proposition 7We �rst assume that (IRl) and (ICh) bind while (ICl) is not binding. At the end of the proofbelow we verify that in our solution (ICl) is indeed not binding. Solving the �rm's optimizationproblem with pl solved from IRl we get:
max

ph,xl,xh

1

ρ
(

δ

δ + ∆φ(xl)
(nlxl +

∆φ(xl)

ρ+ δ
(nhxh − ph) − c(xl)) +

∆φ(xl)

δ + ∆φ(xl)
(ph − c(xh)))

s.t. IC ′

h : (
ρ+ δ + ∆φ(xl)

ρ+ δ
)(nhxh − ph) ≥ (nh − nl)xl27



Assigning a Lagrange multiplier of µh to IC ′

h, the �rst order 
ondition with respe
t to ph is:
ρ∆φ(xl)

(ρ+ δ)(δ + ∆φ(xl))
− µh(

ρ+ δ + ∆φ(xl)

ρ+ δ
) = 0Hen
e µh = ρ∆φ(xl)

(ρ+δ+∆φ(xl))(δ+∆φ(xl))
. The �rst order 
ondition with respe
t to xh 
an be written as

∆φ(xl)

(δ + ∆φ(xl))
(nh − c′(xh)) = 0This gives e�
ien
y for the high type, or nh = c′(xh).The �rst order 
ondition for xl 
an be written as

δ

δ + φ
(nl − c′(xl)) +

δφ′

(δ + φ)2
(nhxh − c(xh) − (nlxl − c(xl))) − (27)

nh − nl

δ + φ

ρ+ δ(1 − ∆)

ρ+ δ + ∆φ
(φ+

δφ′xl

δ + φ
− φxl

∆φ′

ρ+ δ + ∆φ
) = 0The �rst line of this equation 
an be seen as the marginal bene�t of raising xl and the se
ondline as the marginal 
ost. For existen
e of an interior optimum we need to assume the �rstorder 
ondition is de
reasing in xl. Therefore, when trying to �nd dx∗

l

d∆
, we 
an use the impli
itfun
tion theorem and sign the derivative with respe
t to xl. We will now demonstrate that ∆redu
es the se
ond line and hen
e the marginal 
ost. This implies that higher ∆ leads to higher

xl. The sign of d(marginal 
ost)/d∆ is given by the sign of
−
δ(ρ+ δ + ∆φ) + ∆(ρ+ (1 − ∆)δ)

(ρ+ δ + ∆φ)2
(φ+

δφ′xl

δ + φ
− φxl

∆φ′

ρ+ δ + ∆φ
)

−
ρ+ (1 − ∆)δ

ρ+ δ + ∆φ
φxlφ

′
ρ+ δ

(ρ+ δ + ∆φ)2A su�
ient 
ondition for this to be negative is that
φ+

δφ′xl

δ + φ
− φxl

∆φ′

ρ+ δ + ∆φ
> 0 (28)whi
h 
an be rewritten as

δφ′xl

δ + φ
+

φ

ρ+ δ + ∆φ
(ρ+ δ + ∆φ− φ′∆xl) > 0 (29)Con
avity of φ and φ(0), φ′ ≥ 0 implies that φ ≥ φ′xl. Hen
e this inequality is satis�ed.The e�e
t of ∆ on pl is given by

dpl

d∆
=

[

nl +
∆φ

ρ+ δ + ∆φ
(nh − nl) + (nh − nl)xl

∆φ′(ρ+ δ)

(ρ+ δ + ∆φ)2

]
dxl

d∆
+(nh−nl)xl

(ρ+ δ)φ

(ρ+ δ + ∆φ)2
> 0A similar expression 
an be derived for dph/d∆ and is given in the proposition.28



Finally, we need to verify that in our solution (ICl) is indeed not binding, as we 
laim. Notethat be
ause of IRl (binding), ICl is satis�ed if
nlxh − ph +

∆φ(xh)

ρ+ δ
(nhxh − ph) < 0Using IRl, this 
an be written as

nlxh − ph <
φ(xh)

φ(xl)
(nlxl − pl)Solving IRl and ICh for pri
es yields

ph = nhxh −
ρ+ δ

ρ+ δ + ∆φ(xl)
(nh − nl)xl (30)

pl = nlxl +
∆φ(xl)

ρ+ δ + ∆φ(xl)
(nh − nl)xl (31)Using this, we 
an rewrite the inequality as

xh

ρ+ δ + ∆φ(xh)
>

xl

ρ+ δ + ∆φ(xl)whi
h is true if and only if xh > xl (note that the fra
tion is stri
tly in
reasing in x be
ause
φ(x) > φ′(x)x). Finally, we show that equation (27) implies that it is optimal to redu
e xlevaluated at xl = xh. A su�
ient 
ondition for this is

nl − c′(xh) +
φ′(xh)

δ + φ(xh)
(nhxh − nlxh) < 0or equivalently φ′(xh)xh < δ + φ(xh) whi
h is indeed satis�ed. Q.E.D.Referen
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